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Summary of our work

We study Type-I Seesaw models in view of the lightest neutrino being massless

—— 3-2 model
* Energy
Both the 3-3 and the 3-2 Type-I Seesaw A T | - >
o . 2 2 1
models can predict a massless neutrino MR, yv M, K, Mg, Yy M, *
Point 2: 3-3Emode1
. ner
The massless neutrino can become A . | ad | >
g g g 3 2
massive under Renormalization Group Mp.ys pp. ® M, 3 M, @ A7 2 M, 2

effects in the 3-2 model

Our result: With the simplest renormalization group equations and scale matching,
the lightest neutrino always remains massless in the 3-3 model.
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Introduction to neutrinos

Facts about neutrinos
* Standard Model fermions
* Only weakly interacts (electric and color charge neutral)
* SM only includes left-handed neutrinos
In the SM, the flavor for neutrinos are defined from the electroweak doublet

e > Ve W< vy, T & Vs

A typical example including neutrinos is beta-decay

n—p+e +1,

KEK-PH2022 Joint International Workshop, 11/30 3/44



Introduction to neutrinos

Beyond the Standard Model
 Neutrinos are measured to oscillate between flavors

7r+—>,u++l/u

N\

Va

* Flavor oscillations as described by quantum mechanics
- Derived from experimental measurements

Am32, = 7.42 x 10~ %eV?
Am?2, = 2.510 x 10 3eV?

[Normal Hierarchy; NuFITv5.1, 2021]

Problem: How do we fit neutrino masses into the Standard Model?
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Introduction to neutrinos

Issue is the neutrino mass type is ambiguous
* Recall neutrinos are neutral — allows for Majorana or Dirac mass
* So, we have a choice for the neutrino mass term

Dirac mass

Majorana mass

Comes from the Higgs mechanism

Similar to other Standard Model
particles

VRMpUVL,

Introduces new right-handed
neutrinos

(details in backup)

From an unknown mechanism

New particles depend on the
mechanism

1 —C
§mMVLVL

Superscript c is for charge
conjugation
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Introduction to neutrinos

Issue is the neutrino mass type is ambiguous
* Another point, the neutrino masses are tiny
- Upper limit on lightest mass by KATRIN (possible it is massless)

- Mass-squared differences are small @
SRy

G @Oy
TN S N [ [N [N N N N A
I O I O I O L

1073 1 10° 10° 10° eV
Approximate Mass

It can be interesting to explain why neutrinos have a tiny mass

[Charaters by Yuki Akimoto, higgstan.com] KEK-PH2022 Joint International Workshop, 11/30 6/44



Introduction to the Type-I Seesaw Model

New physics with Majorana neutrinos

* Type-I Seesaw extends the Standard Model particle content, [Minkowskd, P. 1977],

[Yanagida, T. 1979],
[Gell-Mann, M. Etc 1979],
[Glashow, S. L. 1980],
1 1

L=Lgp + §mz@Nn — §N—gMRnNn _ (yunEﬁNn 4 h.C.) [Mohapatra, R. N. 1980],

[Fukugita, M. & Yanagida, T. 1986]

* Addition of new right-handed fermions, which transform as SM gauge singlets
* Neutrinos masses, after electroweak breaking, are from an effective matrix
V2 I 7
Meff = — ?y” M—Ryy The Yukawa matrix from
the Dirac mass term

Majorana mass matrix from the
new right-handed fermions
* Neutrinos have a tiny mass if the right-handed fermions are heavy
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Introduction to the Type-I Seesaw Model

Heavy right-handed fermions
* To generate tiny neutrino masses the new fermions have mass near GUT scales,

We do not Higher Energy Lower
consider what } >
occurs above the AGUT | | SM

cut-off scale Mn Mn _1 . Ml

* Thus a new mass scale is introduced into the theory
* Pratically, we need to consider the renormalization of UV divergances appearing
in different diagrams

> The resulting renormalized 9
Meff = —%y,,M—yf quanties then depend on the meys(1) = — 5w (1)
& energy scale being considered

Problem: Neutrino masses are energy scale dependent and should be treated carefully
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Renormalization in the Type-I Seesaw Model

Why the renormalization group is needed
* The solution is to use renormalization group equations
* At one-loop the Yukawa matrix and right-handed mass matrix scale as,

dy,(t) _ (3 9 :
—]_67T2 dt = <§(y1/ (t>yl(t)> + Tr [yl/ (t)yi (t)} I —g% o Zg§> Yo (t) [Antusch, S. Etc 2001],

20 [Antusch, S. Etc 2003],
dMR t T [Antusch, S. Etc 2005]
16n2 PR (8010, ()" Ma(e) + Ma(®) (5] (O (1)

* Given an initial condition we can solve for the neutrino masses at specific
energies

(details on ¢ will be discussed later) KEK-PH2022 Joint International Workshop, 11/30 9/44



Renormalization in the Type-I Seesaw Model

Why the renormalization group is needed
* A final point, recall the new right-handed fermions are heavy,

Higher . Energy . Lowir
Acur | | ]\|4 I SM
- 1

Mn Mn—l

If we want to calculate the neutrino masses at
energies here, we should consider all the right-
handed fermions to be decoupled

* Decoupling results in an effective theory with a new Dim-5 operator in the

Lagrangian, 1 —
Os = Zﬁ;;h(,u) (zg H) (I% - H) + h.c. [Weinberg, §. 1979]

Energy scale dependance is now in the coefficient kappa

KEK-PH2022 Joint International Workshop, 11/30 10/44



Motivation for our work

How many heavy, right-handed fermions?
* In the Type-I Seesaw we choose the number of heavy, right-handed fermions
* The minimal choice allowed by experiments is the 3-2 Type-I Seesaw model

number of active neutrinos and

3-2 model:
the number of
Energy
A - | -
(2) (2) (1)
Mg, yu M, K, Mg,y . K

KEK-PH2022 Joint International Workshop, 11/30
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3-2 Model example

The massless neutrino

* The 3-2 model has a popular understanding that the lightest neutrino is massless

A Energy i -
(2)
M R yV M2 (’%’)) R g/zl/) M]_ (’?
* In the full theory region the neutrino mass are given as,
v? 1 T )
m€ /’L — __yl/ yy Y
sr) = =5 vl g 0 (1)
v? () 0 ) (yTl (u))
— 75 \Yr v ! T Miightest = 0
A ) N S ) I S
Only two Yukawa couplings because only
two heavy, right-handed fermions y,

KEK-PH2022 Joint International Workshop, 11/30
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3-2 Model example

The massless neutrino
The 3-2 model has a popular understanding that the lightest neutrino is massless

RGE Quantum Effects

- T T T Tt T T

In the effective theory a=1 region, the result depends on the RG equations

-1 N
(1) v: 1t (@ (2) (2) (2) )
mepylt) = —gpeTmT i S <M3<t1> U ()OO U () | o e
v o @ 1 (2 (2) S
- _e_ 1672 JO Olfi(S)dS W t y O T O W t T’ 1gntes
35(0) (t1)Y2(0)15,2 (0)W (t1) )
(details in backup) KEK-PH2022 Joint International Workshop, 11/30 13/44




3-2 Model example

The massless neutrino
* The 3-2 model has a popular understanding that the lightest neutrino is massless

RGE Quantum Effects \_E

However, this is not always true
1. Two-loop renormalization group running generates mass but very tiny...

~13 [S. Davidson, G. Isidori and A. Strumia (2007)],
mhghtest ~ 10 eV [Z.-z. Xing and D. Zhang (2020)]

2. One-loop level matching generates mass

Milightest ™~ [10_11, 10_8]6\/ [S. Zhou (2021)]

The neutrino does not always remain massless

(details in backup) KEK-PH2022 Joint International Workshop, 11/30 14/44



Motivation for our work

Recall we can choose the number of right-handed fermions
* 3-2 and 3-3 Type-I Seesaw models are the simplest to explain neutrino masses

number of active neutrinos and
the number of right-handed fermions

Energy

3-2 model A >
Mp.y (2) ]{;) (2) (1)
» JV K, sy Yu K
R Z\ 12 R Y 1
Energy
3-3 model A | 5 | ; | =
Y ® 2 (3) @) (2) (2 (1)
Ry Yy ]\13 s VIR, Yy 7‘12 y RS Yy K

KEK-PH2022 Joint International Workshop, 11/30
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Motivation for our work

The 3-3 model
* The usual 3-3 model predicts all active neutrinos are massive

Energy
A | 3 & @3 | 2) 2 (2 | (1) g
MRJyI/ ]\J3 H’)MRayV M2 l{ﬂMRiyV Ml K
2
v 1 7 )
Me — 5 YU Yo \K),
r1 5 Y1) MG (1)
1
2 MGy O O (v s # 0
= D) (yvl (1) Yo2(p) yv3(:u)) 0 Mo (@) 0 y%Z(M) lightest
0 0 ngy/ \Us(w)
Three Yukawa vectors produce three massive active neutrinos J

KEK-PH2022 Joint International Workshop, 11/30 16/44



Motivation for our work

The 3-3 model
* The usual 3-3 model predicts all active neutrinos are massive

Energy
= | 3) B (3 | 2 2 (2 | (1) g
Mg,y M; K, Mp,y, M, K, Mpg,y, M, *
2
v 1 T
Mefr(p) = ——5 Yo () Y, (1),
&L 2 M R(N) We assume the third Yukawa is a
— Yus(p) = ayp1 () + by (1) superposition of the first two

2

v w t W W v (1)
Meff (p) = D) (yul(,u) Yv2 (:“)> ab Lo b yT ()
Ms (1) Ma(p) ' Ms(p) V2

The effective mass matrix becomes similar to the 3-2 model

KEK-PH2022 Joint International Workshop, 11/30
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Motivation for our work

The 3-3 model

The 3-3 models often predict all active neutrinos are massive

RGE Quantum Effects Ener
— 7 av—13)

A T —

ENcacNT— ==aanies
e A O 1
M MRl e

~——

How does this condition behave at the low energy scales? Is it similar to the 3-2 model?

Yv3 = alYvi + byV2 Mlightest — 07?777

KEK-PH2022 Joint International Workshop, 11/30

18/44



3-3 Type-I Seesaw Model

Running down to the low energies
* We solve the same 2 steps as the 3-2 model, but for three effective theories
1. We solve one-loop renormalization group equations down to the next heaviest

mass ... Quantum Effects Energy s
| 2 (2) 2 1 M2
@ 2 @ B :
My ™ 7md My " M.
t1 = log —
M

M:; must be integrated out creating effective theory (3)
2. Then we use tree-level matching across the heavy mass

(3)
meff(()) = meff(()),

22 02 (3 v2 (3 (3) /s s
~ = (0) M; (O>yf(0) — —Z(n)(o) — ?(y”) (0) <M3(0)> (@3(0))

KEK-PH2022 Joint International Workshop, 11/30 19/44



3-3 Type-I Seesaw Model

Running down to the low energies
* To study if the lightest active neutrino is still massless we substitute the running
solutions,

(1) (2)

(2)
mefyp(t1) = — qW(t — t2)y,,2( (t2)TW(t1 —t3)"

)y,
(2) (3) (3 2 ab\ 3 (3) (2)
~ Wt~ W ERIRO) (£, §2) 00T ) W - )"
(2) @, N2, o3
— ZU(tl — t2)yy(t2)yy(t2) U(tl — tQ)T.

Three different kernel matrices that transform, two kinds of Yukawa vectors

(3) (3)
Yu(te) = yu(E2)V = <§3)1(t2) }(’13/)2(752))

KEK-PH2022 Joint International Workshop, 11/30 20/44



3-3 Type-I Seesaw Model

Running down to the low energies
« We can rewrite the effective mass interms of the transformed matrices,

(2) (3)
Yoo (t1) = W(t1 — ta)yua(ta),

e (2) (3) (3) _
yl/j (tl) — W(tl — tQ)W(t2)ij (0)7 Where J = 17 27

(2) (2)
yoi(t1) = U (t1 — t2)yu (ta).

 The result is three transformed vectors, so we can conclude

The lightest active neutrino mass depends on the details of how
the kernel matrices transform the Yukawa vectors

KEK-PH2022 Joint International Workshop, 11/30
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3-3 Type-I Seesaw Model

Simplest Kernels

In the one-loop renormalization group equations, the simplest kernels only
depend on the Yukawa matrices of the neutrinos

From the Yukawa renormalization (")

0 tts - t) = Texp |- [ SENEBRas
group equation v 1672 . B v
From the kappa renormalization (%) B 1 tf Gy ) T
group equation Wty —t;) = Texp [— 1672 /t | Yy (8)Yw () ds]

The similarity of the kernels allows us to write the following relation,
(n) (n) (n) () L 390 N ool
Wity —ti)yy (t:) = Yo (tp)Wr(ty — t;)erex? It v (8)d
(n) 1 [ ), (3)
where, Wg(t;y —t;) =T exp (Y (s)Tyy(s))ds
t;

3272

KEK-PH2022 Joint International Workshop, 11/30 22/44



3-3 Type-I Seesaw Model

Simplest Kernels
* Using the relation for the kappa kernel modifies the effective mass matrix,

() (n) (n) (n) 1t 5 s

* The resultis two Yukawa vectors and no more transformations

(1) 4% 0%
meff<t1) = _QYI/2(t1)yy2(t1)T
(2) (2) 2,
— 2 () yalt (Wzl%(tlh) 0) A(ts) (Wfq(tlw) 0) <yv<t1>
(o) Soalen)) | Vit~ ) O L e

v: @), (2), .7

— T@/u(tl)yu(tl)

2Mp(t1)

KEK-PH2022 Joint International Workshop, 11/30
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3-3 Type-I Seesaw Model

Simplest Kernels
* This means, at low energies the lightest active neutrino remains massless
- Proof only valid for the simplest kernels

_IQ/GE_(Q/uﬂum Effgi:gs . \_EnergL L
A £ >
(1)
K
1
o
(D) (ty) = ((2) W ) a(ty, t2)  B(ti,t2) gfu)(tl)T
ef ) =Ru(tr) ¥oa(t1)) \ B(t1,t0)  ~(t1,to) )T

Only generates 2 active neutrino masses, because no third Yukawa to generate mass

Mlightest — 0

KEK-PH2022 Joint International Workshop, 11/30 24/44



Conclusion

We studied Type-I Seesaw models in view of the lightest neutrino being massless
Energy

O A ' >
ol 2 (2 (2 | (1)
@) MRvyV M2 K, Mg,y 1 7% q . .
& 1. One-loop renormalization group running:
N Mlightest = 0 Mlightest = 0
o 2. Two-loop renormalization group running:
, ~ 1013 [S. Davidson, et al. (2007)],
Miightest ~ 10 eV_ [Z.-z. Xing and D. Zhang (2020)]
3. One-loop level matching:
Mlightest ™ [10_11, 10_8]eV [S. Zhou (2021)]
Energy

g A oo | oo | >

(3) (3) (2) (2) (1)
'g Mg, y, Ms F , MR, Y M, " , MR,y M; *
5 Y3 = ayy1 + byuo 1. One-loop renormalization group running

and simplest kernels:

oflj — Mlightest = 0 P

Mlightest — 0
KEK-PH2022 Joint International Workshop, 11/30 25/44



Backups
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Introduction to neutrinos

Beyond the Standard Model

* Neutrinos are measured to oscillate between flavors
+ 0 +

Tr — T (& 14

™ T Ve Alpha can be a electron, muon, or tauon flavor.

Measureable over macroscopic distances
(kilometers)

N\

Vo

* Flavor oscillations as described by quantum mechanics

. Amsz.
PVa—H/B L E ZU kUBk‘ UB] exp <—Z ZEJ )

Probability of appearance The phase of the flavor oscillations
for flavor beta from alpha depend on neutrinos having a mass

KEK-PH2022 Joint International Workshop, 11/30 27/44



Introduction to neutrinos

Mass type, the Dirac Equation and Majorana fermions

Solutions to the fermion wavefuntion from the Dirac equation depend on the
representation of the gamma matrices,

(190, — m) ¥ = 0 {7,747} = 291 YoVuYo =)

Real solutions to the fermion wavefuntion can be found using the Majorana
represenation of the gamma matrices,

o (0 o2 . fict 0 s (0 o7 s [(ic® 0
v = 0.2 0 Y= 0 ’I:O'l Y= _0.2 0 Y= 0 i0.3

Then \, _ % which is called the Majorana condition
For a general repesenation the Majorana condition becomes,

U =0 =~00*

Fields satisfying the Majorana condition are Majorana fields and can have Majorana mass

KEK-PH2022 Joint International Workshop, 11/30
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Introduction to the Type-I Seesaw Model

Mixing matrix and the effective neutrino mass
* Type-I Seesaw after electroweak symmetry breaking
1 1 /— S
£ = Lsn + 5 NaiNo — 5 (NgMRnNn + 7Emp Ny + NOmI (1C) g + h.c.)

* To diagonalize the the masses we can introduce a unitary transformation,

v . T 0 x [ Meff 0
(we),=o(e), - v wm) v = ("5 )
« Then we can find the effective neutrino mass matrix is,

1 T V2 1T

— ——y,

- M
Mp 2 P MR mp < Mr

Meff A —MD 7 —

KEK-PH2022 Joint International Workshop, 11/30 29/44



Introduction to the Type-I Seesaw Model

Direct searchs for light right-handed fermions
* Aside: This is not always true, you can construct a theory with light right-handed
fermions assuming tiny lepton number violation
- These light low-scale) right-handed fermions and the lepton number
violation processes are looked for at colider experiments
* Light right-handed fermions are possible under the following condition,

U= (Z g) o Utmep U+ VMgV =0,V =Uml30My?

* Omega an arbitrary matrix, so the right-handed fermions can be light and allow
for tiny neutrino effective masses

- The matrix Vs also tiny, and it mediates lepton number violation (mixing
between neutrinos and the right-handed fermions)
* This type of situation has not been found at colliders  (arias, 2019; cern-EP-2019-071]

KEK-PH2022 Joint International Workshop, 11/30 30/44



Introduction to the Type-I Seesaw Model

New physics with Majorana neutrinos

* Type-I Seesaw extends the Standard Model particle content, [Minkowskd, P. 1977],

[Yanagida, T. 1979],
[Gell-Mann, M. Etc 1979],
[Glashow, S. L. 1980],
1 1

L=Lgp + §mz@Nn — §N—gMRnNn _ (yynEﬁNn L h.C.) [Mohapatra, R. N. 1980],

[Fukugita, M. & Yanagida, T. 1986]

Addition of new right-handed fermions, which transform as SM gauge singlets
These are Majorana fermions that are from a new mass scale

They also form a Dirac mass term with the SM neutinos via the Higgs

KEK-PH2022 Joint International Workshop, 11/30 31/44



Renormalization in the Type-I Seesaw Model

Why the renormalization group is needed
* This means to do a proper calculation we need to consider the series of effective
theories, linked together by renormalization group equations

Higher IEnergy . Lowir
Acur | | SM
M, My, 1 e My
(n) (n—1) (1)
Meff Meff Meff

effective theory n effective theory n-1 effective theory 7

(a) v? (a) v? (a) 1 (o)
Mesr(p) = = & (1) = Y)Y (1

Mg ()

)T

KEK-PH2022 Joint International Workshop, 11/30 32/44



Renormalization in the Type-I Seesaw Model

1-Loop Renormalization in the Type-I Seesaw

As an example if we consider the bare fields to be,

- - 1
£0 =9, HTomHO + 10910 + SNSIPND — SNYC MR, NJ - (y,mzo HON® 4 h.c. )

Then the renormalized fields are,

HO = \/ZnH 0 =\/Zly Np =+/ZnNy,

o9_ d Zyy,/
VN ZaZn

At one-loop we use the self-interaction divergances to determine the Z values

Mpg Yy = [

77777777777777777

KEK-PH2022 Joint International Workshop, 11/30 33/44



Renormalization in the Type-I Seesaw Model

1-Loop Renormalization in the Type-I Seesaw

* The simplest renormalization group equations are then,

d% )

167225 = (5 ()5 () s() + RO (6 00N+ xR @)

—1or e — (2o + &0) W,

dMg(t) (1) (1)

1672 ()15 (0) " Ma(t) + Ma() (6 (1)1 5 (1),

 With the solutions,

n g () " (n) Wit — 10 = Texp |- [ 5 }
(n) tf 3 (n (n)
n 1 g () (n) n Uty —t;)=Tex } ,
gy,/)(tf) — e 1672 tf Qyy, (s)ds U (tf — ¢ )fyy)(tl), (tf t) p i 1671'2 /;
(n) ! AT
() (n) () () Rt —t;) = Tex IS Tds} |
MR(tf) =S K(tf —t,')MR(ti)K(tf —ti)T. (f ) ¢ p_ 167T2/t

KEK-PH2022 Joint International Workshop, 11/30
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3-2 Model example

How many heavy, right-handed fermions?
* In the Type-I Seesaw we choose the number of heavy, right-handed fermions
* The minimal choice allowed by experiments is the 3-2 Type-I Seesaw model

number of active neutrinos and

3-2 model: the number of right-handed fermions
Energy
A | | g
Mg, y. M, %, Mg, 542,,) . %
Full Theory
v? 1 T

Merf (1) = =5 Yv(p) a0 (1)

KEK-PH2022 Joint International Workshop, 11/30 35/44



3-2 Model example

How many heavy, right-handed fermions?
* In the Type-I Seesaw we choose the number of heavy, right-handed fermions
* The minimal choice allowed by experiments is the 3-2 Type-I Seesaw model

number of active neutrinos and

3-2 model: the number of right-handed fermions
Energy
A . > t1 = log %
2 2 (2 | (1) M,y
Mg, y, M, K, Mg, y, . K
Full Theor Effective Theory a=2 Effective Theory a=1
y y y
2 2
v 1 (1) v (1)
Mefyr(p) = —53/1/(#) V() v, () Meyr(t1) = 7 K (t1)

KEK-PH2022 Joint International Workshop, 11/30 36/44



3-2 Model example

The massless neutrino
* The 3-2 model has a popular understanding that the lightest neutrino is massless

RGE Quantum Effects Energy
N —— ' > Mo Mo
2) ﬂ(j) %/2) | ) t1 = log —= iV t =log —.
R}, Ry Yu M, 1 H

i
* To prove this we start at energy equal to the heaviest mass

- Then the heaviest right-handed fermion is integrated out and we match the
effective theory (2) with the full theory at tree level

(2)
Meyf(0) = meypy(0)

. g ey (@ N e T
2 4(0) M;(O) /20 = -2 R0 - i) (MR@)) <§3<0>)

KEK-PH2022 Joint International Workshop, 11/30 37/44



3-2 Model example

The massless neutrino
* The 3-2 model has a popular understanding that the lightest neutrino is massless

RGE Quantum Effects \E

Moy
t1 = log —= t = log —=.

* Then we must solve RG equations for the effective theory region (2)

(2) IR U N OPRSN C)) 2), (2) Kernel solution to kappa
K (tr) = e Ton? Joi (ISR g N (W (8 — )7, R

2 1 ety (@ (2) 2
(yy)(tf) — ¢ 1672 tif ayy(S)dSU(tf . tz>:(yy)(tz),

(2) (2) (2) (2) Kernel solution to
Mpg(ts) = K(t; —t)Mgp(t;)K(t; —t;)"  Yukawa RG equation

KEK-PH2022 Joint International Workshop, 11/30 38/44



3-2 Model example

The massless neutrino
* The 3-2 model has a popular understanding that the lightest neutrino is massless

RGE Quantum Effects \_E

* Lastly, we match the effective theories in region (1) with region (2)

(1) w2 o g @ @ (2)
miepp(tr) = —-e 5 Jo O [ Mp() | U (00)yn (0055 (0T (02)
Kernel solution to

2 4 o m@ 1 (@) (2) Yukawa RG equation
— —-e Ter2 Jon (8 )y,5(0)y L, (0)W (1)
M>(0)

Kernel solution to kappa RG equation

KEK-PH2022 Joint International Workshop, 11/30 39/44



3-2 Model example
The massless neutrino

* In the effective theory a=1 region, the result depends on the RG equations
* To show this we calculate the rank of the effective mass matrix,

(1) : : :
rank [me ¥ f(tl)] =n n is the number of massive neutrinos

* We use the characteristic polynomial of a Hermite matrix to calculate the rank,

1 1
det (Mors (1) [Mess(t)] = 2) =0 = -3 +22L — ']} + 209 = 0

(1) @ (1) . .
rank [mers(t1)[mess(t1)]"| = rank |mcrs(t1)| = degree of the polynomial — superscript of the 0 root

KEK-PH2022 Joint International Workshop, 11/30 40/44



3-2 Model example

The massless neutrino
* In the effective theory a=1 region, the result depends on the RG equations
* So the rank can be determined by calculating the invariants of the characteristic

polynomial and finding if any are zero

det (Mosr(t)[Mes ()] —2) =0 = —a8 + 22Ty — 2T, + 2°lp = 0

* Most important for us is invariant I, (the others are nonzero) [m(:,} £ (t1)]ij = maj

Io=IxIT"=0
7= m33(m11m22 — m21m12) + m13(m32m21 — m31m22) + m32(m31m12 - m32m11)

These two terms exactly cancel the third term

—x3 4+ 2%, — 2 =0 — rank [meff(tl)} —3—1=2

KEK-PH2022 Joint International Workshop, 11/30 41/44



3-2 Model example

The massless neutrino becomes massive
* In the two-loop renormalization diagrams like this exist that change the rank of
the effective mass matrix of the neutrinos,

H
-~ )
7 ~N
/ \\
I Al N, [
B - L n |\ . —13
RS P M 107V
\ /
~ e
~ <—" [S. Davidson, G. Isidori and A. Strumia (2007)],
g Y, [Z.-z. Xing and D. Zhang (2020)]
dk 3 T 1 T
16#2@ =5 [(yzy;)’i + ’f(yzy;) } T S?(yly;)’{(yly;) L

New two-loop term that changes the rank of
kappa from 2 to 3
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3-3 Type-I Seesaw Model

Running down to the low energies
* We stop at the mass of M; and calculate the active neutrino masses

RGE Quantum Effects 2) M3
e ———— t = log —, tzzlogm,
M
i t1 = log ﬁi’
* The result is an equation for the effective mass matrix
(1) vi(D) . .
mers(t1) = — 7 k() Expand kappa from the tree-level matching solution
v? (2) 1 (2 v _ 1t g @ (2) 2, (2
- _Zyv(tl) (2) U (t1)T — —e " Tox7 Jiz BUOW () — 1)k (b2)W (81 — t2)”
Mr(t1) A kernel function from the solution of the

kappa renormalization group equation
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3-3 Type-I Seesaw Model

Running down to the low energies
* To study if the lightest active neutrino is still massless we substitute the running

solutions,
(1) v? (2) G v? 1t g @ (2) @ (2)
Meyp(t1) = — Z?Ju(tl) @ Uy (t1)" — ——e 710z S PO (1) — 1)K (b)) W (1 — t2)”
) Mp(t1) We substitute the RG solution
(1) . (3) (3) (2) : .
mepp(t) = — aW(ts — t2)yualte)y,a(ts) W (t — t2)7 for kappa In region (2)
(2) (3)  (3) 2 b\ 3) (3) (2)
~ Wt~ W) (&, 57) 00T W () Wit — 1)

(2) 2) (2 (2)
— 20U (t1 — t2) U (t2) ¥, (t2)T U (81 — t2)T

Also we substitute the RG solution for
the Yukawa matrix in region (2)
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