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Based on
Abe, Morikawa, Suzuki, arXiv:2210.12967



Recent Studies about ʼt Hooft Anomaly

• Discussion of the low-energy dynamics of gauge theories based on the mixed
't Hooft anomaly between discrete and higher-form symmetries.
（Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148

Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501）

• This type of application of the anomaly has been studied vigorously.
ü Yamaguchi, arXiv:1811.09390
ü Hidaka, Hirono, Nitta, Tanizaki, Yokokura, arXiv:1903.06389
ü Honda, Tanizaki, arXiv:2009.10183
ü etc

• Keywords: ʼt Hooft anomaly, higher-form symmetry
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ℤ! One-form Gauge Symmetry

ℤ! zero-form gauge symmetry

• A pair, 𝑈 1 gauge field 𝐴" and 
scalar field ϕ, makes ℤ! one-form
gauge field.

• Constraint

• ℤ! zero-form gauge transformation

ℤ! one-form gauge symmetry

• A pair, 𝑈 1 two-form gauge field 𝐵"# and 
𝑈 1 gauge field 𝐶", makes ℤ! two-form
gauge field.

• Constraint

• ℤ! one-form gauge transformation
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For short, we write 
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𝑆𝑈 𝑁 Gauge Theory with θ Term

• Action:

ØCoupling ℤ! two-form gauge field 𝐵 as the background gauge field,

Ø “ℤ! one-form gauge symmetry”+“𝒯-symmetry when θ = π”
ØRespecting ℤ! one-form gauge symmetry,

ØOur motivation is to understand in a completely regularized framework (lattice field 
theory).
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𝒯-symmetry when θ = 0, π

2π𝑖×(fractional)
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Principal Fiber Bundle

• Covering manifold by patch 𝑈$ , each patch has 𝑆𝑈 𝑁 gauge field 𝑎$ , matter field 
𝜙$ in an irreducible  representation 𝜌.

• 𝑔$% at 𝑈$% = 𝑈$ ∩ 𝑈% • Cocycle condition at 𝑈$%& = 𝑈$ ∩ 𝑈% ∩ 𝑈&
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transition function 𝑔$%

𝑈$ 𝑈%

𝑈$%&

𝑈$

𝑈&𝑈%
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ℤ! One-form Gauge Symmetry and Fiber Bundle

• Especially for the adjoint representation, the cocycle condition can become 
relaxed.

Ø 𝑛$%& has the gauge redundancy.
ØThe transformation of the transition function is 

For the invariance of the cocycle condition,

ØThis transformation is ℤ! one-form gauge transformation, 𝑛$%& is ℤ! two-form 
gauge field.
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∈ ℤ!



Fiber Bundle in 𝑆𝑈(𝑁)/ℤ! gauge theory

• By the principal fiber bundle in the 𝑆𝑈(𝑁)/ℤ! gauge theory, the topological 
charge can become fractional.
(ʼt Hooft, Nucl. Phys. B 153 (1979), van Baal, Commun. Math. Phys. 85 (1982))

※
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2π𝑖×(fractional)

factor for fractionality𝑔"#
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Fractional Topological Charge on the Lattice

• Above discussion about mixed ʼt Hooft anomaly and the fractional topological 
charge is in the continuum.

ØWant to understand in a completely regularized framework (lattice gauge theory)

• Integer topological charge is formulated in the lattice 𝑆𝑈(𝑁) gauge theory
(Lüscher, Commun. Math. Phys. 85 (1982))

ØWe formulated fractional topological charge in the lattice 𝑈(1) gauge theory.

ØApply the simpler formulation of the integer topological charge in the lattice 
𝑈(1) gauge theory
(Fujiwara, Suzuki, Wu, arXiv:0001029)
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our paper

our purpose
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Transition Function on the Lattice

• At 𝑥 ∈ 𝑓(𝑛, µ), constructing 𝑈(1)/ℤ' transition function,

Øω" is the factor for relaxing the cocycle condition,

Ø𝑧"# ∈ ℤ and 𝑧"# = −𝑧#"
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site 𝑛

𝑐(𝑛)𝑐 𝑛 − �̂�

𝑣$,&(𝑥)

𝑓(𝑛, µ)

Fractionality

𝑈$

correspond to patch 𝑈"
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Cocycle Condition on the Lattice

• For the ordinary transition function L𝑣(,*, the cocycle condition is

• For the new transition function 𝑣(,*, owing to ω",
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ℤ' “relax”

lattice version of  
𝑔$%𝑔%&𝑔&$ = 1
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ℤ" One-form Global Symmetry on the Lattice

• The factor of fractionality 𝜔* is related to the ℤ' one-form transform.
ØLink variable

ØTransition function

ØCocycle condition
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µ

ν

Wilson line
𝑊(𝐶)

not ℤ' “relax”
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∈ ℤ'
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ℤ" One-form Gauge Symmetry on the Lattice

ℤ' “relax”

• The factor of fractionality 𝜔* is related to the ℤ' one-form transform.
ØLink variable

ØTransition function

ØCocycle condition

∈ ℤ'

µ

ν

Wilson line
𝑊(𝐶)



Fractional Topological Charge on the Lattice

• In the continuum,

• Topological charge is calculated by the transition function,

• For the new transition function 𝑣(,*,
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Fractional!! 
integer 

cross term 
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Mixed ʼt Hooft Anomaly

• A lattice action is 

ØTopological charge is 

ü invariant under the ℤ' one-form gauge transformation 
üodd under the lattice 𝒯-transformation.
ØWe discussed the mixed ʼt Hooft anomaly between the ℤ' one-form gauge symmetry 

and the 𝒯-symmetry.
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By the Witten effect
Hidaka, Hirono, Nitta, Tanizaki, Yokokura, arXiv:1903.06389
Honda, Tanizaki, arXiv:2009.10183
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Mixed ʼt Hooft Anomaly

• Including a local counter term, under the 𝒯-transformation, 𝑒$+ is

Ø The anomaly is canceled for 
ØThis is  impossible for 𝑞 ∈ 2ℤ.

possible for 𝑞 ∈ 2ℤ + 1.
ØThis implies the mixed ʼt Hooft anomaly between the ℤ' one-form gauge 

symmetry and the 𝒯-symmetry for 𝑞 ∈ 2ℤ.
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0,±8,±16,⋯
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Conclusion and Future Work

• Conclusion
ØWe formulated the fractional topological charge on the lattice 𝑈(1) gauge theory.
ØOur construction provides the mixed ʼt Hooft anomaly between the  ℤ' one-form 

gauge symmetry and the 𝒯-symmetry for 𝑞 ∈ 2ℤ.

• Future work
ØThe formulation of the fractional topological charge on the lattice 𝑆𝑈(𝑁) gauge 

theory
ØThe formulation of the Witten effect on the lattice
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