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® Axion electrodynamics in 4D possesses a 3-group structure.

® The Witten effect and the anomalous Hall effect can be understood as 3-group transformations.
Technically, we have shown

® higher-form symmetries in axion electrodynamics

® the 3-group structure by correlation functions of symmetry generators of the higher-form symmetries
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Axion electrodynamics: axion ¢ + photon a, + topological coupling

[Wilczek '87]
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3. Ubiquitous in modern physics: QCD axion, ¥ meson, axion insulator,...
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3. Ubiquitous in modern physics: QCD axion, ¥ meson, axion insulator,...

%qﬁE - B+ extended objects — rich and peculiar phenomena
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Witten effect for axionic domain wall

Axionic domain wall

Magnetic
monopole

Witten effect

® Magnetic monopole 4 axionic domain wall — electric charge [witten '79; Sikivie ‘84; Kogan '92]
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Witten effect for axionic domain wall

Axionic domain wall

Magnetic
monopole

Witten effect

® Magnetic monopole 4 axionic domain wall — electric charge [witten '79; Sikivie ‘84; Kogan '92]
® Due to modification of elec. Gauss law

N
V.-E= V¢ B
472 ¢

(Original Witten effect: monopole becomes dyon in the presence of 0 E - B)
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Anomalous Hall effect for axionic string

Anomalous Hall effect = Hall effect without external magnetic field

Axionic string

e

E
J
—_— —
Anomalous Hall effect

® Axionic string + electric field — electric current [sikivie '84; Wilczek '87; Qi, et al. '08; Teo & Kane '10]
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Anomalous Hall effect for axionic string

Anomalous Hall effect = Hall effect without external magnetic field

Axionic string
b
E
J
—_— —
Anomalous Hall effect

® Axionic string + electric field — electric current [sikivie '84; Wilczek '87; Qi, et al. '08; Teo & Kane '10]

® Due to modification of Maxwell-Ampére law

Q: Mathematical structure behind the phenomena for extended objects?
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Candidate: Higher-form global symmetries (caioteo et al. 14

Symmetries under transf. of p-dimensional extended objects

(Ordinary symmetries are 0-form

> )=

symmetries: acting on local 0-dim. objects)

Understanding physics of extended objects by symmetries

e.g., Aharanov-Bohm effect: 1-form symmetry transf. (charged object = Wilson loop)

Classifying phases of matter beyond ordinary symmetries

® Maxwell theory in 4D: photon = NG boson

® Superconductor (swave) 7# charge 1 Abelian Higgs model [cf. Hansson, et al. '04]

® (mixed) 't Hooft anomalies and their matching
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Purpose of this talk

® We show higher-form symmetries and their group structure in axion electrodynamics.

® We discuss the Witten effect and anomalous Hall effect from the viewpoint of higher-form symmetries.

Axionic domain wall Axionic string
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Witten effect Anomalous Hall effect

5/18



Contents

Introduction

Higher-form symmetries in axion electrodynamics

Witten effect and anomalous Hall effect from higher-form symmetries

3-group in axion electrodynamics



Higher-form symmetries in axion electrodynamics

Y. Hidaka, M. Nitta, RY, Phys. Lett. B 808 (2020) 135672


https://doi.org/10.1016/j.physletb.2020.135672

Message

There are 4 kinds of higher-form symmetries in axion electrodynamics.

Charged object

conservation law | Group
0-form EOM of ¢ Zn axion
Elec. 1-form EOM of a, VAN Wilson loop
Mag. 1-form | Bianchiid. of a;, | U(1) 't Hooft loop
2-form Bianchi id. of ¢ U(1) worldsurface of axionic string
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Set UP (Wilczek '87]

[ Action ]

2
S = —/(%|d¢|2 + 5zldal® — S5 ¢da A da)

wv: decay constant, e: coupling constant
® Axion ¢: periodic pseudo-scalar ¢ + 27 ~ ¢ (NG boson ¢??)
® Photon a = aud.T“Z U(l) gauge field, fS da € 277 (S: closed surface, e.g., S2)

® N: integer (number of massive Dirac fermions in UV)

Higher-form symmetries can be found by EOM and Bianchi identities

. C A w2, 2 .2 N o, . . . .
S == / dte (i l0pel? + Sy 1 fuwl® = STy 0t P fuu fpo). fuv = dpay — dvay

: 2 B s
Suv = - / (T{Q ldal? + 27 |d¢|? + id; (9 — id)w; + yod;e 5P, ), y;: Dirac fermions i = 1, ..., N
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Zy 0-form symmetry: shift symmetry of axion e*#(P)

f 0-form transformation [derivation]

<U0(V)ei¢(7>)) — ¢2ming /N (eiqb(P))
time slice L U(V) i(P) £i®(P)
. _ 827r'ino/1\1
k i¢(P) :
z,y x,y
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Zy 0-form symmetry: shift symmetry of axion e*#(P)

f 0-form transformation [derivation]

<UO(V)ei¢(’P)> — eZwin¢/N (eiqb(’P))
time slice t Up(V) £i0(P) t £i(P)
‘ _ 827”'71«.»/1\7
k i¢(P) : .
z,y x,y

® Conservation law: EOM of axion d(v? * d¢ + %a Ada) =0 (v20¢ + %E -B=0)
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Zy 0-form symmetry: shift symmetry of axion e*#(P)

[ 0-form transformation [derivation]

<UO(V)ei¢(’P)> — eZwin¢/N (eiqb(’P))

time slice t Up(V) £i0(P) t £i10(P)
. UO@.‘ Y g _ G2ming/N
y z
‘< ¢i¢(P)
T z,y z,y

® Conservation law: EOM of axion d(v? * d¢ + %a Ada) =0 (v20¢ + %E -B=0)

2m

1. Symmetry generator (3D): Ug(e2™1"¢/N V) = exp ( ;,n‘ﬁ Sy (—v? % dp — 87%0. A da)) (V: 3D worldvolume)

8/18



Zy 0-form symmetry: shift symmetry of axion e*#(P)

[ 0-form transformation [derivation] ]

<UO(V)ei¢(’P)> — eZwin¢/N (eiqb(’P))

time slice t Up(V) £i0(P) t £i10(P)
. UO@ - _ 2ming/N
‘<' -
T z,y z,y

® Conservation law: EOM of axion d(v? do + 3 2a Ada) =0 (v20¢ + 3 2 E-B=0)

Ting

1. Symmetry generator (3D): Uo(e2™1"6/N V) = exp ( Jp(—v2 xd¢ — Dran da)) V: 3D worldvolume)

2. Symmetry group: Zpn (Not U(1) due to chiral anomaly) [detail]
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Zy 0-form symmetry: shift symmetry of axion e*#(P)
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1. Symmetry generator (3D): Uo(e2™1"6/N V) = exp ( Jp(—v2 xd¢ — Dran da)) V: 3D worldvolume)
2. Symmetry group: Zpn (Not U(1) due to chiral anomaly) [detail]

3. Charged object (0D): e (P) (invariant under ¢ + 27 ~ &)
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Zy 0-form symmetry: shift symmetry of axion e*#(P)

[ 0-form transformation [derivation]

<UO(V)ei¢(’P)> _ eZwin¢/N (eiqb(’P))

time slice t Up(V) £i0(P) t £i10(P)
. UO@,‘- ’ _ o2ming/N
‘<' -
T z,y z,y

® Conservation law: EOM of axion d(v? * d¢ + %a Ada) =0 (v20¢ + %E -B=0)
27\'7Ln¢
N

1. Symmetry generator (3D): Ug(e2™1"¢/N V) = exp ( Sy (—v? % dp — 87%0. A da)) (V: 3D worldvolume)

2. Symmetry group: Zpn (Not U(1) due to chiral anomaly) [detail]

3. Charged object (0D): e (P) (invariant under ¢ + 27 ~ &)

® Uy = (external) axionic domain wall (¢(7) inside v differs from ¢ () outside V by 27, /N)

v ) )
ild+2ming /N)
L]
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Electric Zy 1-form symmetry: phase rotation of Wilson loop

[ 1-form symmetry transformation [derivation] ]

[ (Uin(8)e' Je @) = e¥mina/N (et e )

) t if,a
eilca [\\e c
— 2ming /N
= ¢ /
o T
x7 y

t U\u-:(S) t
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Electric Zy 1-form symmetry: phase rotation of Wilson loop

[ 1-form symmetry transformation [derivation] ]

[ (Uin(8)e' Je @) = e¥mina/N (et e )

ifca f e fee
€ —)
— 2ming /N
= ¢ /
o T
T,y

t U\IE(S) t

® Cons. law: elec. Gauss law & Maxwell-Ampére law (EOM) d(ei2 * da — %qﬁda) =0
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Electric Zy 1-form symmetry: phase rotation of Wilson loop

[ 1-form symmetry transformation [derivation] ]

<U1E($)ei Je ay = e27rina/N<ei Je ay

iJca t etlec
€ —)
— 2ming /N
= ¢ /
o T
T,y

¢ U\IE(S)

_ eifc @

® Cons. law: elec. Gauss law & Maxwell-Ampére law (EOM) d(ei2 * da — %qﬁda) =0
1. Symmetry generator: surface integral of elec. flux or line integral of mag. field

Urs(e770 /N, 8) = oxp (2542 [ (Fp + da — 2y 6da)
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Electric Zy 1-form symmetry: phase rotation of Wilson loop

[ 1-form symmetry transformation [derivation] ]

<U1E($)ei Je ay = e27rina/N<ei Je ay

iJca t etlec
€ —)
— 2ming /N
= ¢ /
o T
T,y

¢ U\IE(S)

_ eifc @

® Cons. law: elec. Gauss law & Maxwell-Ampére law (EOM) d(ei2 * da — %qﬁda) =0
1. Symmetry generator: surface integral of elec. flux or line integral of mag. field
Urn(e2770 /N, ) = oxp (22fta [y = da— 7 d)
2. Symmetry group: Zpn (due to anomaly)
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Electric Zy 1-form symmetry: phase rotation of Wilson loop

[ 1-form symmetry transformation [derivation] ]

<U1E($)ei Je ay = e27rina/N<ei Je ay

iJca t etlec
e AR
— 2ming /N
= ¢ /
o T
x7 y

¢ U\IE(S)

_ eifc @

® Cons. law: elec. Gauss law & Maxwell-Ampére law (EOM) d(ei2 * da — %qﬁda) =0
1. Symmetry generator: surface integral of elec. flux or line integral of mag. field
Ui (27 /N | 8) = exp (25422 [5(Zy + da— Pyéda))

2. Symmetry group: Zpn (due to anomaly)

3. Charged object: Wilson loop e* le o (worldline of test particle or instantaneous current)
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Electric Zy 1-form symmetry: phase rotation of Wilson loop

[ 1-form symmetry transformation [derivation] ]

<U1E(S)ei Je ay = e27rina/N<ei Je ay

iJca t etlec
e AR
— 2ming /N
= ¢ /
o T
x7 y

¢ U\IE(S)

_ eifc @

® Cons. law: elec. Gauss law & Maxwell-Ampére law (EOM) d(ei2 * da — %qﬁda) =0
1. Symmetry generator: surface integral of elec. flux or line integral of mag. field
Ui (27 /N | 8) = exp (25422 [5(Zy + da— Pyéda))

2. Symmetry group: Zpn (due to anomaly)

3. Charged object: Wilson loop e* le o (worldline of test particle or instantaneous current)

® [U;g: external elec. field localized on a surface S
~—
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Magnetic U(1) 1-form symmetry: phase rotation of 't Hooft loop

[ 1-form symmetry transformation

({U1m(8)T(C)) = e’ (T(C))

Cons. law: mag. Gauss law & Faraday law (Bianchi id.) dda =0

1. Symmetry generator: surface integral of mag. flux Uy (e?®a, S) = exp (iéx: Js da)
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Magnetic U(1) 1-form symmetry: phase rotation of 't Hooft loop

[ 1-form symmetry transformation

({U1m(8)T(C)) = e’ (T(C))

Cons. law: mag. Gauss law & Faraday law (Bianchi id.) dda =0

1. Symmetry generator: surface integral of mag. flux Uy (e?®a, S) = exp (iéx: Js da)

2. Charged object: 't Hooft loop T'(C) (Worldline of mag. monopole)

fs da = 27 in the presence of monopole
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Magnetic U(1) 1-form symmetry: phase rotation of 't Hooft loop

[ 1-form symmetry transformation

({U1m(8)T(C)) = e’ (T(C))

Cons. law: mag. Gauss law & Faraday law (Bianchi id.) dda =0

1. Symmetry generator: surface integral of mag. flux U1M(ei°‘a ,S) = exp (i;‘ﬂ‘} fs da)
2. Charged object: 't Hooft loop T'(C) (Worldline of mag. monopole)

fs da = 27 in the presence of monopole

3. Symmetry group: U (1) (magnetic flux is quantized)
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U(1) 2-form symmetry: phase rotation of axionic string

[ 2-form symmetry transformation

[ (U2(C)V(8)) = e (V(S))

time slice
Ux(C) V(S)
z

Cons. law: Bianchi identity of axion dd¢ = 0

1. Symmetry generator: winding number of axion U2(eia¢ ,C) = exp (% Je dg{))
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U(1) 2-form symmetry: phase rotation of axionic string

[ 2-form symmetry transformation

[ (U2(C)V(8)) = e (V(S))

time slice
Ux(C) V(S)
z

Cons. law: Bianchi identity of axion dd¢ = 0
1. Symmetry generator: winding number of axion U2(eia¢ ,C) = exp (% Je dg{))
2. Charged object: worldsheet of axionic string V' (S)

fC d¢ = 27 in the presence of axionic string
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U(1) 2-form symmetry: phase rotation of axionic string

[ 2-form symmetry transformation

(U2(C)V(8)) = e (V(S))

time slice
UZ(? V(S)
>
Yy
T

Cons. law: Bianchi identity of axion dd¢ = 0
1. Symmetry generator: winding number of axion U2(eia¢ ,C) = exp (% Je dg{))
2. Charged object: worldsheet of axionic string V' (S)
fC d¢ = 27 in the presence of axionic string

3. Symmetry group: U (1) (winding number is quantized)
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Summary of higher-form symmetries

There are 4 kinds of higher-form symmetries

group transf. law
0-form 7N shift of axion et (P) _ gi(e(P)+2m/N)
Elec. 1-form N phase rot. of Wilson loop etlea 5 g2mi/Neijca
Mag. 1-form | U(1) | phase rot. of 't Hooft loop T(C) — e**1T(C)
2-form U(1) | phase rot. of axionic string V(S) — et*2V(S)
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Witten effect and anomalous Hall effect from higher-form symmetries

Q: What is mathematical structure behind the phenomena?

Method: evaluating correlation functions of symmetry generators (extension of current algebra)



Witten effect: 0-form x elec. 1-form = mag. 1-form

Uo(V)
/

Uie(S) Uie(S)
Qv Uin(SNQy)

(Uo(®™ "o/ N W)U g (2™l N 8)y = (Unpa(e 2™ 9™/ N Q) 0 S)U g (2™ /N | 8))

( Shifting ¢ of Uy ~ exp(i [g ¢da) by Ug) [detail]
We can describe the Witten effect (Counting electric flux induced from axionic domain wall)
(

Ure(S) Upnn(S N Qyr_y)
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Anomalous Hall effect: elec. 1-form x elec. 1-form = 2-form
Uyg(S1)

Vs,

‘[Uuz(sz) Uie(S2)
: s . !/ o)
(UlE(ez‘mna/N,S)UlE(ez‘“na/N,S/)) _ <U2<€—27rznana/N7 Vs N Sl)UlE(ez‘“na/N,S,))
(Shifting a of U1 ~ exp([g ¢da) by U1g) [detail]

We can describe the anomalous Hall effect (counting magnetic flux by Ampere law)

V(Ssir.) V(Ssir.) V(Ssir.)
—_— R— 3 !
Uig(S1) o UaE_(S{) = Uar(S1)
U1g(S2) ' Ulg(Sl’,) Uz(Szlm Vs,—s;) I
Ve
By j I EL

Note: Direction of Hall current = parallel to torus, j x V¢ X E - 14/18



Q: What is mathematical structure behind the phenomena?

® Witten effect: O-form x 1-form = 1-form

Uo(V)
AN

UlE(S) U1E<S)
Qy UlM(SﬁQv)

® Anomalous Hall effect: 1-form x 1-form = 2-form
Uig(S1)

Vs,

Uip(S2) Ue(S2)
They are different from ordinary current algebra based on ordinary group theory: 0-form x O-form = O-form.

We need a group structure beyond ordinary group theory
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3-group in axion electrodynamics



3—gr0u p? Mathematically. . . [Conduché '84; Matrins & Picken '09]

It is called semistrict 3-group or 2-crossed module

Axioms (which we will use)
® 3 kinds of groups G, H, L
® Action > of G on G, H, L: (extension of adjoint representation)

1 g h, gl

g>g' =g9'9”
® Peiffer lifting: map from h,h’ € H to L

{h,W}eL

But the axioms seem abstract... Can we understand them physically?
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3-group? Physically...
We can describe the 3-group in terms of higher-form symmetries

® Elements of G, H, L: Symmetry generators for 0-, 1-, 2-form symmetries (they are the unitary representations, precisely)
geG heH lel

O

14 S c

® Action of G >: enclosing of elements by 0-form symmetry generators

9 g h
® Peiffer lifting {h,h'}: “braid” and then “link” of 1-form sym. generators (surface link) [Carter, et al '01]
h B O
W (R

The Witten effect & the anomalous Hall effect can be described! 1)



3-group in axion electrodynamics

® 3 kinds of groups: G = Zp (0form), H =Zn X U(1) (1-form), L = U(1) (2-form)

h

® Witten effect = action of G:

9 goh

627rin¢/N > (627rina/N, eiaa) — (627rina’ 6727rin¢na/Neiaa)

) - (O

T m

® Anomalous Hall effect = Peiffer lifting:

{(32’”"&/1\’, ei%a), (62m'n;/N7 et 32 = e—2minang /N

(we may need a spin structure)
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Summary

h
g pret T (W B

® Axion electrodynamics in 4D possesses a 3-group structure.
® The Witten effect and the anomalous Hall effect can be understood as 3-group transformations.

® Future work: relation to anomaly inflow, (including DOF on defects), higher-form symmetries for massive

axions, etc.
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Group of 0-form symmetry is Zy (1/4)

Large gauge invariance of fv a A da is crucial
1. Symmetry group seems continuous, i.e. U(1) because conserved current exists

Jp3 = —v? s dep — &%a/\da, djgz =0



Group of 0-form symmetry is Zy (1/4)

Large gauge invariance of fv a A da is crucial
1. Symmetry group seems continuous, i.e. U(1) because conserved current exists

Je3 = —v? * dp — &%a/\da, djgz =0

2. However, the conserved current is not gauge invariant under a — a + dA.
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Large gauge invariance of fv a A da is crucial
1. Symmetry group seems continuous, i.e. U(1) because conserved current exists

Je3 = —v? * dp — &%a/\da, djgz =0

2. However, the conserved current is not gauge invariant under a — a + dA.

3. The integral of the current, 0 Iy iss with eivo € U(1), seems gauge invariant, since the gauge transf. is

a total derivative.
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Large gauge invariance of fv a A da is crucial
1. Symmetry group seems continuous, i.e. U(1) because conserved current exists

Je3 = —v? * dp — &%a/\da, djgz =0

2. However, the conserved current is not gauge invariant under a — a + dA.

3. The integral of the current, 0 Iy iss with eivo € U(1), seems gauge invariant, since the gauge transf. is

a total derivative.

4. However, the integral is not large gauge invariant.



Group of 0-form symmetry is Zy (1/4)

Large gauge invariance of fv a A da is crucial
1. Symmetry group seems continuous, i.e. U(1) because conserved current exists

Je3 = —v? * dp — &%a/\da, djgz =0

2. However, the conserved current is not gauge invariant under a — a + dA.

3. The integral of the current, 0 Iy iss with eivo € U(1), seems gauge invariant, since the gauge transf. is

a total derivative.
4. However, the integral is not large gauge invariant.

Further, the shift symmetry of axion should be broken to Zp by chiral anomaly from UV viewpoint.



Group of 0-form symmetry is Zy (2/4)
In the following, we consider the topological unitary operator

Up(e'®0,V) = e~ Jy (@ rdé+ gl anda)
V) =

)

and show that the large gauge invariance of Uy(e*®0,V) requires ¢*®0 € Zy.

Note: It is essentially the same as quantization of the level of Chern-Simons term in (2 + 1)
dim. [Henneaux & Teitelboim '86]

i N
. . . . - Ad
1. Since d¢ is gauge invariant, we focus on the term e icogy Jve .



Group of 0-form symmetry is Zy (2/4)
In the following, we consider the topological unitary operator

Up(e'¥0,V) = e @0 y @2 xdot Ly anda)
V) =

and show that the large gauge invariance of Uy(e*®0,V) requires ¢*®0 € Zy.

Note: It is essentially the same as quantization of the level of Chern-Simons term in (2 + 1)

dim. [Henneaux & Teitelboim '86]
. . . . 7iao% Jy anda
1. Since d¢ is gauge invariant, we focus on the term e 8r2 JV .
2. In order to make the integrand be manifestly gauge invariant, we define

—i N, o N daAnd
o0 g Jy anda — g0, va anda

on a 4d space 2y satisfying 002y = V.



Group of 0-form symmetry is Zy (3/4)

3. However, we have chosen a redundant space 2y,, which may be replaced by another 4d space Q;

4. The redundancy of the choice is absent if

; N o N . N
—ia danda iag ; daAda . — == dand
e 03,2 f”v —c 82 fszv ’ e e iao o fﬂ anda __ 1
where 2 = Qy, — Q@ is a closed 4d space. (0 satisfies 90 = vV — v = 0)




Group of 0-form symmetry is Zy (4/4)

5. Since 2 is closed subspace 02 = 0, the Dirac quantization condition requires fQ da Ada € 2-(27)%7Z

6. Therefore, we have the condition ag € QW”Z, which means

eleo ELN.

[back]



Derivation of 0-form transformation 1/4

[ We evaluate the correlation function

(Up(e2™mo/N 1)ei(P)) = /D[tﬁ, ale’S* L fy dostio(P)

AN

174

D

V

\\

Let us integrate out jg3 = —v2 * d¢p — S%a Ada
1. local operators — spacetime integral
o ¢i0(P) = ¢i[¢0a(P) where 84(P) = 8%(x — P)da® A --- A da?
* [vies = laq,, des = Jo, dies = [ digzdo(Qy),
where Qy, is a 4d subspace satisfying 0Qy =V,

30(v) = [o,, 6% (z —y)dy® A+ A dy®.



Derivation of 0-form transformation 2/4

2. Action + symmetry generator can be rewritten by

Completing the square

S[¢,a] + 250 /dj¢350(9v)

2m

= Sl — 2T 60(Qy), ]+ (%)Vﬁlwm*(slo}).

\

Here, we have defined/used
* 51(V) = HgPTda” [y, 8% (x — y)dy” A dyP A dy”
® dso(Qy) = 81(8Qy) = 61(V)

® Jws Addo(Q) = [dwsdo(Qv) = [q,, dws = [oq,, ws = [y ws = [ws A d1(V)

S[¢ = 22 46 A vdd 1_da A xd N_$da A d Jp3 = —v2 % de N d
[¢#,a] = — S deé *ro+;§ a *da — mq} aAnNda), jgz=—vxdp— ma/\ la




Derivation of 0-form transformation 3/4

2mng

3. By the redefinition ¢ — =

60(Qy) — &, we have

( Integrating out Up ]

27 n g

<[]O(627'rin¢/N7 V)ez¢(P)> _ /D[¢, a]eiS[qb— ~ S§0(Q2y),al+i [ ¢S4 (P)

= TN L B0()84(P) (id(P)y

(f 51 (V) A %81 (V) has been regularized by local counter term.)

What is the phase factor [ 8o(€2)d4(P)?



Derivation of 0-form transformation 4/4

[ Linking number ]

J60(2)04(P) = [, 81(P) = Link (V,P) € Z

Intersection of 2y, and P = link of V and P

SV \/
%7 P
z ) (e
Qe
Therefore, we obtain
f Zy 0-form transformation ]

(Uo(e2mino/N 1)eis(P)y — ke Link (V,P) (4i¢(P)y

[back]



Derivation of 1-form transformation 1/4

f We evaluate the correlation function

<U1E(627rina/N7$)ei Je a> _ /D[¢7 a]eiS+ 27r1ivna [s daa+ifea

Let us integrate out jao = Z5 xda — Ny ¢da

1. local operators — spacetime integral:
o cifea = i [ anss(C) where §5(C) = 6“3%11:3” Ao Nda? [, 6% (z — y)dy*
° fsja2 = favs ja2 = fvs djaQ = fdja2 /\61(]/5),

where Vs is a 3d subspace satisfying Vs = S.



Derivation of 1-form transformation 2/4

2. Action + symmetry generator can be rewritten by

Completing the square

S[g,a + 22 / djaz A 51(Vs)

= Slp.a+ TRes Vel o ()" [ 52(8) A x6a(S).

\

Here, we have defined/used
® 55(S) = %dm" Adz? [g 5% (x — y)dyt A dy”
® d61(Vs) = —62(9Vs) = —02(S5)

® —JwaAdsi(Vs) = [dwz N81(Vs) = [y g dwa = [gyg w2 = [sw2 = [ w2 A 82(S)

2
S[é, a] = — / (%m A xdd+ Slyda A wda — Do gdan da>, jaz = Jy *da — Ny gda




Derivation of 1-form transformation 3/4

g 61(Vs) — a, we have

3. By the redefinition a + —;

[ Integrating out U ]

. . . 2mng X
<U1E(627”n¢/N,V)€Z¢(P)> — /D[Qb, a]els[¢aa+ N 51(Vs)l+i [ ans3(C)

— TR [83(ON (V) (i fe oy

(f 52(S) A %55(S) has been regularized by local counter term.)

What is the phase factor [ d3(C) A 61(Vs)?



Derivation of 1-form transformation 4/4

[ Linking number

f53(C) /\51(Vs) = fvs 53(0) = Link(S,C) cZ

Intersection of Vs and C = link of S and C

Therefore, we obtain

( Z N 1-form transformation

(Urp(emine/N S)etle ) = e

2mwing

N

Link (S,C) (ei Je a)

[back]



Correlation function (Uy(e2™ /N VYU g (e?™ /N | S))

We evaluate

2min
7r e a [SJaZ

(Uo(e>ime/N V)Us (e27ima /N, 8)) = / D(g,a)e 5161+

® Integrating out js3 can be done by the shift ¢ — ¢ + 27;\7;45 d0(02y)
o U (e2™na/N S) is shifted as
2mingng

UlE(B27rina/N7S) N U1E(€27rina/N,S)6_$'ﬁ Js 60(Q2y)da

_ UlE(CQWina/N7S)UlM(e_27rin¢na/N7Qv A S)

N

2ming
N ~ ¢da

2ming /N gy = o~ 7 [sdaz Juo —

Uy (e x da

[back]



Correlation function (Ui (e2™e/N S)U g (e2 /N | S'))

We evaluate
2ming

27w oo .
Trjlvna Js da2+—Fx"2% [/ da2

(U™ "a/N 8)U g (2™ a0/ N | 8")) = / D[, ale'S1*alF

® Integrating out U (e2™ma/N S) can be done by the shift a — a — 2”%51(\/5)

., o
® Uig(e2™a/N S’ is shifted as (Jg7 *82(S) has been regularized)

) ) 2mingn’, 1
UlE(827”n;/N,Sl) N UlE(e27rzn;/N7S/)e%-§ Jgr #d61(Vs)

—2mingn’,
= U1E(€2ﬂ":l/N,$’)e¥‘ﬁ Jsr ddns1(Vs)
— UlE(e2Win;/N7S/)UQ(E_QWinaniZ/N7VS A S/)

[back]



Axioms of 3-group 1/3

A semistrict 3-group (2-crossed module) is a set (L B G,>,{—, —}) satisfying the following axioms.

Here, G, H, and L are groups.
1. The maps

81:H—>G, Oy : L - H

are group homomorphisms 91 (h1h2) = (81h1)(01h2) and 92(lil2) = (9201)(d212) for hi2 € H and
l1,2 € L, respectively. They satisfy
B oda(l) =1

forle L



Axioms of 3-group 2/3

2. pisanactionof g€ Gon g € G, h € H, and |l € L by automorphisms, g>g¢’ € G, g>h € H, and

gl € L. The action gi> ¢’ is defined by conjugation,

g>g =gg'g™".

3. 01,2 are G-equivalent, that is,

g (01h) = 01(g>h), gb(020) = d1(gr 1),



Axioms of 3-group 3/3
4. The Peiffer lifting {—, —} is a morphism H x H — L. In terms of the elements h1 2 € H,
{h1,h2} € L
For l1,2 € L, the Peiffer lifting satisfies
d2{h1,ha} = hihahT*(81h1) > hy
g {h1,ho} = {g>h1,g> ha},
{9al1,dal2} = lilal M5,
{h1h2, h3} = {h1, hahzhy "} (81h1) > {ha, h3},
{h1,hahs} = {h1, ha}{h1, h3}{B2{h1,h3} 1, (1h1) > ha},

{9al1, ha}{ho, B2} = li(1h) > 1T

[back]
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