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Field propagation in BH spacetimes

∇!∇!𝐴 = ⋯

Photon propagation in BH spacetimes

𝑘!𝑘! = 0
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Field propagation in BH spacetimes

∇!∇!𝐴 = 𝑶 𝝀/𝑳 ~ 𝟎

Photon propagation in BH spacetimes
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Geometric-optics approximations



§ Spacetime symmetry is crucial

§ Non-rotating BH:  

Static and spherically symmetric 𝑑𝑠- = −𝐴(𝑟)𝑑𝑡- + ./!

0(/)
+ 𝑟-𝑑Ω-

5

𝑑-

𝑑𝑟∗-
+𝜔- Ψ = 𝑉4Ψ

• The potential for eikonal (𝑙 → ∞) QNMs: 𝑉 ≈ " #
#!

𝑙$

• The peak of the potential coincides with the photon 
sphere
• Photon sphere equation: 𝜕![𝐴(𝑟)/𝑟"] = 0
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approach photon sphere when (𝑙 → ∞) 



§ The eikonal QNMs (𝑙 → ∞) and the photon sphere

𝜔 ≈ Ω%𝑙 − 𝑖(𝑛 + 1/2)|𝜆%|

§ 𝑅𝑒 𝜔 → Ω% (orbital frequency of the photon sphere)

§ 𝐼𝑚 𝜔 → 𝜆% (Lyapunov exponent) Cardoso, Miranda, Berti, Witek, Zanchin (2009)

§ 𝛾 ≡ 𝜆%/Ω% (critical exponent)
6

critical curve
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Yang et al. (2012)

Recently extended to Kerr-Newman by Li et al. (2021)

• Separable geodesic equations (Carter constant), and separable wave equations



𝜔J ↔ Angular frequency on PS ↔ Size of shadow image

𝜔K ↔ Lyapunov exponent on PS ↔ Higher-order ring structures
Jusufi (2020), Cuadros-Melgar et al. (2020)

Jusufi (2020), Yang (2021)

§ What if the black hole spacetime has less symmetry?

§ Can the eikonal correspondence be tested observationally?
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• Consider small but general axisymmetric deformations
of Schwarzschild BHs

In the presence of deformations:

• Radial and latitudinal sectors of geodesic equations are 
NOT separable

• Generic photon orbits 𝑟(𝜃) do NOT have constant 𝑟

• Inseparable QNM equations if deformations are not 
small
• Can be separable if deformations are small

10

(𝜕/∗
-+𝜔-)ΨNO = 𝑉PQQ 𝑟, 𝑙,𝑚 ΨNO

Cano, Fransen, Hertog (2020)

𝑉PQQ 𝑟, 𝑙,𝑚 = 𝑉RST + 𝛿𝑉

𝑔&' = 𝑔&'(%) + ℎ&'(𝑟, 𝜃)



§ Planar circular photon orbits with a constant radius:
§ The peak of 𝑉PQQ(𝑟) is precisely on these orbits

§ Generic photon orbits do not have constant 𝑟
§ These photon orbits should

§ be periodic
§ form a class of limit cycles

§ We can integrate the orbits along full periods ∮𝑑𝜆 = ∮ 𝜃̇XY𝑑𝜃

11

11

( 𝑚 = 𝑙 ≫ 1)
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definition of limit cycle

Lyapunov exponent is 𝑂(1)

= 0

• The peak of 𝑉PQQ(𝑟) coincides with the root of this integrated equation
( 𝑚 < 𝑙 and 𝑙 ≫ 1)

Chen, Chiang, Tsao (2022)
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definition of limit cycle

Lyapunov exponent is 𝑂(1)

= 0

• The peak of 𝑉PQQ(𝑟) coincides with the averaged radius of these orbits 
along one period

averaged radius along one period

Chen, Chiang, Tsao (2022)
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𝑑𝑠$ = −𝐴(𝑟)𝑑𝑡$ +
𝑑𝑟$

𝐵(𝑟) + 𝑟
$𝑑Ω$

§ In GR, the potential for eikonal (𝑙 → ∞) QNMs: 𝑉 ≈ " #
#!

𝑙$

§ The peak of the potential coincides with the photon sphere
§ Photon sphere equation: 𝜕![𝐴(𝑟)/𝑟"] = 0

§ This may not be true for modified gravity:

§ The peak of the potential may differ from the photon sphere of BHs
§ Non-minimal coupling between matter and curvature
§ String-inspired models

§ A novel test of eikonal correspondence based on ringdown and image observations of a 
single black hole 
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𝐴 𝑟
𝑟$

𝑙$

Chen, Chen (2020)Chen, Bouhmadi-López, Chen (2019) (2021)

approach photon sphere when (𝑙 → ∞) 

Moura, Rodrigues (2021)Konoplya, Stuchlik (2017)Cardoso, Gualtieri (2010)



𝛾N
bcd ≡ 2𝑙

𝜔K
𝜔J

If the eikonal correspondence is satisfied:

𝛾N
bcd = 1 −

1
2𝑙

𝛾 + 𝑂 𝑙X-

𝛾N
bcd converges to 𝛾 from below when 𝑙 → ∞

16
Chen et al. under preparation

𝛾 ≡ 𝜆!/Ω! (critical exponent)
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𝑛 = 0

𝑛 = 1

𝑛 = 2

Gralla, et al. (2020)



𝛾ef ≡
1
𝜋
ln

𝑤e
𝑤egY

𝛾eh ≡
1
𝜋
ln

𝑏e − 𝑏egY
𝑏egY − 𝑏eg-
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Chen et al. under preparation

𝑏* ≡ 𝑏*+,-

𝑏*.*

𝑤* ≡ 𝑏*+,- − 𝑏*.*

The 𝑛-th ring
• Two ring observables converge to 𝛾 from 

above when 𝑛 → ∞
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Disk size: 𝑟/(01~100𝑀
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Disk size: 𝑟/(01~100𝑀

𝑛 → ∞

𝑙 → ∞
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Disk size: 𝑟23~10𝑀
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Disk size: 𝑟23~10𝑀

Results insensitive to emission models!
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• Robust qualitative results in different metrics



𝑆 = ∫ 𝑑l𝑥 −𝑔 𝜅𝑅 +
𝛼
4
𝜗𝑅𝑅∗ −

𝛽
2
∫ 𝑑l𝑥 −𝑔 𝜕𝜗 -

§ Parity-violating term from the CS correction
Jackiw, Pi (2003) Alexander, Yunes (2009)

§ Motivated from string theory
Campbell, Kaloper, Madden, Olive (1993) Moura, Schiappa (2006)

§ Schwarzschild metric still a solution

§ Schwarzschild perturbations: Axial mode coupled to scalar modes
Cardoso, Gualtieri (2010) Molina, Pani, Cardoso, Gualtieri (2010) Motohashi, Suyama (2011)(2012) Kimura (2018)
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CS correction dynamical scalar field
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§ Schwarzschild perturbations: Axial mode coupled to scalar modes
Cardoso, Gualtieri (2010) Molina, Pani, Cardoso, Gualtieri (2010) Motohashi, Suyama (2011)(2012) Kimura (2018)
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CS correction dynamical scalar field

coupled QNM equation:
Ψ : axial mode

Θ : scalar mode
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§ Schwarzschild perturbations: Axial mode coupled to scalar modes
Cardoso, Gualtieri (2010) Molina, Pani, Cardoso, Gualtieri (2010) Motohashi, Suyama (2011)(2012) Kimura (2018)
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CS correction dynamical scalar field

coupled QNM equation:
Ψ : axial mode

Θ : scalar mode

break eikonal correspondence
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𝛾!
"#$ > 𝛾%& or 𝛾%': A smoking gun of 
eikonal correspondence violation 
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§ Geometric-optics approximation adopted in BH spacetime
§ Correspondence between eikonal QNMs and BH images

§ Identifying the correspondence
§ Non-rotating BHs
§ Kerr BHs
§ Deformed BHs

§ Eikonal correspondence through the definition of averaged radius along full 
closed photon orbits

§ Future:
§ Non-axisymmetric deformations
§ Deformed Kerr
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§ Geometric-optics approximation adopted in BH spacetime
§ Correspondence between eikonal QNMs and BH images

§ Testing the correspondence
§ QNM observables and photon ring observables
§ They converge to critical exponent 𝛾 from opposite directions
§ Smoking gun of eikonal correspondence violation, place constraints… etc

§ Future:
§ Rotating cases
§ General inclinations and emission models
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Thank you for your attention!
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• Small deformation: |𝜖| ≪ 1

• A general axisymmetric 
deformation which excludes
frame-dragging effects

Chen, Chiang, Tsao (2022)


