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Solitonic Symmetry

• Selection rule of  Solitons.

• Believed to be classified by Homotopy Group.

4D ℂP1 sigma model

Vortex --------- U(1) 1-form Symmetry

Hopfion ------- U(1) 0-form Symmetry

𝑛 = 1 𝑛 = 2 𝑛 = 3

𝜋!(ℂP1) 0 ℤ ℤ

Solitons of  different dimensions

Non-invertible solitonic symmetry 

beyond homotopy group 

In this talk…
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Vortex ---- 𝜋!(ℂP1) Hopfion ---- 𝜋"(ℂP1)

2D Soliton ---- stringy excitation

Operator ---- line defect 𝐴!

1D Soliton ---- particle excitation

Operator ---- point defect 𝐵"

𝐴!

𝑆#
𝐵"

𝐵$"

𝑆%
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Local conserved current Local conserved current

𝑛 ∈ ℤ 𝑚 ∈ ℤ
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charge: *
&!

d𝑎
2𝜋 = 𝑛

current =
d𝑎
2𝜋

*
&"

𝑎d𝑎
4𝜋# = 𝑚

=
𝑎d𝑎
4𝜋#?

d𝑎 ∧ d𝑎 = 0
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Auxiliary U(1) gauge field ----- 𝑎 ≡ i𝑧' ⋅ d𝑧

𝐴!

𝑆#

U(1) gauge redundancy 𝑧 𝑥 ~ e() * 𝑧 𝑥ℂP1 unit ℂ# vector 𝑧 𝑥= ＋

Vortex ---- 𝜋!(ℂP1) Hopfion ---- 𝜋"(ℂP1)

symmetry: 𝒱+ 𝑆# = exp i𝛽*
&!

d𝑎
2𝜋 ,

charge:

current

symmetry: ℋ) 𝑆% = exp 𝑖𝛼*
&"

𝑎d𝑎
4𝜋# ,

𝐵"

𝑆%

𝛽 ∈
ℝ
2𝜋ℤ 𝛼 ∈

ℝ
2𝜋ℤ
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Consider a gauge transformation: 𝑧 → 𝑧,e$-./ 𝑎 → 𝑎, + 𝑘d𝜏

*
&!×&#

𝑎′d𝑎′
4𝜋# −*

&!×&#

𝑎d𝑎
4𝜋# = 2𝑘𝑛

• 𝐴!12 has 2|𝑛| deformation classes, classified by the ℤ# ! hopfion charge, denoted by 𝐴!,ℓ with ℓ ∼ ℓ + 2 𝑛 .

• The existence of  these deformation classes can also be studied via algebraic topology. e.g. [Pontryagin, 1941]
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𝐴!

𝜏 ∈
ℝ
2𝜋

𝑆#×𝑆5

symmetry: ℋ6
!7

𝑆#×𝑆5 = exp i
𝑞
𝑛*&!×&#

𝑎d𝑎
4𝜋 , 𝑞 ∈ ℤ# !

*
&!×&#

𝑎d𝑎
4𝜋# ∈ ℤ# !charge:
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Symmetry generator always well-defined:   
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ℋ7 𝑀% = exp i*
8"

𝑎d𝑎
4𝜋 → ±1

V
𝐴5,ℓ

𝐵"𝑆9

𝐴5,2 𝐵" ≠ 0

𝐴5,2 𝐵" = 0

𝐴5,5 𝐵" = 0

𝐴5,5 𝐵" ≠ 0

even 𝑚 :

odd 𝑚 :

• 𝐴5,2 absorbs/emits any even number of  hopfions.

• 𝐴5,5 absorbs/emits any odd number of  hopfions.

• 𝐵" and 𝐵":# must share the same hopfion charge, provided invertibility.

ℤ# symmetry 

The ℤ# charge is classified by reduced spin bordism group. XΩ%
&;(! ℂP5 = ℤ#
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However…
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We have shown…

{all point defects} ∪ {all line defects} follows ℤ# selection rule. 

{all point defects} ∪ {line defects 𝐴!,ℓ with 𝑛 = 0 mod 𝑁} follows ℤ#< selection rule. 

{all point defects} follows U(1) selection rule. 

To encode all above…

We need bordism covariant (i.e. TQFT) instead of  bordism invariant to construct ℋ) 𝑀% .            

This is possible for rational coefficients 𝛼 ∈ 2𝜋 ℚ
ℤ
. 
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ℋ7
<
𝑀% = *𝔇𝑏 exp −i*

8"

𝑁
4𝜋 𝑏d𝑏 +

1
2𝜋 𝑏d𝑎

ℋ7
<
𝑆% = exp

i
𝑁
*
&"

𝑎d𝑎
4𝜋 = e-

7
<"

For 𝛼 = 7
<

if  𝑛 = 0 mod 𝑁exp
i
𝑁
*
&!×&#

𝑎d𝑎
4𝜋 = e-

7
<ℓ,

if  𝑛 ≠ 0 mod 𝑁0,

ℓ ∼ ℓ + 2 𝑛ℋ7
<
𝑆# × 𝑆5 =

𝐵"

𝑆%

𝐴!,ℓ

𝑆#×𝑆5
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𝒜<,5 ≃ 𝑈 1 <e.g.

[Cordova, Ohmori, 2022] [Choi, Lam, Shao, 2022]

𝒜<,; denotes the minimal spin TQFT3 with ℤ< 1-form symmetry whose ‘t Hooft anomaly is labeled by 𝑝.  

Symmetry becomes non-invertible

ℋ) ×ℋ)
' ≠ 1 ℋ) ×ℋ+ ≠ ℋ):+ℋ) ×ℋ$) ≠ 1

For 𝛼 = ;
<
𝜋 ℋ;

<7
𝑀% = 𝒜<,; 𝑀%, ℂP5
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4D ℂP1 sigma model

• Hom XΩ%
&;(! ℂP5 , 𝑈(1) gives invertible 0-form solitonic symmetry.

• Minimal spin TQFT3 ℂP5 gives non-invertible 0-form solitonic symmetry.

3D ℂP1 sigma model

• Hom XΩ%
&;(! ℂP5 , 𝑈(1) classifies couplings to invertible topological phase (𝜃-angle).

• Minimal spin TQFT3 ℂP5 classifies couplings to non-invertible topological phase (topological order).

⟹ “(-1)-form solitonic symmetry”
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Two messages…

• Algebraic structure of  solitonic symmetry can often go beyond homotopy group.

• A unified language describes solitonic symmetries and couplings to topological phases.
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Thank you for listening!


