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Solitonic Symmetry

e Selection rule of Solitons.

In this talk...
* Believed to be classified by Homotopy Group.

Solitons of different dimensions

4D CP! sigma model .
Non-invertible solitonic symmetry
| m, (CPY) 0 Z Z | beyond homotopy group
Vortex --------- U(1) 1-form Symmetry
Hopfion ------- U(1) O-form Symmetry
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1
Vortex ---- 5 (CP?) Hopfion ---- T3 (CP?!)
2D Soliton ---- stringy excitation 1D Soliton - particle excitation

Operator ---- line defect 4, Operator ---- point defect B,
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CP! | = | unit C? vector Z(x) | + | U(1) gauge redundancy Z(x) ~ el@(®) 2(x)
Auxiliary U(1) gauge field ----- a=izZl-dz daAda=0
1
Vortex ---—- 11, (CP?) Hopfion - 13(CP")
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current = — current 2 —
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da R ada R
symmetty: P, (5?) = '_[—, €E — symmetry: H(5%) = ex iaf—, —
g i Vp(ST) = exp {lﬁ g2 27‘[} p 217 ymmetry: Ha(57) p{ o3 4m? € 2mZ.
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Consider a gauge transformation: Z — Z'e kT — g - a' + kdr

f a'da’ f ada 2k
—_ —_— - n
SZX.Sl 477:2 52X51 47-[2
- f ada c 7
charge: - A2 2|n|
. a0 (S73S1) = q ada €7
symmetry: %n( xS51) = exp i 52><51E ) q 2|n|

* A, 20 has 2|n| deformation classes, classified by the Zj,,| hopfion charge, denoted by 4, , with £ ~ £ + 2|n|.

* The existence of these deformation classes can also be studied via algebraic topology. c.g [Pontryagin, 1941]
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ada
Symmetry generator always well-defined:  H,(M3) = exp {i j 4—} - +1 — Z, symmetry
m3 4T
even 771 : (ALOBm)io <A1,13m>=0

OAl,f odd m : (Al,o Bm)=0 <A1,1 Bm>:/:0

A1 o absorbs/emits any even number of hopfions.

G4 * By * /A, absorbs/emits any odd number of hopfions.
* B, and B,,,, must share the same hopfion charge, provided invertibility.
The Z, charge is classified by reduced spin bordism group. QP erY) = z,
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We have shown...

{all point defects} U {all line defects} follows Z, selection rule.

However...

{all point defects} U {line defects A,  with 7 = 0 mod N} follows Z, selection rule.

{all point defects} follows U(1) selection rule.

To encode all above...

We need bordism covariant (i.e. TQFT) instead of bordism invariant to construct H, (M?3).

This is possible for rational coefficients & € 21,
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N 1
_r 3 = —1 - -
Fora == Ha (M) ijbexp{ IJMB (4nbdb+2nbda)}

i 7T
3 — . e — 1Nm
7—[%(5 ) exp{NL3 4n} e

( ! ada il \
exp{— —¢t=¢eN, ifn=0 modN
N S2x g1 41T

Hnr(S* xS = s L~ 1+ 2|n|
N
ifn#0 modN
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For a = %n Hp (M?) = AP (M>,CP)
N

ANP denotes the minimal spin TQFT; with Zy 1-form symmetry whose ‘t Hooft anomaly is labeled by p.

e.g AN =~ U(1)y

Symmetry becomes non_invertible [COI‘dOVQ., Ohmori, 2022] [ChOl, Larn, Shao, 2022]

H, X HY #1 Hy X H_g # 1 Hy X Hp = Hyrp
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4D CP! sigma model

. Hom(ﬁgpin (CPY), U(1)) gives invertible O-form solitonic symmetry.

*  Minimal spin TQFT3(CP') gives non-invertible O-form solitonic symmetry.

3D CP! sigma model

. Hom(ﬁgpin (CPYH),U (1)) classifies couplings to invertible topological phase (8-angle).
*  Minimal spin TQFT3(CP') classifies couplings to non-invertible topological phase (topological order).

= “(-1)-form solitonic symmetry”
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Two messages...
* Algebraic structure of solitonic symmetry can often go beyond homotopy group.

* A unified language describes solitonic symmetries and couplings to topological phases.
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Thank you tor listening!



