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Mixing in the Standard Model

Flavour basis ≠ mass basis ⇒ M & Γ non-diagonal
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Mass difference (oscillation frequency)
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1
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In the Standard Model only Q1 enters ΔMs.
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Comparison of ΔMs or ΔMd  between SM and experiment 
is primarily a test of the SM.



Width difference

H
�B=1
e↵

H
�B=1
e↵

b

s

b

s

H
�B=1
e↵

H
�B=1
e↵

b b

s

u, c

u, c u, c

�21 =
1

2mBs

hB̄s|T |Bsi

T = Im i

Z
d
4
x T H

�B=1
e↵ (x)H�B=1

e↵ (0)

T = �G2
Fm

2
b

12⇡
(V ⇤

cbVcs)
2[F (z, µ2)Q1(µ2) + FS(z, µ2)Q2(µ2)]

⇒

HQE @ LO

J
H
E
P
0
6
(
2
0
0
7
)
0
7
2

quantities in the Bd-system. In section 4 we show how the expressions for the mixing
quantities change in the presence of new physics. Here we discuss how to combine di!erent
present and future measurements to constrain |M s

12| and !s and advocate a novel method to
display the constraints on possible new short-distance physics in Bs!Bs mixing. Section 5
gives a road map for future measurements and calculations and section 6 summarises our
results.
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with the CKM factors "i = V !
isVib for i = u, c, t. In eq. (2.2) we have eliminated "c in favour

of "t using "u + "c + "t = 0 to prepare for the study of "s
12/M

s
12. Since |"u|" |"t| # |"c|,

"cc
12 clearly dominates "s

12. For ab = cc, uc, uu we write [19, 21]
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The coe#cients Gab and Gab
S are further decomposed as

Gab = F ab + P ab, Gab
S = !F ab

S ! P ab
S . (2.4)

Here F ab and F ab
S are the contributions from the current-current operators Q1,2 while the

small coe#cients P ab and P ab
S stem from the penguin operators Q3"6 and Q8. (Note that

in [19], where only the dominant "cc
12 was considered, these coe#cients had no superscript

’cc’.) Numerical cancellations render F cc small with |F cc/F cc
S | # 0.03 which explains the

small coe#cient of B in eq. (1.9).
We parameterise the matrix element of QS as

$Bs|QS |Bs% = !5
3
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B#
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Formulae for physical quantities are more compact when expressed in terms of B#
S rather

than the conventionally used bag parameter BS . The two parameters are related as

B#
S =

M2
Bs

(mb + ms)2
BS . (2.6)

In the vacuum insertion approximation (VIA) the bag factors B and BS are equal to one.
Throughout this paper we use the MS scheme as defined in [19, 21] for all operators.
Therefore the masses mb and ms appearing in eq. (2.6) correspond to the MS scheme as
well.

"cc
12,1/mb

comprises e!ects suppressed by $/mb. We will discuss it later, after trans-
forming to our new operator basis.
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Leading order:
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+ Tilde’d operators corresponding to mixing color indices.  
 Up to further 1/mB corrections:

hR̃2i = �hR2i hR̃3i = hR3i+ 1
2 hR2i

Comparison of ΔΓs between SM and experiment 
is primarily a test of the HQE.



• 15% due to matrix element of R2 (bag factor = 1.0 ± 0.5, for one definition of mb)

• 14% due to matrix element of Q1 (FLAG, but now see FNAL/MILC + HPQCD)

• 8% due to renormalization scale in the continuum HQE calculation

Width difference
Motivation

Artuso, Borissov, Lenz, arXiv:1511.09466v1

Dominent SM uncertainties (as of 2015):

Heavy Flavour Averaging Group

��SM,2015
s = 0.088(20) ps�1

Plot and updated SM prediction from 
MJ Kirk, Lattice 2016 poster

http://arxiv.org/abs/1511.09466
http://arxiv.org/abs/1511.09466
http://www.slac.stanford.edu/xorg/hfag/
http://www.slac.stanford.edu/xorg/hfag/
https://conference.ippp.dur.ac.uk/event/470/session/18/contribution/24
https://conference.ippp.dur.ac.uk/event/470/session/18/contribution/24


MILC ensembles

• Radiatively improved Symanzik glue


• Highly improved staggered quarks (HISQ)


• nf = 2+1+1


• 1000 configurations each spacing/mass


• Use 3 lattice spacings


• Physical light quark masses at 2 of the spacings


• Unphysical quark masses to explore light quark 
mass dependence 0.02 0.062 0.092 0.122 0.152
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Valence actions

• Improved nonrelativistic bottom quark action (NRQCD)


• Same light/strange HISQ action, better-tuned masses


• High statistics for dimension-6 operator matrix elements 
(inversion sources on 16 timeslices/configuration) 
Blinded analysis.


• Lower statistics for dimension-7 operator matrix elements 
(inversion sources on 2 timeslices/configuration)



Operator renormalization

which we represent diagrammatically in Fig. 1. The Dirac
operators !1;2 represent the operator insertions correspond-
ing to Eqs. (1) to (7). For matrix elements of Q3, Q5, and
Q7, we have instead

hq̄A;QDj!!̄i
b!1!

j
q"!!̄j

b!2!i
q"jQ̄B; qCitree

# !AD!CB$!ūQ!1uq"!v̄Q!2vq" % !ūQ!2uq"!v̄Q!1vq"&
! !AB!CD$!ūQ!1vq"!v̄Q!2uq" % !ūQ!2vq"!v̄Q!1uq"&:

!11"

Radiative corrections induce mixing between the four-
fermion operators, which we write as

hQiiMS # hQiitree % "scijhQji!0"tree; !12"

where the superscript (0) denotes matrix elements con-
structed using spinors that obey

ūQ#0 # ūQ; and v̄Q#0 # !v̄Q; !13"

in order to match to the effective theory. In principle the
product cijhQji!0"tree is a sum over all operators Qj that mix
with Qi. In practice, however, only two such operators
appear: for example, for Q1 we have

hQ1iMS # hQ1itree % "sc11hQ1i!0"tree % "sc12hQ2i!0"tree:

!14"

In the following, we leave this sum implicit.

B. On the lattice

In the effective theory formalism of NRQCD, the heavy
quarks and antiquarks are treated as distinct quark species.
We separate the quark fields that create heavy quarks,
which we denote !̄Q, from the fields that annihilate heavy
antiquarks, which we represent by !̄Q̄.

The two-component heavy quark field is obtained from
the four-component QCD quark field, !̄b, via the Foldy-
Wouthuysen-Tani transformation (see, for example, [30]),

!̄b # !̄Q

!
1% 1

2M
! · !!%O!1=M2"

"
; !15"

where the arrow indicates that the derivative acts on the
heavy quark field to the left. We insert this expansion into
the four-fermion operators of Eqs. (1) to (7) to determine
the appropriate NRQCD operators. We see immediately
that, at leading order in 1=M, we need operators of the form

Q̂i # !!̄Q!1!q"!!̄Q̄!2!q" % !!̄Q̄!1!q"!!̄Q!2!q":
!16"

We obtain the O!"QCD=M" corrections by introducing
the operators

Q̂i1 # 1

2M
$! ~!!̄Q · !!1!q"!!̄Q̄!2!q"

% !!̄Q!1!q"! ~!!̄Q̄ · !!2!q"

% ! ~!!̄Q̄ · !!1!q"!!̄Q!2!q"

% !!̄Q̄!1!q"! ~!!̄Q · !!2!q"&: !17"

We denote the matrix elements of the effective theory by

hQ̂ii # houtjQ̂ijini; and hQ̂i1i # houtjQ̂i1jini; !18"

where now the “in” and “out” states are understood to be an
incoming NRQCD antiquark and HISQ quark and an
outgoing NRQCD quark and HISQ antiquark, respectively.
Radiative corrections induce mixing between these oper-
ators, with mixing coefficients clattij , and we obtain

hQ̂ii # hQ̂ii!0"tree % "sclattij hQ̂ji!0"tree; !19"

and similarly

hQ̂i1i # hQ̂i1i!0"tree % "s$lattij hQ̂ji!0"tree: !20"

We ignore the one loop corrections to hQ̂i1i!0"tree, which only
arise at O!"s"QCD=Mb" in the matching procedure.
As discussed in more detail in [19], the mixing coef-

ficients $lattij describe the “mixing down” of dimension-
seven operators Q̂i1 onto dimension-six operators Q̂j.
In the next section we outline the matching procedure

before describing the calculation of the lattice mixing
coefficients.

III. THE MATCHING PROCEDURE

We now relate the matrix elements of the NRQCD-
HISQ operators, which ultimately will be determined

BA

CD

A

D

B

C

FIG. 1. Tree-level diagrams representing the matrix elements of
operators Q1, Q2, Q4, and Q6. The incoming state is a heavy
antiquark and a light quark and the outgoing state is a heavy
quark and a light antiquark. The letters A, B, C, and D are color
indices and correspond to the conventions of Eq. (10).
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Continuum QCD Lattice NRQCD

hQiiMS = hQ̂iiL + hQ̂i1iL + . . .

where lattice NRQCD is a 1/M expansion.

hQiiMS = hQ̂ii+ ↵s⇢ijhQ̂ji+ hQ̂i1isub

hQ̂i1isub = hQ̂i1i � ↵s⇣ijhQ̂ji

hR̂iisub = hR̂ii � ↵s⇠ijhQ̂ji

Match continuum and lattice at O(αs)

taking into account power-law “mixing down” at

Similarly we have now computed coefficients in

Monahan, Gámiz, Horgan, Shigemitsu, PRD90 (2014), arXiv:1407.4040

O

⇣
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Dimension-6 operator matrix elements
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FIG. 3. Comparison of the hBs|On|Bsi
(mb)

MS
/(fBs

MBs
)2 val-

ues from individual configurations sets (colored data points)
with the final extrapolated values (gray bands and dotted
lines) for each 4-quark operator. The data are plotted versus
amb, falling into three groups corresponding to lattice spac-
ings of 0.09, 0.12, and 0.15 fm. Results are shown for three
di↵erent values of light-quark mass ml ⌘ (mu + md)/2 corre-
sponding to ml/ms = 1/5 (green, ⇥s), ml/ms = 1/10 (blue,
boxes), and the physical mass (red, circles). The dotted lines
show the extrapolated values, while the gray bands show the
±1 � uncertainty in those values. The analogous figure for
Bd mesons is very similar.

allows for variation in the coe�cients between the
lattice spacings. (�a is defined to vary from �1/2
to 1/2 over our mass range; see [22] for more de-
tails.)
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corrected. In particular there are no tree-level
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2
↵s errors by

adding the following uncertainty to our results:
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FIG. 4. Comparison of the ratio of bag parameters
B

(n)
Bs

/B
(n)
Bd

from individual configurations sets (colored data
points) with the final extrapolated values (gray bands and
dotted lines) for each 4-quark operator. The data are plotted
versus m

2
⇡, falling into three groups corresponding approxi-

mately to the physical value, 2.7 times the physical value, and
5.4 times the physical value. Results are shown for three dif-
ferent lattice spacings corresponding approximately to 0.15 fm
(green, ⇥s), 0.12 fm (blue, boxes), and 0.09 fm (red, circles).
The dotted lines show the extrapolated values, while the gray
bands show the ±1 � uncertainty in those values.

where each c
n,i
a2 = 0 ± 1, each c

n,i
a4 = 0 ± 2,

⇤QCD = 0.5 GeV is the QCD scale, and again the �a

terms allow for variation between di↵erent lattice
spacings.

The final entries (“phys.”) in both parts of Table V are
our final results at the physical values of the light-quark
masses after our chiral fit. We use chiral perturbation
theory to combine the values obtained on the di↵erent
configuration sets with di↵erent light quark masses; see
Appendix B for details. Figure 3 compares our final val-
ues for Bs mesons with the results from individual config-
uration sets. These plots show that the dependence on
lattice spacing and light-quark mass is negligible com-
pared with our uncertainties. The analogous plot for

Lattice spacing dependence 
of Bs matrix elements

Quark mass dependence 
of Bd matrix elements

(set 7) shifts our final central values by less than half a
standard deviation and often much less.
Finally we convert our final results into bag parameters

using Eq. (2). The bag parameters are listed in Table VI.
Despite the wide variation in values for hOni=!fM"2, the
bag parameters are within 30% of 1. This shows that the
vacuum saturation approximation can be of some utility.
Figure 4 compares our final results for ratios of bag

parameters B!n"
Bs
=B!n"

Bd
with results from the different

configuration sets. Results are plotted versus the value of
m2

! used in each simulations. Again there is very little
variation with quark mass, with all ratios within 5% of 1.
Our final results are shifted by less than half a standard
deviation if we omit the data with the largest pion masses,
and have errors that are 10%–15% larger.
The error budgets for the Bs bag parameters are shown

in Table VII. The dominant source of error comes from
uncalculated terms in perturbation theory ("2s and
"s!QCD=mb terms). The sensitivity to these terms depends
on the operator. For example, it is particularly high for O3,
because matrix elements for O3 are a lot smaller than those
ofO1 [see Eq. (4)] which are mixed in by Eq. (5). The error
budgets for Bd mesons are almost identical to those for
Bs, but have twice as large a contribution from statistical
uncertainties in the lattice data. Almost all of the uncer-
tainties, and some of the statistical errors, cancel in ratios of
Bs to Bd meson bag parameters.
Matrix elements of the 4-quark mixing operators can be

obtained from the ratios in Table V given values for the
decay constants and masses. Note that the corresponding
bag parameters for O2###5 have larger fractional errors than
the ratios, and so should not be used for this purpose. The
larger errors result from uncertainties due to the factors #qi
in the bag-parameter definition [see Table VII and Eq. (2)].

IV. DISCUSSION

A. Comparison to previous results

Our results for the bag parameters for all five SM and
BSM operators given in Table VI are more accurate than
previous lattice QCD results. This is for a number of
reasons:

(i) We work directly with the bag parameters rather
than the 4-quark operator matrix elements. The bag
parameters are expected from chiral perturbation
theory to have little dependence on valence and sea
quark masses (see Appendix B). This expectation is

TABLE VI. MS bag parameters [Eq. (2) with $ $ mb] for the
five 4-quark operators. Results are given for both Bs and Bd
mesons, and for the ratios of bag parameters.

B!1"
Bq
!mb" B!2"

Bq
!mb" B!3"

Bq
!mb" B!4"

Bq
!mb" B!5"

Bq
!mb"

Bs 0.813 (35) 0.817 (43) 0.816 (57) 1.033 (47) 0.941 (38)
Bd 0.806 (40) 0.769 (44) 0.747 (59) 1.077 (55) 0.973 (46)
Bs=Bd 1.008 (25) 1.063 (24) 1.092 (34) 0.959 (21) 0.967 (23)

FIG. 4. Comparison of the ratio of bag parameters B!n"
Bs
=B!n"

Bd

from individual configuration sets (colored data points) with the
final extrapolated values (gray bands and dotted lines) for each
4-quark operator. The data are plotted versus m2

! , falling into
three groups corresponding approximately to the physical value,
2.7 times the physical value, and 5.4 times the physical value.
Results are shown for three different lattice spacings correspond-
ing approximately to 0.15 fm (green, ! s), 0.12 fm (blue, boxes),
and 0.09 fm (red, circles). The dotted lines show the extrapolated
values, while the gray bands show the %1% uncertainty in those
values.

TABLE VII. Percent errors coming from different sources for
the Bs meson’s bag parameters B!n"

Bs
and B!1"

Bs
=B!1"

Bd
(Table VI). The

total error for each quantity is also shown. The error budgets for the
Bd meson’s bag parameters are very similar. Systematic errors
from finite-volume, QED, and strong-isospin breaking effects are
estimated to be below 0.1% and hence negligible in Appendix B 5.

B!1"
Bs

B!2"
Bs

B!3"
Bs

B!4"
Bs

B!5"
Bs

B!1"
Bs
=B!1"

Bd

Lattice data 1.4 1.4 1.5 1.6 1.5 1.5
#qi 0.0 2.3 2.3 2.1 1.2 0.0
"2s terms 2.1 2.9 5.2 1.9 1.5 0.1
"s!QCD=mb terms 2.9 2.8 2.9 2.8 2.7 0.0
!a!QCD"2n terms 1.8 1.9 2.3 1.5 1.8 0.1
ml extrapolation 0.4 0.4 0.7 0.5 0.4 1.9

Total 4.3 5.3 7.0 4.6 4.1 2.5

NEUTRAL B-MESON MIXING FROM FULL LATTICE QCD AT … PHYS. REV. D 100, 094508 (2019)

094508-7

Error budget

Simultaneous chiral-continuum fit. 

Dominant uncertainty in B-factors from 
perturbative matching. 

Dominant uncertainty in ratio is statistical.

Decay constants from Fermilab/MILC, 
arXiv:1712.09262

http://arxiv.org/abs/1712.09262
http://arxiv.org/abs/1712.09262
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TABLE VI. MS bag parameters (Eq. (2) with µ = mb) for
the five 4-quark operators. Results are given for both Bs and
Bd mesons, and for the ratios of bag parameters.

B
(1)
Bq

(mb) B
(2)
Bq

(mb) B
(3)
Bq

(mb) B
(4)
Bq

(mb) B
(5)
Bq

(mb)

Bs 0.813 (35) 0.817 (43) 0.816 (57) 1.033 (47) 0.941 (38)
Bd 0.806 (40) 0.769 (44) 0.747 (59) 1.077 (55) 0.973 (46)

Bs/Bd 1.008 (25) 1.063 (24) 1.092 (34) 0.959 (21) 0.967 (23)

TABLE VII. Percent errors coming from di↵erent sources
for the Bs meson’s bag parameters B

(n)
Bs

and B
(1)
Bs

/B
(1)
Bd

(Ta-
ble VI). The total error for each quantity is also shown. The
error budgets for the Bd meson’s bag parameters are very sim-
ilar. Systematic errors from finite-volume, QED and strong-
isospin breaking e↵ects are estimated to be below 0.1% and
hence negligible in Appendix B 5.

B
(1)
Bs

B
(2)
Bs

B
(3)
Bs

B
(4)
Bs

B
(5)
Bs

B
(1)
Bs

/B
(1)
Bd

lattice data 1.4 1.4 1.5 1.6 1.5 1.5
⌘

q
i 0.0 2.3 2.3 2.1 1.2 0.0

↵
2
s terms 2.1 2.9 5.2 1.9 1.5 0.1

↵s⇤QCD/mb terms 2.9 2.8 2.9 2.8 2.7 0.0
(a⇤QCD)2n terms 1.8 1.9 2.3 1.5 1.8 0.1
ml extrapolation 0.4 0.4 0.7 0.5 0.4 1.9
Total 4.3 5.3 7.0 4.6 4.1 2.5

Bd mesons is very similar.
Finally we convert our final results into bag parameters

using Eq. (2). The bag parameters are listed in Table VI.
Despite the wide variation in values for hOni/(fM)2, the
bag parameters are within 30% of 1. This shows that the
vacuum saturation approximation can be of some utility.

Figure 4 compares our final results for ratios of bag pa-

rameters B
(n)
Bs

/B
(n)
Bd

with results from the di↵erent con-
figuration sets. Results are plotted versus the value of
m

2
⇡ used in each simulations. Again there is very little

variation with quark mass, with all ratios within 5% of 1.
The error budgets for the Bs bag parameters are

shown in Table VII. The dominant source of error comes
from uncalculated terms in perturbation theory (↵2

s and
↵s⇤QCD/mb terms). The sensitivity to these terms de-
pends on the operator. For example, it is particularly
high for O3, because matrix elements for O3 are a lot
smaller than those of O1 (see Eq. 4) which are mixed
in by Eq. (5). The error budgets for Bd mesons are al-
most identical to those for Bs, but have twice as much
contribution from statistical uncertainties in the lattice
data. Almost all of the uncertainties, and some of the
statistical errors, cancel in ratios of Bs to Bd meson bag
parameters.

Matrix elements of the 4-quark mixing operators can
be obtained from the ratios in Table V given values for
the decay constants and masses. Note that the corre-
sponding bag parameters for O2...5 have larger fractional
errors than the ratios, and so should not be used for this
purpose. The larger errors result from uncertainties due
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B
(5)
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FIG. 5. A comparison of our results (red filled circles at nf =
4) to previous lattice QCD values for the Bs bag parameters
BBs

(mb) in the MS scheme for all five SM and BSM operators.
Previous results come from the Fermilab/MILC collaboration
on nf = 3 gluon field configurations (blue crosses) [8] and
the ETM collaboration on nf = 2 gluon field configurations
(purple filled diamonds) [7]. Note that the ETM results for
O4 and O5 have been converted to the definition of the bag
parameter given in Eq. (4). The filled green square at nf = 3
for the O1 operator comes from an earlier HPQCD calculation
using NRQCD b quarks [4]. The nf = 2 results are missing s

sea quarks, whose impact cannot be estimated perturbatively
(and no uncertainty is included for this in the error bars). It is
therefore unclear what level of agreement to expect between
these results and those for nf = 3 and 4. Since we do not
expect missing c in the sea to have a significant impact on
the bag parameters [8] we can meaningfully compare nf = 3
and nf = 4. The grey bands are the weighted average of our
new results with those of [8], and the average value of the bag

parameter B
(n)
Bs

(mb) for each operator On is indicated in that
panel. We include a vertical line at value 1.0 for comparison
to the vacuum saturation approximation.

to the factors eta
q
i in the bag-parameter definition (see

Table VII and Eq. (2)).

IV. DISCUSSION

A. Comparison to previous results

Our results for the bag parameters for all five SM and
BSM operators given in Table VI are more accurate than
previous lattice QCD results. This is for a number of
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FIG. 6. A comparison of our results (red filled circles at
nf = 4) to previous lattice QCD values for the ratio of Bs

to Bd bag parameters for all five SM and BSM operators.
Previous results come from the Fermilab/MILC collaboration
on nf = 3 gluon field configurations (blue crosses) [8] using
their quoted correlations to reconstruct the ratio. Since we
do not expect missing c in the sea to have a significant impact
on the bag parameters [8] we can meaningfully compare nf =
3 and nf = 4. The grey bands are the weighted average
of these two sets of results and the average value for each
operator is indicated in that panel. For O1 at nf = 3 we
also show previous results from HPQCD (green filled square)
using NRQCD b quarks [4] and RBC/UKQCD (purple filled
diamond) using domain-wall quarks with masses of mc and
above and extrapolating results to the b quark mass [9]. We
include a vertical line at value 1.0 to make clear which ratios
are above, and which below, this value.

reasons:

• We work directly with the bag parameters rather
than the 4-quark operator matrix elements. The
bag parameters are expected from chiral perturba-
tion theory to have little dependence on valence and
sea quark masses (see Appendix B). This expecta-
tion is borne out in our results and means that we
are able easily to combine results at both unphysi-
cal and physical light quark masses.

• We have results for the physical light quark mass
at two values of the lattice spacing and hence we
can reach the physical point without chiral extrap-
olation.

• The gluon field configurations that we use include

the e↵ect of u, d, s and c quarks in the sea and
so we do not have an uncertainty associated with
missing flavours of sea quarks (the Fermilab/MILC
collaboration include a 2% uncertainty in their 4-
quark operator matrix elements from missing c in
the sea [8]).

Figure 5 shows a comparison of our bag parameters
for the Bs meson to those from [8] and [7] (and also, for
O1, to [4]). The results from [7] include only u and d

quarks in the sea and the uncertainty does not include
an estimate of the impact of missing s sea quarks. It is
therefore not clear whether we should expect agreement
between these nf = 2 results and our nf = 4 results. The
fact that the nf = 2 purple diamonds from the ETM col-
laboration are around 20% below our results for O4 and
O5 is reminiscent of what is seen in kaon mixing. ETM
use the RI-MOM renormalisation scheme for the purple
diamonds and it has been shown in kaon mixing [36] that
the use of the RI-MOM scheme (rather than RI-SMOM)
for the equivalent 4-quark operators has large systematic
errors that push down the value of the bag parameter.
This may then be the main reason (rather than a di↵er-
ence of nf ) for the discrepancy with our results for O4

and O5.
The nf = 3 and nf = 4 results should be comparable

because the impact of missing c quarks in the sea on the
bag parameters is expected to be very small [8]. Our new
results agree within 2� in each case with [8] but in every
case are more accurate. The largest discrepancy is for

B
(1)
Bs

at 1.9�.
The weighted average of our nf = 4 results and the

nf = 3 results from [8] is given by the grey band in
the Figure and the value of that average is given in each
panel. We assume no correlations, here and subsequently,
between our results and those of [8] because they use
di↵erent actions for both the b quark and the light quarks
and di↵erent gluon field configurations (with a di↵erent
sea quark action and generated with a di↵erent Monte
Carlo updating algorithm).

Figure 6 shows a comparison of the ratio of bag param-
eters for Bs to Bd for each operator for our new results
and those of [8]. Our new results are a lot more accu-
rate, with 2–3% total uncertainty. All of the ratios are
very close to 1, but there is a sign of a systematic trend
for the ratio for O2 and O3 to be above 1 and for O4

and O5 below 1. This is not visible in the results of [8]
but does start to emerge with the improved accuracy of
our results. This is in general agreement with the results
from using sum rules in [37]. We also include in Figure 6
results for O1 from HPQCD [4] and RBC/UKQCD [9].
The RBC/UKQCD result has a 1% uncertainty.

B. Derived quantities

Our results for the bag parameters can be combined
with results for the B and Bs decay constants to give

HPQCD (2019), 
arXiv:1907.01025


Fermilab/MILC, 
arXiv:1602.03560


HPQCD (2009), 
arXiv:0902.1815 


BBs: ETM, 
arXiv:1308.1851


Ratio: RBC/UKQCD, 
arXiv:1812.08791

Also good agreement with sum rules, Kirk, Lenz, Rauh, arXiv:1711.02100; King, Lenz, Rauh, arXiv:1904.00940.
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FIG. 1: Ratios of unsubtracted and subtracted R matrix
elements to hO1i. Only statistical errors are shown here.

mixing with lower dimension operators [27]. The pres-
ence of the lattice cuto↵ a means that the matrix ele-
ments hR̂2,3i will contain contributions from hÔ1,2i of the
order O(↵s/(amb)). We have used lattice perturbation
theory to calculate the coe�cients ⇠ij which parametrize
this mixing at one-loop level. Matrix elements of the
subtracted operator,

Rsub

i = R̂i � ↵V ⇠ijÔj (4)

will have power-law mixing cancelled through O(↵s).
The coe�cients ⇠ij have not been calculated before. The
procedure is a straightforward extension of Ref. [28], in
particular Sec. IV.B. In this instance the derivative acts
on the light quark propagator instead of the heavy quark
propagator. Numerical values are tabulated in Table I.
For the numerical value of the strong coupling constant,
we use ↵V (2/a) (see Table I of [29], inferred from the
work of [30, 31]).

Fig. 1 illustrates the e↵ect of the subtraction (4). Ma-
trix elements of R̂i and Rsub

i are shown normalized to
hO1i [6]. The fact that the matrix element of the sub-
tracted operator is 50% (R2) to 70% (R3) of the unsub-
tracted operator shows that this subtraction is signifi-
cant. This is of comparable size to the e↵ects seen in
the 1/mb contributions to the B and Bs decay constants
[27, 32] and matrix elements hOji [33]. Fig. 1 shows
that, as expected, the subtraction leads to a reduction in
a-dependence over the range of lattice spacings used.

We must estimate the uncertainty due to not know-
ing the O(↵s) MS-to-lattice matching of the R opera-
tors nor the O(↵2

s) contributions from the dimension-6
operators. Both of these are suppressed by a power of
↵s compared to matrix elements of the two terms in
(4). Therefore, we include these truncation errors in
our results by multiplying our results by a noisy esti-

FIG. 2: Matrix elements of R2 and R3 plotted against lattice
spacing squared. Error bars include systematic uncertainties.
Results of fits to Eq. (5) are plotted as stars.

mator hRii = hRsub

i i(1 + ↵V �amb), where �amb = 0 ± 1
is a Gaussian-distributed random variable, one for each
of the 3 lattice spacings. This is our largest source of
uncertainty.

Our calculations include numerical data obtained with
all quark masses tuned close to their physical values. In
order to include some data with unphysically large values
for the up/down sea quark masses, we assume an ana-
lytic dependence on these masses. We also parametrize
discretization errors, e.g. due to the gluon and staggered
fermion actions, in powers of (a⇤QCD)2 taking ⇤QCD =
500 MeV. Results presented here come from fits to
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s = (2M2

K � M2
⇡)/(2⇤�)2, with

⇤� = 1 GeV. We use the lattice masses aM⇡ and aMK

tabulated in [17]. For the valence strange quark xs =
M2

⌘s
/(2⇤�)2, the ⌘s being a fictitious flavor-nonsinglet

s̄s pseudoscalar meson, which is nevertheless well-defined
in chiral perturbation theory. Values for aM⌘s on these
ensembles [34] are used to parametrize the di↵erence be-
tween the input valence strange quark mass and the phys-
ical one, using for the “physical” value M⌘s = 688.5(2.2)
MeV [34, 35]. We assume Gaussian priors of 0±1 for the
fit parameters, except for d2, which we take to be 0 ± 5.
In the fits, we find |d2| ⇡ 2.5 ± 2.0.

As one would expect, any sensitivity of the Bs�B̄s ma-
trix elements to the light sea quark mass is much smaller
than our uncertainties. The slight mistunings in the sea
or valence strange quark masses are not large enough to
give a nonzero result for cs

1
parameters. Including terms

quadratic in the x variables has no e↵ect on the fit. Sim-
ilarly, we obtain d4 consistent with zero. Within errors
the data is consistent with a mild a2 dependence.

3
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/(2⇤�)2, the ⌘s being a fictitious flavor-nonsinglet

s̄s pseudoscalar meson, which is nevertheless well-defined
in chiral perturbation theory. Values for aM⌘s on these
ensembles [34] are used to parametrize the di↵erence be-
tween the input valence strange quark mass and the phys-
ical one, using for the “physical” value M⌘s = 688.5(2.2)
MeV [34, 35]. We assume Gaussian priors of 0±1 for the
fit parameters, except for d2, which we take to be 0 ± 5.
In the fits, we find |d2| ⇡ 2.5 ± 2.0.

As one would expect, any sensitivity of the Bs�B̄s ma-
trix elements to the light sea quark mass is much smaller
than our uncertainties. The slight mistunings in the sea
or valence strange quark masses are not large enough to
give a nonzero result for cs
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parameters. Including terms

quadratic in the x variables has no e↵ect on the fit. Sim-
ilarly, we obtain d4 consistent with zero. Within errors
the data is consistent with a mild a2 dependence.
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FIG. 1: Ratios of unsubtracted and subtracted R matrix
elements to hO1i. Only statistical errors are shown here.

mixing with lower dimension operators [27]. The pres-
ence of the lattice cuto↵ a means that the matrix ele-
ments hR̂2,3i will contain contributions from hÔ1,2i of the
order O(↵s/(amb)). We have used lattice perturbation
theory to calculate the coe�cients ⇠ij which parametrize
this mixing at one-loop level. Matrix elements of the
subtracted operator,

Rsub

i = R̂i � ↵V ⇠ijÔj (4)

will have power-law mixing cancelled through O(↵s).
The coe�cients ⇠ij have not been calculated before. The
procedure is a straightforward extension of Ref. [28], in
particular Sec. IV.B. In this instance the derivative acts
on the light quark propagator instead of the heavy quark
propagator. Numerical values are tabulated in Table I.
For the numerical value of the strong coupling constant,
we use ↵V (2/a) (see Table I of [29], inferred from the
work of [30, 31]).

Fig. 1 illustrates the e↵ect of the subtraction (4). Ma-
trix elements of R̂i and Rsub

i are shown normalized to
hO1i [6]. The fact that the matrix element of the sub-
tracted operator is 50% (R2) to 70% (R3) of the unsub-
tracted operator shows that this subtraction is signifi-
cant. This is of comparable size to the e↵ects seen in
the 1/mb contributions to the B and Bs decay constants
[27, 32] and matrix elements hOji [33]. Fig. 1 shows
that, as expected, the subtraction leads to a reduction in
a-dependence over the range of lattice spacings used.

We must estimate the uncertainty due to not know-
ing the O(↵s) MS-to-lattice matching of the R opera-
tors nor the O(↵2

s) contributions from the dimension-6
operators. Both of these are suppressed by a power of
↵s compared to matrix elements of the two terms in
(4). Therefore, we include these truncation errors in
our results by multiplying our results by a noisy esti-

FIG. 2: Matrix elements of R2 and R3 plotted against lattice
spacing squared. Error bars include systematic uncertainties.
Results of fits to Eq. (5) are plotted as stars.

mator hRii = hRsub

i i(1 + ↵V �amb), where �amb = 0 ± 1
is a Gaussian-distributed random variable, one for each
of the 3 lattice spacings. This is our largest source of
uncertainty.
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all quark masses tuned close to their physical values. In
order to include some data with unphysically large values
for the up/down sea quark masses, we assume an ana-
lytic dependence on these masses. We also parametrize
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500 MeV. Results presented here come from fits to
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ical one, using for the “physical” value M⌘s = 688.5(2.2)
MeV [34, 35]. We assume Gaussian priors of 0±1 for the
fit parameters, except for d2, which we take to be 0 ± 5.
In the fits, we find |d2| ⇡ 2.5 ± 2.0.

As one would expect, any sensitivity of the Bs�B̄s ma-
trix elements to the light sea quark mass is much smaller
than our uncertainties. The slight mistunings in the sea
or valence strange quark masses are not large enough to
give a nonzero result for cs
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TABLE II: Results for bag factors of operator labeled by
k. The right column uses MBs = 5.36688(17) GeV [36] and
m

pow
b = 4.70(10) GeV [13].

k B
0
Rk

BRk k B
0
Rk

BRk

R2 0.27(10) 0.89(38) R̃2 0.27(10) 0.89(38)
R3 0.33(11) 1.07(42) R̃3 0.35(13) 1.14(46)

Our main results are for the pair of matrix elements

hBs|R2|B̄si = �(0.18 ± 0.07)f2

Bs
M2

Bs
(6)

hBs|R3|B̄si = (0.38 ± 0.13)f2

Bs
M2

Bs
(7)

or for the linearly dependent, color-rearranged operator
matrix elements (2)

hBs|R̃2|B̄si = (0.18 ± 0.07)f2

Bs
M2

Bs
(8)

hBs|R̃3|B̄si = (0.29 ± 0.10)f2

Bs
M2

Bs
. (9)

At the accuracy with which we work, these results can be
interpreted as the MS-scheme results at the scale µ2 =
mb, with an uncertainty included to account for the fact
that the lattice-continuum matching is tree-level.

It is sometimes convenient to include a numerical fac-
tor which arises from the vacuum saturation approxi-
mation (VSA). We define B0-factors via hBs|Rk|B̄si =
qf2

Bs
M2

Bs
B0

Rk
where q is �

2

3
, 2

3
, 7

6
, and 5

6
for R2, R̃2,

R3, and R̃3, respectively. The “unprimed” bag factors
BRk which are equal to 1 in the VSA include a mass fac-
tor such that B0

Rk
=

⇥
M2

Bs
/(mpow

b )2 � 1
⇤
BRk [1]. These

BRk are the ones taken in recent phenomenological esti-
mates [2, 11, 13] to be 1.0 ± 0.5 in the absence of a QCD
calculation. We tabulate numerical results of our work in
Table II. It turns out that the VSA expectation is a rea-
sonable back-of-the-envelope estimate. (Note that while
the bag factors depend on the definition of mpow

b , the B0-
factors do not.) Our results replace the rough estimates
with a lattice QCD computation with all uncertainties
quantified.

The matrix elements determined in Ref. [6] al-
low determination of the remaining 3 matrix elements
B0

R0
= �

3

4
hBs|R0|B̄si/(fBsMBs)

2 = 0.32(13), B0
R1

=
3

7
hBs|O4|B̄si/(fBsMBs)

2 = 1.564(64), and B0
R̃1

=
3

5
hBs|O5|B̄si/(fBsMBs)

2 = 1.167(46).
Our results permit the first lattice determination of

��1/mb
, the power-law corrections to ��s. Recently

there has been an investigation of scale and scheme de-
pendence of the leading term in ��s, where it has been
proposed to include corresponding uncertainties as fol-
lows [14]

��s = [1.86(17)B1 + 0.42(3)B0
3
]f2

Bs
+ ��1/mb

(10)

in the MS scheme. Taking fBs = 0.2307(12) GeV from
Ref. [37] and weighted averages of B1 = 0.84(3) and B0

3
=

1.36(8) from Refs. [5, 6] yields a result for the leading
order contribution, ��LO

s = 0.114(9) ps�1.

The 1/mb contribution to ��s can be expressed as a
linear combination of the matrix elements of the R oper-
ators, times perturbative coe�cients �k [1, 13]. Writing
��1/mb

= �2�̃12,1/mb
cos �12, we have

�̃12,1/mb
=

G2

F f2

Bs
MBsm

2

b

24⇡

X

k

�k(z̄)B0
Rk

. (11)

Here k is an index that runs over the 4 operators in (1)
plus the 3 color-rearranged operators. The �k(z̄) are re-
lated to the gk(z̄) of [13] by the numerical coe�cients
relating the matrix elements to the B0 factors; addition-
ally �1 and �̃1 include a factor of m̄s(m̄b)/m̄b(m̄b). The
functions gk(z̄) depend on z̄ = (m̄c(m̄b)/m̄b(m̄b))2 [38]

and the leading order H�F=1 Wilson coe�cients C(0)

1

and C(0)

2
. Numerical values used here are given in the

Appendix. Only the terms with B0
R0

, B0
R2

, and B0
R̃2

con-

tribute to ��1/mb
due to the smallness of the other �k.

Our result for (11) is �̃12,1/mb
= 0.0110(52) ps�1

which, given cos �12 = 1 to the precision relevant here,
contributes to the width di↵erence as

��1/mb
= �2�̃12,1/mb

= �0.022(10) ps�1 . (12)

The uncertainty in (12) is dominated by that of hR̃2i.
From studies of the leading ��s term, we expect scale
and scheme uncertainties here to similarly be at the 10%
level, i.e. not significant compared to the present hadronic
uncertainty.

Combining (12) with (10), we find

��s = 0.092(14) ps�1 . (13)

The error in (13) is mostly due to the uncertainty in
��1/mb

; its variance contributes approximately 60% to
the total variance in (13). The next largest uncertainty,
contributing 30%, comes from the coe�cients in first
term of (10). The variance of B1 contributes 8% of the
total.

The HFLAV average of experimental measurements is
��s = 0.085(6) ps�1 [39]. This is in good agreement
with our result (13) with half the uncertainty.

There remains more to do in order for the theoreti-
cal prediction to match the experimental precision. The
next generation lattice calculation will require one-loop
matching of lattice to MS regularization schemes in order
to reduce the uncertainty in ��1/mb

. At the same time
the work to determine the perturbative coe�cients ap-
pearing in (10) through NNLO must be completed. First
steps have already begun [14].
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FIG. 9. A comparison of ±1� constraints on Vts and Vtd

from experimental results on Bs and Bd oscillation frequencies
compared to SM calculations. This is an update of Figure
7 in [37] to include the results presented here. The lattice
QCD constraints shown come from: this paper, dark grey;
[8], red; [9], light blue, |Vts|/|Vtd| ratio only. The light blue
lozenge is from sum rules [37]. The lozenges with dashed
boundaries include a full unitarity triangle fit: light pink is
from CKMfitter [57, 59] and orange from UTFit [58, 60]. The
green lozenge with dotted boundary is the result of a unitarity
triangle fit for tree-level processes only from CKMfitter.

lattice analyses. These results agree well with the exper-
imental values from Eq. (14) — the largest discrepancy
is 1.7� for the ratio of �M values — but they have much
larger uncertainty.

D. Vts and Vtd

Because the experimental values for �Mq are so ac-
curate, a better approach to understanding the implica-
tions of our improved lattice QCD results for the relevant
hadronic matrix elements is to turn the analysis of the
previous subsection on its head. That is, to use our re-
sults and the experimental values for �Mq to determine
values for |Vts| and |Vtd| from Eq. (15) (taking a value
for Vtb from Eq. (16) [59]). |Vts| and |Vtd| obtained this
way can then be compared to other determinations that
make use of CKM unitarity as a test of that unitarity.

The ratio of |Vts| to |Vtd| can be obtained more ac-
curately than the separate CKM elements because this
makes use of the hadronic parameter ⇠ (Eq. (13)) in
which a lot of the lattice QCD uncertainties cancel (see
Section IV A).

Our results are

|Vtd| = 0.00867(23) (18)

|Vts| = 0.04189(93)

|Vtd| / |Vts| = 0.2071(27) .

Figure 9 plots the ±1� constraints on |Vtd|, |Vts| and
their ratio from our results as the dark grey lozenge. Re-

sults determined by other lattice QCD calculations [8, 9]
are also shown along with a recent determination using
sum rules [37]. Also shown as light pink and orange
lozenges are results from fits to the CKM unitarity trian-
gle using results from many di↵erent processes [59, 60].
Particularly relevant here is the green lozenge which re-
sults from a unitarity triangle fit that includes tree-level
processes only [59], and therefore not Bs/Bd oscillations.
Tension between results derived from �Mq (as here) and
the results derived from tree-level processes and unitar-
ity would imply the existence of new physics in loop pro-
cesses.

The Fermilab/MILC results (red lozenge in Figure 9)
highlighted an approximately 2.0� tension between their
values for Vts and Vtd and those from unitarity fits.
See [61, 62] for examples of the possible implications of
this.

Our results show no such tension. Our values for Vts

and Vtd separately agree with the {CKMfitter, tree} re-
sults in Eq. (16) within 1� and the di↵erence in the ratio
amounts to 1.8�. This limits the scope for new physics in
loop-induced processes. However, our ratio for |Vtd|/|Vts|

joins the systematic trend of the previous results shown
in Figure 9 in being below that of {CKMFitter, tree}.

E. Bq ! µ
+

µ
�

decay

The rare decays Bq ! µ
+
µ

� have very small branching
fractions in the SM since they proceed through W box di-
agrams and Z penguins and are helicity-suppressed. New
physics might then be seen if the experimental and SM
branching fractions can be determined to be di↵erent to
su�cient accuracy.

The hadronic parameter that enters the SM branch-
ing fraction is the Bq meson decay constant [63] but it
appears along with the CKM elements

��V ⇤
tqVtb

��. The un-
certainty in the value of the appropriate CKM element
is now the largest uncertainty in the value of the SM
branching fraction [13].

An alternative method for determining the branching
fraction is to take a ratio to �M [64]. In the SM (and
extensions with minimal flavour violation) the CKM el-
ements cancel out of this ratio. The decay constant also
cancels and the hadronic parameter that remains in the
ratio is the bag parameter.

The formula for the time-averaged branching frac-
tion [65], as measured in the experiment, is then given in
the SM by

Br(Bq ! `
+
`
�)

�Mq
= (19)

3G
2
F M

2
W m

2
`

⇡3
⌧BH

q

s
1 �

4m2
`

M2
Bq

|CA(µb)|2

S0(xt)⌘2BB̂
(1)
Bq

.

Here CA(µb) includes electroweak and QCD corrections
and is given for µb= 5 GeV in [63]. We use CA(µb) =
0.4694(36) [8]. The lifetime ⌧BH

q
that appears in this

1σ constraints

CKM matrix elements — consistent within errors

The hadronic parameter that enters the SM branching
fraction is the Bq meson decay constant [65] but it appears
along with the CKM elements jV!

tqVtbj. The uncertainty in
the value of the appropriate CKM element is now the
largest uncertainty in the value of the SM branching
fraction [13].
An alternative method for determining the branching

fraction is to take a ratio to !M [66]. In the SM (and
extensions with minimal flavor violation) the CKM ele-
ments cancel out of this ratio. The decay constant also
cancels and the hadronic parameter that remains in the ratio
is the bag parameter.
The formula for the time-averaged branching fraction

[67], as measured in the experiment, is then given in the
SM by

Br"Bq!l#l!$
!Mq

%3G2
FM

2
Wm

2
l

!3
"BH

q

!!!!!!!!!!!!!!!!
1!

4m2
l

M2
Bq

s
jCA"#b$j2

S0"xt$$2BB̂
"1$
Bq

:

"19$

Here CA"#b$ includes electroweak and QCD corrections
and is given for #b % 5 GeV in [65]. We use CA"#b$ %
0.4694"36$ [8]. The lifetime "BH

q
that appears in this

formula is that of the heavy neutral eigenstate [67]. For
the Bd this can be taken as the average lifetime, 1.520(4) ps
[68,69], but for the Bs there is a measured difference of
lifetimes and the heavy eigenstate has the longer lifetime,
1.615(9) ps [68,69]. Values for S0"xt$ and $2B are given in
Sec. IV D.
Using our results for the bag parameters for O1 given in

Eq. (12) and the experimental values for !M in Eq. (14) we
obtain the following values for the branching fractions:

Br"Bs ! ###!$ % 3.81"18$ ! 10!9;

Br"Bd ! ###!$ % 1.031"54$ ! 10!10: "20$

We can also obtain the ratio of branching fractions for Bs
and Bd [66]

Br"Bs ! ###!$
Br"Bd ! ###!$

%
"BH

s

"BH
d

B̂"1$
Bd

B̂"1$
Bs

!Ms

!Md
: "21$

Here we have dropped the terms in m2
#=M2

Bq
since they are

negligible. There is a lot of cancellation in this ratio,
including of systematic errors in the ratio of bag parameters
[see our results in Eq. (12)]. We obtain the result

Br"Bd ! ###!$
Br"Bs ! ###!$

% 0.02706"70$: "22$

Figure 10 shows our predictions in the SM for the
branching fractions from Eqs. (20) and (22) as the grey

lozenge. The red lozenge shows lattice QCD predictions
[13] for the branching fractions using the direct approach
where the hadronic parameter needed is the decay constant
and this is combined with input for the CKM elements Vtq

and Vtb, along with other factors. The errors in the results
from [13] are dominated by uncertainties in the CKM
elements, which are taken from a global unitarity triangle fit
that includes both tree and loop-induced processes.2

Figure 10 shows good agreement between the two lattice
QCD predictions. This reflects the fact that, as described in
Sec. IV D our results for the bag parameters yield CKM
elements jVtsj and jVtdj in agreement with CKM unitarity
determinations. Our results imply consistency of the CKM
matrix (within uncertainties), and hence the two approaches
of using the decay constants plus CKM elements or using
the bag parameters and !Mq will agree.
Note that our results in Eq. (20) include uncertainties in

the parameters of Eq. (21). They do not include uncer-
tainties from electromagnetic corrections to the decay
process. These are estimated to lead to a reduction of
0.3%–1.1% in the muonic branching fractions in [70]. This
is not significant given the current uncertainties in our SM
predictions, but will need to be addressed to reduce
uncertainties in the future.
The blue band in Fig. 10 shows the current experimental

situation. The decay Bd ! ###! has only been seen with
3% significance [71]. Recent LHCb [72] and ATLAS [73]
results give upper bounds to the branching fraction of
3.4 ! 10!10 and 2.1 ! 10!10, respectively. These bounds

FIG. 10. A comparison of the SM branching fractions forBs and
Bd to decay to ###! from lattice QCD results with the current
experimental measurements. The grey lozenge shows results from
our calculation here of the bag parameters and a ratio to exper-
imental results for !Mq [Eqs. (20) and (22)]. The red lozenge
shows results from a Fermilab/MILC calculation of Bd and Bs
decay constants, combined with input CKM elements [13]. The
blue band shows the current experimental average for Br"Bs !
###!$ [11]; only an upper bound exists for Br"Bd ! ###!$.

2Note that we include the constraint on the ratio from the July
2019 update of [13].
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TABLE II: Results for bag factors of operator labeled by
k. The right column uses MBs = 5.36688(17) GeV [36] and
m

pow
b = 4.70(10) GeV [13].

k B
0
Rk

BRk k B
0
Rk

BRk

R2 0.27(10) 0.89(38) R̃2 0.27(10) 0.89(38)
R3 0.33(11) 1.07(42) R̃3 0.35(13) 1.14(46)

Our main results are for the pair of matrix elements

hBs|R2|B̄si = �(0.18 ± 0.07)f2

Bs
M2

Bs
(6)

hBs|R3|B̄si = (0.38 ± 0.13)f2

Bs
M2

Bs
(7)

or for the linearly dependent, color-rearranged operator
matrix elements (2)

hBs|R̃2|B̄si = (0.18 ± 0.07)f2

Bs
M2

Bs
(8)

hBs|R̃3|B̄si = (0.29 ± 0.10)f2

Bs
M2

Bs
. (9)

At the accuracy with which we work, these results can be
interpreted as the MS-scheme results at the scale µ2 =
mb, with an uncertainty included to account for the fact
that the lattice-continuum matching is tree-level.

It is sometimes convenient to include a numerical fac-
tor which arises from the vacuum saturation approxi-
mation (VSA). We define B0-factors via hBs|Rk|B̄si =
qf2

Bs
M2

Bs
B0

Rk
where q is �

2

3
, 2

3
, 7

6
, and 5

6
for R2, R̃2,

R3, and R̃3, respectively. The “unprimed” bag factors
BRk which are equal to 1 in the VSA include a mass fac-
tor such that B0

Rk
=

⇥
M2

Bs
/(mpow

b )2 � 1
⇤
BRk [1]. These

BRk are the ones taken in recent phenomenological esti-
mates [2, 11, 13] to be 1.0 ± 0.5 in the absence of a QCD
calculation. We tabulate numerical results of our work in
Table II. It turns out that the VSA expectation is a rea-
sonable back-of-the-envelope estimate. (Note that while
the bag factors depend on the definition of mpow

b , the B0-
factors do not.) Our results replace the rough estimates
with a lattice QCD computation with all uncertainties
quantified.

The matrix elements determined in Ref. [6] al-
low determination of the remaining 3 matrix elements
B0

R0
= �

3

4
hBs|R0|B̄si/(fBsMBs)

2 = 0.32(13), B0
R1

=
3

7
hBs|O4|B̄si/(fBsMBs)

2 = 1.564(64), and B0
R̃1

=
3

5
hBs|O5|B̄si/(fBsMBs)

2 = 1.167(46).
Our results permit the first lattice determination of

��1/mb
, the power-law corrections to ��s. Recently

there has been an investigation of scale and scheme de-
pendence of the leading term in ��s, where it has been
proposed to include corresponding uncertainties as fol-
lows [14]

��s = [1.86(17)B1 + 0.42(3)B0
3
]f2

Bs
+ ��1/mb

(10)

in the MS scheme. Taking fBs = 0.2307(12) GeV from
Ref. [37] and weighted averages of B1 = 0.84(3) and B0

3
=

1.36(8) from Refs. [5, 6] yields a result for the leading
order contribution, ��LO

s = 0.114(9) ps�1.

The 1/mb contribution to ��s can be expressed as a
linear combination of the matrix elements of the R oper-
ators, times perturbative coe�cients �k [1, 13]. Writing
��1/mb

= �2�̃12,1/mb
cos �12, we have

�̃12,1/mb
=

G2

F f2

Bs
MBsm

2

b

24⇡

X

k

�k(z̄)B0
Rk

. (11)

Here k is an index that runs over the 4 operators in (1)
plus the 3 color-rearranged operators. The �k(z̄) are re-
lated to the gk(z̄) of [13] by the numerical coe�cients
relating the matrix elements to the B0 factors; addition-
ally �1 and �̃1 include a factor of m̄s(m̄b)/m̄b(m̄b). The
functions gk(z̄) depend on z̄ = (m̄c(m̄b)/m̄b(m̄b))2 [38]

and the leading order H�F=1 Wilson coe�cients C(0)

1

and C(0)

2
. Numerical values used here are given in the

Appendix. Only the terms with B0
R0

, B0
R2

, and B0
R̃2

con-

tribute to ��1/mb
due to the smallness of the other �k.

Our result for (11) is �̃12,1/mb
= 0.0110(52) ps�1

which, given cos �12 = 1 to the precision relevant here,
contributes to the width di↵erence as

��1/mb
= �2�̃12,1/mb

= �0.022(10) ps�1 . (12)

The uncertainty in (12) is dominated by that of hR̃2i.
From studies of the leading ��s term, we expect scale
and scheme uncertainties here to similarly be at the 10%
level, i.e. not significant compared to the present hadronic
uncertainty.

Combining (12) with (10), we find

��s = 0.092(14) ps�1 . (13)

The error in (13) is mostly due to the uncertainty in
��1/mb

; its variance contributes approximately 60% to
the total variance in (13). The next largest uncertainty,
contributing 30%, comes from the coe�cients in first
term of (10). The variance of B1 contributes 8% of the
total.

The HFLAV average of experimental measurements is
��s = 0.085(6) ps�1 [39]. This is in good agreement
with our result (13) with half the uncertainty.

There remains more to do in order for the theoreti-
cal prediction to match the experimental precision. The
next generation lattice calculation will require one-loop
matching of lattice to MS regularization schemes in order
to reduce the uncertainty in ��1/mb

. At the same time
the work to determine the perturbative coe�cients ap-
pearing in (10) through NNLO must be completed. First
steps have already begun [14].
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TABLE II: Results for bag factors of operator labeled by
k. The right column uses MBs = 5.36688(17) GeV [36] and
m

pow
b = 4.70(10) GeV [13].

k B
0
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BRk k B
0
Rk

BRk

R2 0.27(10) 0.89(38) R̃2 0.27(10) 0.89(38)
R3 0.33(11) 1.07(42) R̃3 0.35(13) 1.14(46)
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At the accuracy with which we work, these results can be
interpreted as the MS-scheme results at the scale µ2 =
mb, with an uncertainty included to account for the fact
that the lattice-continuum matching is tree-level.

It is sometimes convenient to include a numerical fac-
tor which arises from the vacuum saturation approxi-
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b )2 � 1
⇤
BRk [1]. These
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Our results permit the first lattice determination of
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proposed to include corresponding uncertainties as fol-
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= �2�̃12,1/mb
cos �12, we have

�̃12,1/mb
=

G2

F f2

Bs
MBsm

2

b

24⇡

X

k

�k(z̄)B0
Rk

. (11)

Here k is an index that runs over the 4 operators in (1)
plus the 3 color-rearranged operators. The �k(z̄) are re-
lated to the gk(z̄) of [13] by the numerical coe�cients
relating the matrix elements to the B0 factors; addition-
ally �1 and �̃1 include a factor of m̄s(m̄b)/m̄b(m̄b). The
functions gk(z̄) depend on z̄ = (m̄c(m̄b)/m̄b(m̄b))2 [38]

and the leading order H�F=1 Wilson coe�cients C(0)

1

and C(0)

2
. Numerical values used here are given in the

Appendix. Only the terms with B0
R0

, B0
R2

, and B0
R̃2

con-

tribute to ��1/mb
due to the smallness of the other �k.

Our result for (11) is �̃12,1/mb
= 0.0110(52) ps�1

which, given cos �12 = 1 to the precision relevant here,
contributes to the width di↵erence as

��1/mb
= �2�̃12,1/mb

= �0.022(10) ps�1 . (12)

The uncertainty in (12) is dominated by that of hR̃2i.
From studies of the leading ��s term, we expect scale
and scheme uncertainties here to similarly be at the 10%
level, i.e. not significant compared to the present hadronic
uncertainty.

Combining (12) with (10), we find

��s = 0.092(14) ps�1 . (13)

The error in (13) is mostly due to the uncertainty in
��1/mb

; its variance contributes approximately 60% to
the total variance in (13). The next largest uncertainty,
contributing 30%, comes from the coe�cients in first
term of (10). The variance of B1 contributes 8% of the
total.

The HFLAV average of experimental measurements is
��s = 0.085(6) ps�1 [39]. This is in good agreement
with our result (13) with half the uncertainty.

There remains more to do in order for the theoreti-
cal prediction to match the experimental precision. The
next generation lattice calculation will require one-loop
matching of lattice to MS regularization schemes in order
to reduce the uncertainty in ��1/mb

. At the same time
the work to determine the perturbative coe�cients ap-
pearing in (10) through NNLO must be completed. First
steps have already begun [14].
Acknowledgments: We thank the MILC collaboration

for their gauge configurations and their code MILC-7.7.11
[40]. MW is grateful for an IPPP Associateship held
while some of this work was undertaken and for discus-
sions with A. Lenz. This work was funded in part by
the STFC, the NSF, and the DOE. CJM is supported
in part by the U.S. Department of Energy, O�ce of Sci-
ence, O�ce of Nuclear Physics under contract Nos. DE-
FG02-00ER41132 and DE-AC05-06OR23177. Results

4

TABLE II: Results for bag factors of operator labeled by
k. The right column uses MBs = 5.36688(17) GeV [36] and
m

pow
b = 4.70(10) GeV [13].

k B
0
Rk

BRk k B
0
Rk

BRk

R2 0.27(10) 0.89(38) R̃2 0.27(10) 0.89(38)
R3 0.33(11) 1.07(42) R̃3 0.35(13) 1.14(46)

Our main results are for the pair of matrix elements

hBs|R2|B̄si = �(0.18 ± 0.07)f2

Bs
M2

Bs
(6)

hBs|R3|B̄si = (0.38 ± 0.13)f2

Bs
M2

Bs
(7)

or for the linearly dependent, color-rearranged operator
matrix elements (2)

hBs|R̃2|B̄si = (0.18 ± 0.07)f2

Bs
M2

Bs
(8)

hBs|R̃3|B̄si = (0.29 ± 0.10)f2

Bs
M2

Bs
. (9)

At the accuracy with which we work, these results can be
interpreted as the MS-scheme results at the scale µ2 =
mb, with an uncertainty included to account for the fact
that the lattice-continuum matching is tree-level.

It is sometimes convenient to include a numerical fac-
tor which arises from the vacuum saturation approxi-
mation (VSA). We define B0-factors via hBs|Rk|B̄si =
qf2

Bs
M2

Bs
B0

Rk
where q is �

2

3
, 2

3
, 7

6
, and 5

6
for R2, R̃2,

R3, and R̃3, respectively. The “unprimed” bag factors
BRk which are equal to 1 in the VSA include a mass fac-
tor such that B0

Rk
=

⇥
M2

Bs
/(mpow

b )2 � 1
⇤
BRk [1]. These

BRk are the ones taken in recent phenomenological esti-
mates [2, 11, 13] to be 1.0 ± 0.5 in the absence of a QCD
calculation. We tabulate numerical results of our work in
Table II. It turns out that the VSA expectation is a rea-
sonable back-of-the-envelope estimate. (Note that while
the bag factors depend on the definition of mpow

b , the B0-
factors do not.) Our results replace the rough estimates
with a lattice QCD computation with all uncertainties
quantified.

The matrix elements determined in Ref. [6] al-
low determination of the remaining 3 matrix elements
B0

R0
= �

3

4
hBs|R0|B̄si/(fBsMBs)

2 = 0.32(13), B0
R1

=
3

7
hBs|O4|B̄si/(fBsMBs)

2 = 1.564(64), and B0
R̃1

=
3

5
hBs|O5|B̄si/(fBsMBs)

2 = 1.167(46).
Our results permit the first lattice determination of

��1/mb
, the power-law corrections to ��s. Recently

there has been an investigation of scale and scheme de-
pendence of the leading term in ��s, where it has been
proposed to include corresponding uncertainties as fol-
lows [14]

��s = [1.86(17)B1 + 0.42(3)B0
3
]f2

Bs
+ ��1/mb

(10)

in the MS scheme. Taking fBs = 0.2307(12) GeV from
Ref. [37] and weighted averages of B1 = 0.84(3) and B0

3
=

1.36(8) from Refs. [5, 6] yields a result for the leading
order contribution, ��LO

s = 0.114(9) ps�1.

The 1/mb contribution to ��s can be expressed as a
linear combination of the matrix elements of the R oper-
ators, times perturbative coe�cients �k [1, 13]. Writing
��1/mb

= �2�̃12,1/mb
cos �12, we have

�̃12,1/mb
=

G2

F f2

Bs
MBsm

2

b

24⇡

X

k

�k(z̄)B0
Rk

. (11)

Here k is an index that runs over the 4 operators in (1)
plus the 3 color-rearranged operators. The �k(z̄) are re-
lated to the gk(z̄) of [13] by the numerical coe�cients
relating the matrix elements to the B0 factors; addition-
ally �1 and �̃1 include a factor of m̄s(m̄b)/m̄b(m̄b). The
functions gk(z̄) depend on z̄ = (m̄c(m̄b)/m̄b(m̄b))2 [38]

and the leading order H�F=1 Wilson coe�cients C(0)

1

and C(0)

2
. Numerical values used here are given in the

Appendix. Only the terms with B0
R0

, B0
R2

, and B0
R̃2

con-

tribute to ��1/mb
due to the smallness of the other �k.

Our result for (11) is �̃12,1/mb
= 0.0110(52) ps�1

which, given cos �12 = 1 to the precision relevant here,
contributes to the width di↵erence as

��1/mb
= �2�̃12,1/mb

= �0.022(10) ps�1 . (12)

The uncertainty in (12) is dominated by that of hR̃2i.
From studies of the leading ��s term, we expect scale
and scheme uncertainties here to similarly be at the 10%
level, i.e. not significant compared to the present hadronic
uncertainty.

Combining (12) with (10), we find

��s = 0.092(14) ps�1 . (13)

The error in (13) is mostly due to the uncertainty in
��1/mb

; its variance contributes approximately 60% to
the total variance in (13). The next largest uncertainty,
contributing 30%, comes from the coe�cients in first
term of (10). The variance of B1 contributes 8% of the
total.

The HFLAV average of experimental measurements is
��s = 0.085(6) ps�1 [39]. This is in good agreement
with our result (13) with half the uncertainty.

There remains more to do in order for the theoreti-
cal prediction to match the experimental precision. The
next generation lattice calculation will require one-loop
matching of lattice to MS regularization schemes in order
to reduce the uncertainty in ��1/mb

. At the same time
the work to determine the perturbative coe�cients ap-
pearing in (10) through NNLO must be completed. First
steps have already begun [14].
Acknowledgments: We thank the MILC collaboration

for their gauge configurations and their code MILC-7.7.11
[40]. MW is grateful for an IPPP Associateship held
while some of this work was undertaken and for discus-
sions with A. Lenz. This work was funded in part by
the STFC, the NSF, and the DOE. CJM is supported
in part by the U.S. Department of Energy, O�ce of Sci-
ence, O�ce of Nuclear Physics under contract Nos. DE-
FG02-00ER41132 and DE-AC05-06OR23177. Results

Result using our R matrix elements

yielding

Experimental status (HFLAV 2019):

First determination using LQCD for all matrix elements through NLO

Heavy quark expansion (HQE) in agreement with experiment



Conclusions

• First B-mixing calculations on MILC 2+1+1 HISQ ensembles


• First calculation of dimension-7 operators for ΔΓs — replaces vacuum 
saturation approximation


• Precision limited by perturbative matching — next step: heavy HISQ b


