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THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

IMPORTANCE OF THE KM PAPER

▸ Introduced CP violation in SM weak 
interactions 

▸ Gave a rational for existence of three 
generations 

▸ Explained CP violation seen in kaon 
system 

▸ Elucidates special role of third generation 
for CP violation and FCNC processes
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In a framework of the renormalizable theory of weak interaction, problems of CP-violation 
are studied. It is concluded that no realistic models of CP-violation exist in the quartet 
scheme without introducing any other new fields. Some possible models of CP-violation are 
also discussed. 

When we apply the renormalizable theory of weak interaction1l to the hadron 
system, we have some limitations on the hadron model. It is well known that 
there exists, in the case of the triplet model, a difficulty of the strangeness chang-
ing neutral current and that the quartet model is free from this difficulty. Fur-
thermore, Maki and one of the present authors (T.M.) have shown2l that, in the 
latter case, the strong interaction must be chiral SU ( 4) X SU ( 4) invariant as 
precisely as the conservation of the third component of the iso-spin 13• In addi-
tion to these arguments, for the theory to be realistic, CP-violating interactions 
should be incorporated in a gauge invariant way. This requirement will impose 
further limitations on the hadron model and the CP-violating interaction itself. 
The purpose of the present paper is to investigate this problem. In the following, 
it will be shown that in the case of the above-mentioned quartet model, we cannot 
make a CP-violating interaction without introducing any other new fields when 
we require the following conditions: a) The mass of the fourth member of the 
quartet, which we will call (, is sufficiently large, b) the model should be con-
sistent with our well-established knowledge of the semi-leptonic processes. After 
that some possible ways of bringing CP-violation into the theory will be discussed. 

We consider the quartet model with a charge assignment of Q, Q -1, Q -1 
and Q for p, n, A. and (, respectively, and we take the same underlying gauge 
group SUweak (2) X SU(1) and the scalar doublet field cp as those of Weinberg's 
original model.1l Then, hadronic parts of the Lagrangian can be devided in the 
following way: 

where ..[kin is the gauge-invariant kinetic part of the quartet field, q, so that it 
contains interactions with the gauge fields. ...L'mass is a generalized mass term of 
q, which includes Yukawa couplings to cp since they contribute to the mass of q 
through the spontaneous breaking of gauge symmetry. ...L'strong is a strong-inter-
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Next we consider a 6-plet model, another interesting model of CP-violation. 
Suppose that 6-plet with charges (Q, Q, Q, Q -1, Q -1, Q -1) is decomposed into 
SUweak (2) multiplets as 2 + 2 + 2 and 1 + 1 + 1 + 1 + 1 + 1 for left and right com-
ponents, respectively. Just as the case of (A, C), we have a similar expression 
for the charged weak cur;rent with a 3 X 3 instead of 2 X 2 unitary matrix in Eq. 
(5). As was pointed out, in this case we cannot absorb all phases of matrix 
elements into the phase convention and can take, for example, the following 
expression: 

( 
cos 81 -sin 81 cos 8a 
sin 81 cos 82 cos 81 cos 82 cos 83 - sin 82 sin 83ei3 

sin 81 sin 82 cos 81 sin 82 cos 8a +cos 82 sin 8aeio 

-sin 81 sin 8a ) 
cos 81 cos 82 sin 8a +sin 82 cos 83eia . 
cos 81 sin 82 sin 8a- cos 82 sin 8aeio 

(13) 

Then, we have CP-violating effects through the interference among these different 
current components. An interesting feature of this model is that the CP-violating 
effects of lowest order appear only in L1S'?"=O non-leptonic processes and in the 
semi-leptonic decay of neutral strange mesons (we are not concerned with higher 
states with the new quantum number) and not in the other semi-leptonic, L1S=O 
non-leptonic and pure-leptonic processes. 

So far we have considered only the straightforward extensions of the original 
Weinberg's model. However, other schemes of underlying gauge groups and/ or 
scalar fields are possible. Georgi and Glashow's model4l is one of them. We 
can easily see that CP-violation is incorporated into their model without introduc-
ing any other fields than (many) new fields which they have introduced already. 
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THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

IMPORTANCE OF THE KM PAPER

▸ Unitarity triangle as a target for precision 
studies in quark flavor sector 

▸ Precision determinations of sides & angles 

▸ Plethora of possibilities for powerful new-
physics searches 

▸ Pivotal for establishing the notion of an 
“intensity frontier” in high-energy physics, 
complementing — and often out-powering 
— searches at the energy frontier
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THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

PUSHING THE LUMINOSITY FRONTIER

▸ Tremendous experimental advances: 

▸ 1. generation: ARGUS & CLEO, LEP expts. 

▸ 2. generation: BaBar & Belle, LHCb, CMS, … 

▸ 3. generation: Belle II, LHCb upgrade, … 

▸ Precise measurement of CKM elements 
 involving third-

generation quarks 

▸ Precise determinations of angles (CP violation) 

▸ New physics searches using FCNC processes

|Vcb | , |Vub | , |Vtd | , |Vts |
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THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

PUSHING THE LUMINOSITY FRONTIER

▸ Matching the incredible precision of the       
B-factories required a revolution in theory 

▸ Concerted effort of theory community 
was an important indirect consequence 
of KM discovery 

▸ Breakthrough came from using effective 
field theories (EFTs): 

▸ , HQET, QCDF, SCETℋweak
eff
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THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

EFFECTIVE WEAK HAMILTONIAN

▸ Systematic method to separate short-
distance effects (weak scale and beyond) 
from long-distance hadronic dynamics  

▸ Nowadays embedded into SMEFT and its 
low-energy variant LEFT 

▸ BUT: challenge is to evaluate hadronic 
matrix elements of the quark-gluon 
operators  in all but simplest casesQi(μ)
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FIG. 4. Typical diagrams in the full theory from which the operators (IV.1)–(IV.10) originate. The cross
in diagram (d) means a mass-insertion. It indicates that magnetic penguins originate from the mass-term on
the external line in the usual QCD or QED penguin diagrams.

Next in section VII the!S = 1 and!B = 1 hamiltonians of section VI will be generalized to
include the electroweak penguin operatorsQ7 !Q10. These generalized hamiltonians are given in
(VII.1) and (VII.37) for !S = 1 and !B = 1 non-leptonic decays, respectively. The inclusion of
the electroweak penguin operators implies the inclusion of QED effects. Consequently the coef-
ficients of the operators Q1 ! Q6 given in this section will differ slightly from the ones presented
in the previous sections.

In section VIII the effective hamiltonian for KL " !0e+e! will be presented. It is given in
(VIII.1). This hamiltonian can be considered as a generalization of the!S = 1 hamiltonian (VI.1)
presented in section VI to include the semi-leptonic operators Q7V and Q7A. This generalization
does not modify the numerical values of the!S = 1 coefficients Ci (i = 1, . . . , 6) given in section
VI.

In section IX we will discuss the effective hamiltonian for B " Xs". It is written down in
(IX.1). This hamiltonian can be considered as a generalization of the!B = 1 hamiltonian (VI.32)
to include the magnetic penguin operators Q7! and Q8G. This generalization does not modify the
numerical values of the !B = 1 coefficients Ci (i = 1, . . . , 6) from section VI.

45

Qq
1 =

!
b̄iqj

"

V!A
(q̄jdi)V!A ,

Qq
2 =

!
b̄q
"

V!A
(q̄d)V!A ,

Q3 =
!
b̄d
"

V!A

#

q

(q̄q)V!A , (VI.33)

Q4 =
!
b̄idj

"

V!A

#

q

(q̄jqi)V!A ,

Q5 =
!
b̄d
"

V!A

#

q

(q̄q)V+A ,

Q6 =
!
b̄idj

"

V!A

#

q

(q̄jqi)V+A ,

where the summation runs over q = u, d, s, c, b.
The corresponding !B = 1 Wilson coefficients at scale µ = O(mb) are simply given by a

truncated version of eq. (VI.7)

!C(mb) = U5(mb, MW) !C(MW) . (VI.34)

Here U5 is the 6 ! 6 RG evolution matrix of eq. (VI.24) for f = 5 active flavours. The initial
conditions !C(MW) are identical to those of (VI.9)–(VI.14) for the !S = 1 case.

G. Numerical Results for the!B = 1Wilson Coefficients in Pure QCD

TABLE XIII. !B = 1Wilson coefficients at µ = mb(mb) = 4.40GeV formt = 170GeV.

"(5)

MS
= 140MeV "(5)

MS
= 225MeV "(5)

MS
= 310MeV

Scheme LO NDR HV LO NDR HV LO NDR HV
C1 –0.272 –0.164 –0.201 –0.307 –0.184 –0.227 –0.337 –0.202 –0.250
C2 1.120 1.068 1.087 1.139 1.078 1.101 1.155 1.087 1.113
C3 0.012 0.012 0.011 0.013 0.013 0.012 0.015 0.015 0.014
C4 –0.026 –0.031 –0.026 –0.030 –0.035 –0.029 –0.032 –0.038 –0.032
C5 0.008 0.008 0.008 0.009 0.009 0.009 0.009 0.009 0.010
C6 –0.033 –0.035 –0.029 –0.038 –0.041 –0.033 –0.042 –0.046 –0.036

Table XIII lists the !B = 1Wilson coefficients for Qu,c
1 , Qu,c

2 , Q3, . . . , Q6 in pure QCD.
C1, C4 and C6 show a O(20%) scheme dependence while this dependence is much weaker for the
rest of the coefficients.
Similarly to the !S = 1 case the numerical values for !B = 1 Wilson coefficients are sensitive
to the value of "MS used to determine "s for the RG evolution. The sensitivity is however less
pronounced than in the !S = 1 case due to the higher value µ = mb(mb) of the renormalization
scale.
Finally, one finds no visiblemt dependence in the rangemt = (170 ± 15) GeV.
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VII. THE EFFECTIVE!F = 1 HAMILTONIAN: INCLUSION OF ELECTROWEAK PENGUIN
OPERATORS

Similarly to the creation of the penguin operators Q3, . . . , Q6 through QCD corrections the
inclusion of electroweak corrections, shown in figs. 2 (d) and (e), generates a set of new operators,
the so-called electroweak penguin operators. For the !S = 1 decay K ! !! they are usually
denoted by Q7, . . . , Q10.
This means that although now we will have to deal with technically more involved issues like
an extended operator basis or the possibility of mixed QCD-QED contributions the underlying
principles in performing the RG evolution will closely resemble those used in section VI for pure
QCD. Obviously, the fundamental step has already been made when going from current-current
operators only in section V, to the inclusion of QCD penguins in section VI. Hence, in this section
we will wherever possible only point out the differences between the pure 6 " 6 QCD and the
combined 10 " 10 QCD-QED case.

The full !S = 1 effective hamiltonian for K ! !! at scales µ < mc reads including QCD
and QED corrections4

He!(!S = 1) =
GF#

2
V !

usVud

10!

i=1

(zi(µ) + " yi(µ))Qi(µ) , (VII.1)

with " = $V !
tsVtd/(V !

usVud).

A. Operators

The basis of four-quark operators for the !S = 1 effective hamiltonian in (VII.1) is given by
Q1, . . . , Q6 of (VI.3) and the electroweak penguin operators

Q7 =
3

2
(s̄d)V"A

!

q

eq (q̄q)V+A ,

Q8 =
3

2
(s̄idj)V"A

!

q

eq (q̄jqi)V+A ,

Q9 =
3

2
(s̄d)V"A

!

q

eq (q̄q)V"A , (VII.2)

Q10 =
3

2
(s̄idj)V"A

!

q

eq (q̄jqi)V"A .

Here, eq denotes the quark electric charge reflecting the electroweak origin of Q7, . . . , Q10. The
basis Q1, . . . , Q10 closes under QCD and QED renormalization. Finally, for mb > µ > mc the
operators Qc

1 and Qc
2 of eq. (VI.4) have to be included again similarly to the case of pure QCD.

4In principle also operators Q11 = gs
16!2 mss̄!µ"T aGµ"

a (1 $ "5)d and Q12 = eed
16!2 mss̄!µ"Fµ"(1 $ "5)d

should be considered for K ! ##. However, as shown in (Bertolini et al., 1995a) their numerical contri-
bution is negligible. Therefore Q11 and Q12 will not be included here for K ! ##.
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THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

HEAVY QUARK SYMMETRY

▸ Hadronic bound states containing a 
heavy quark obey an approximate spin-
flavor symmetry  

▸ Many predictions for spectroscopy of 
heavy hadrons

Relations between level spacings in bottom and 
charm systems, e.g.: 
‣  vs.  

‣  

‣  

m2
B* − m2

B ≈ 0.49 GeV2 m2
D* − m2

D ≈ 0.55 GeV2

mBs
− mB ≈ mDs

− md ≈ 0.10 GeV
m2

B*2
− m2

B1
≈ m2

D*2
− m2

D1
≈ 0.17 GeV2

[Shuryak (1980)]
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Relations between level spacings in bottom and 
charm systems, e.g.: 
‣  vs.  

‣  

‣  

Form-factor relations: 

with ( ):

m2
B* − m2

B ≈ 0.49 GeV2 m2
D* − m2

D ≈ 0.55 GeV2

mBs
− mB ≈ mDs

− md ≈ 0.10 GeV
m2

B*2
− m2

B1
≈ m2

D*2
− m2

D1
≈ 0.17 GeV2

w = v ⋅ v′ 

THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

HEAVY QUARK SYMMETRY

▸ Hadronic bound states containing a 
heavy quark obey an approximate spin-
flavor symmetry  

▸ Many predictions for spectroscopy of 
heavy hadrons 

▸ Symmetry relations among  form 
factors, including symmetry-breaking 
corrections  or 

B → D(*)

∼ αs(mQ) ΛQCD/mQ and  ξ(1) = 1

326 M. Neubert/Physics Reports245 (1994) 259—395

analysis considerably by including the first-order power corrections in 1 /mc and i/mb, as well as
renormalization effects at next-to-leading order in perturbation theory. The original analysis of power
corrections is due to Luke [30]. Radiative corrections at leading and subleading order have been
included in a systematic way in Refs. [86,90].
We start by introducing a convenient set of six hadronic form factors h (w), which parameterize

the relevant meson matrix elements of the flavor-changing vector and axial vector currents V~L= ëy’~b
and A,U = ~#y5b,

(D(v’)IV~IB(v))= h~(w)(v + V~)~L+ h_(w) (v —

(D*(vF,E)IV~LIB(v))= ihy(w) e~v~,v~,

(D*(vf,E)IA~dIB(v))hAI(w)(w+i) *~~_ [hA2(w)v~~+hA3(w)vh1~}E*.v. (4.25)

Here w = v v’ is the velocity transfer of the mesons. The results (1.29) and (1.45) obtained in
section 1.4 from the consideration of the naive symmetry limit would correspond to

h~(w)=hy(w)—hA,(w) —hA3(w)(w),

h(w)=hA2(w) =0. (4.26)

But even at leading order in the 1/rn0 expansion there are corrections to these relations from
renonnalization group effects. They can be taken into account by combining the operator product
expansion of the flavor-changing currents J1~~= V~Lor A’~in (3.126) with the general form (4.24)
of matrix elements of the dimension-three operators in the effective theory. According to (3.142),
the /5-dependence of the Wilson coefficients of any bilinear heavy-quark current can be factorized
into a universal function Khh (w, ia), which is normalized at zero recoil. The /5-dependence of this
function has to cancel against that of the Isgur—Wise function. We can use this fact to define a
renormalization-group invariant Isgur—Wise form factor by

~ren(~4’) ~~(w,/5)Khh(w,/L), ~ren(1) = 1. (4.27)

Neglecting terms of order 1 /mQ, we then obtain [86]

(M’(v’) Ij~IM(L’))= ~ren(W) ~ ~~(w) Tr{M’(v’)F1M(v)}. (4.28)

For J~= V’~and A’~,the matrices F, are given in (3.102) and (3.112), respectively. It is now
straightforward to evaluate the traces to find

h~(w)= {C,(w) + ~(w+ l)[C2(w) +C3(W)]}~ren(W),

h(w) = ~(w + 1) [C2(w) — C3(W)]~ren(W),

hy(w) = Ci(W)~ren(W),

hA1(w) C~(W)~ren(W),
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[Isgur, Wise (1990)]
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THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

▸ Extrapolate observed spectrum in  to zero recoil ( ) 

▸ Account for  corrections using perturbation theory 

▸ Leading  corrections vanish at this point (Luke’s theorem) 

w = v ⋅ v′ w = 1

αs

ΛQCD/mQ [Luke (1990)]

[MN (1991)]

9

MODEL-INDEPENDENT DETERMINATION OF |VCB|



KM50 Symposium — February 11, 2023Matthias Neubert  — 

THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

HEAVY QUARK EFFECTIVE THEORY (HQET)

▸ Firm theoretical basis for deriving heavy-
quark symmetry and its consequences 

▸ Heavy quarks behave like time-like 
Wilson lines

LHQET = h̄v iv ·Dhv +O

✓
1

mQ

◆

<latexit sha1_base64="PWhYnie0915a56W9hLru4ClUGT8="></latexit>

[Eichten, Hill (1990); Georgi (1990)]

eikonal interaction, can be removed by 
the field redefinition hv → Sv h(0)

v

10



KM50 Symposium — February 11, 2023Matthias Neubert  — 

THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

HEAVY QUARK EFFECTIVE THEORY (HQET)

▸ Firm theoretical basis for deriving heavy-
quark symmetry and its consequences 

▸ Heavy quarks behave like time-like 
Wilson lines 

▸ Corrections can be calculated in a 
systematic way

LHQET = h̄v iv ·Dhv +O

✓
1

mQ

◆

<latexit sha1_base64="PWhYnie0915a56W9hLru4ClUGT8="></latexit>

+
1

2mQ

h
h̄v (iD)2 hvCmag(µ)

gs
2
h̄v �µ⌫G

µ⌫ hv

i

<latexit sha1_base64="6kXMT/Vh0uSAqdwPGZwgLWdVzwk="></latexit>

+ . . .
<latexit sha1_base64="UwA+TTSw5k96kCe0K/s+0tsmc7U=">AAAB7XicdVDLSgMxFL1TX7W+qi7dBIsgCMNMVdRd0Y3LCvYB7VAyaaaNzSRDkhHK0H9w40IRt/6PO//GTFtBRQ8EDufcQ+49YcKZNp734RQWFpeWV4qrpbX1jc2t8vZOU8tUEdogkkvVDrGmnAnaMMxw2k4UxXHIaSscXeV+654qzaS4NeOEBjEeCBYxgo2VmkfdvjS6V654rn+RA3lu1bM4/SJV5LveFBWYo94rv9scSWMqDOFY647vJSbIsDKMcDopdVNNE0xGeEA7lgocUx1k020n6MAqfRRJZZ8waKp+T2Q41noch3Yyxmaof3u5+JfXSU10HmRMJKmhgsw+ilKOjET56ajPFCWGjy3BRDG7KyJDrDAxtqCSLeHrUvQ/aVZd/9it3pxUapfzOoqwB/twCD6cQQ2uoQ4NIHAHD/AEz450Hp0X53U2WnDmmV34AeftE62RjzQ=</latexit>

[Eichten, Hill (1990); Georgi (1990)]
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HEAVY QUARK EFFECTIVE THEORY (HQET)

▸ Firm theoretical basis for deriving heavy-
quark symmetry and its consequences 

▸ Heavy quarks behave like time-like 
Wilson lines 

▸ Corrections can be calculated in a 
systematic way 

▸ An anecdote from 1988 …
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THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

HEAVY-QUARK EXPANSION FOR INCLUSIVE DECAYS
OPE based on optical theorem: 

▸ Non-local matrix elements appear when 
one calculates decay spectra, e.g.:

4 16. Heavy-Quark and Soft-Collinear E�ective Theory

the heavy-quark symmetry relations for the B̄ æ D(ú) form factors near zero recoil can also be132

constrained using sum rules derived in the small-velocity limit [18,19].133

16.2.4 Decoupling transformation134 sect.HQETFieldRedef

At leading order in 1/mQ, the couplings of soft gluons to heavy quarks in the e�ective Lagrangian135

(16.3) can be removed by the field redefinition hv(x) = Yv(x) h(0)

v (x), where Yv(x) is a soft Wilson136

line along the direction of v, extending from minus infinity to the point x. In terms of the new fields137

the leading-order HQET Lagrangian becomes LHQET = h̄(0)

v iv · ˆ h(0)

v . It describes a free theory as138

far as the strong interactions of heavy quarks are concerned. However, the theory is nevertheless139

non-trivial in the presence of external sources. Consider, e.g., the case of a weak-interaction heavy-140

quark current141

h̄vÕ“µ(1 ≠ “5)hv = h̄(0)

vÕ “µ(1 ≠ “5) Y †
vÕYv h(0)

v , (16.5)newcurrentnewcurrent

where v and vÕ are the velocities of the heavy mesons containing the heavy quarks. Unless the142

two velocities are equal, corresponding to the zero-recoil limit discussed above, the object Y †
vÕYv is143

non-trivial, and hence the soft gluons do not decouple from the heavy quarks inside the current144

operator. One may interpret Y †
vÕYv as a Wilson loop with a cusp at the point x, where the two145

paths parallel to the di�erent velocity vectors intersect. The presence of the cusp leads to non-trivial146

ultra-violet behavior (for v ”= vÕ), which is described by a cusp anomalous dimension �cusp(v · vÕ)147

that was calculated at two-loop order in [20]. It coincides with the velocity-dependent anomalous148

dimension of heavy-quark currents, which was introduced in the context of HQET in [21]. The149

interpretation of heavy quarks as Wilson lines is a useful tool, which was put forward in one of the150

very first papers on the subject [4]. This technology will be useful in the study of the interactions151

of heavy quarks with collinear degrees of freedom discussed later in this review.152

16.2.5 Heavy-quark expansion for inclusive decays153

The theoretical description of inclusive decays of hadrons containing a heavy quark exploits154

two observations [22–26]: bound-state e�ects related to the initial state can be calculated using155

the heavy-quark expansion, and the fact that the final state consists of a sum over many hadronic156

channels eliminates the sensitivity to the properties of individual final-state hadrons. The second157

feature rests on the hypothesis of quark-hadron duality, i.e. the assumption that decay rates are158

calculable in QCD after a smearing procedure has been applied [27]. In semileptonic decays, the159

integration over the lepton spectrum provides a smearing over the invariant hadronic mass of the160

final state (global duality). For nonleptonic decays, where the total hadronic mass is fixed, the161

summation over many hadronic final states provides an averaging (local duality). Since global162

duality is a much weaker assumption, the theoretical control of inclusive semileptonic decays is on163

firmer footing.164

Using the optical theorem, the inclusive decay width of a hadron Hb containing a b quark can165

be written in the form166

�(Hb) = 1
MHb

Im ÈHb| i
⁄

d4x T {He�(x), He�(0)} |HbÍ . (16.6)ImTImT

The e�ective weak Hamiltonian for b-quark decays consists of dimension-6 four-fermion operators167

and dipole operators [28]. Because of the large mass of the b quark, it follows that the separation168

of fields in the time-ordered product in (16.6) is small, of order x ≥ 1/mb. It is thus possible169

to construct an operator-product expansion (OPE) for the time-ordered product, in which it is170

represented as a series of local operators in HQET. The leading operator h̄vhv has a trivial matrix171

element. The next contributions arise at O(1/m2

b) and give rise to two parameters µ2
fi(Hb) and172

DRAFT 25th November, 2019 1:13pm- Not for public distribution

5 16. Heavy-Quark and Soft-Collinear E�ective Theory

µ2

G(Hb), which are defined as the matrix elements of the heavy-quark kinetic energy and chromo-173

magnetic interaction inside the hadron Hb, respectively [29]. For the ground-state heavy mesons174

and baryons, one has µ2

G(B) = 3(m2

Bú ≠ m2

B)/4 ƒ 0.36 GeV2 and µ2

G(�b) = 0. Thus, the total175

inclusive decay rate of a hadron Hb can be written as [23,24]176

�(Hb) = G2

F m5

b |Vcb|2
192fi3

C

c1 + c2

µ2
fi(Hb)
2m2

b

+ c3

µ2

G(Hb)
2m2

b

+ O
3 1

m3

b

4
+ . . .

D

, (16.7)genergener

where the prefactor arises from the loop integrations and is proportional to the fifth power of the b-177

quark mass. The coe�cient functions ci are calculable order by order in perturbation theory. While178

c1 corresponds to the decay rate of a free heavy quark, the higher-order coe�cients systematically179

account for bound-state e�ects. The coe�cients of the subleading operators and of the leading180

operator at third order in 1/mb have recently been calculated at NLO [30–34], and the heavy-quark181

expansion has been pushed to fifth order in 1/mb [35].182

From the fully inclusive width in (16.7) one can obtain the lifetime of a heavy hadron via183

·(Hb) = 1/�(Hb). Due to the universality of the leading term in the heavy-quark expansion,184

lifetime ratios such as ·(B≠)/·(B̄0), ·(B̄0
s )/·(B̄0) and ·(�b)/·(B̄0) are particularly sensitive to185

the hadronic parameters determining the power corrections in the expansion. In order to understand186

these ratios theoretically, it is necessary to include phase-space enhanced power corrections of order187

(�QCD/mb)3 [36, 37] as well as short-distance perturbative e�ects [38] in the calculation (see [39]188

for a recent discussion of the status of the corresponding calculations).189

A formula analogous to (16.7) can be derived for di�erential distributions in specific inclusive190

decay processes, assuming that these distributions are integrated over a su�ciently large region191

of phase space to ensure quark-hadron duality. Important examples are the distributions in the192

lepton energy and the lepton invariant mass, as well as moments of the invariant hadronic mass193

distribution in the semileptonic processes B̄ æ Xu ¸ ‹̄ and B̄ æ Xc ¸ ‹̄. A global fit of semileptonic194

decay distributions can be used to determine the CKM matrix elements |Vub| and |Vcb| along195

with heavy-quark parameters such as the masses mb, mc and the hadronic parameters µ2
fi(B),196

µ2

G(B). These determinations provide some of the most accurate values for these parameters (see197

e.g. [40–42]).198

16.2.6 Shape functions and non-local power corrections199 sect.ShapeFunction

In certain regions of phase space, in which the hadronic final state in an inclusive heavy-200

hadron decay is made up of light energetic partons, the local OPE for inclusive decays must be201

replaced by a more complicated expansion involving hadronic matrix elements of non-local light-ray202

operators [43, 44]. Prominent examples are the radiative decay B̄ æ Xs“ for large photon energy203

E“ near mB/2, and the semileptonic decay B̄ æ Xu ¸ ‹̄ at large lepton energy or small hadronic204

invariant mass. In these cases, the di�erential decay rates at leading order in the heavy-quark205

expansion can be written in the factorized form d� = H J ¢ S [45], where the hard function H206

and the jet function J are calculable in perturbation theory. The characteristic scales for these207

functions are set by mb and (mb�QCD)1/2, respectively. The soft function208

S(Ê) =
⁄

dt

4fi
e≠iÊt ÈB̄(v)| h̄v(tn)Yn(tn)Y †

n (0)hv(0)|B̄(v)Í (16.8)ShapeFcnDefShapeFcnDef

is a non-perturbative object called the shape function [43,44]. Here Yn are soft Wilson lines along209

a light-like direction n aligned with the momentum of the hadronic final-state jet. The jet function210

and the shape function share a common variable Ê ≥ �QCD, and the symbol ¢ denotes a convolution211

in this variable.212
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▸ Shape function (PDF):

1818

Scale separation (MSOPE)Scale separation (MSOPE)

!! A wonderful formula (exact): A wonderful formula (exact): [MN] 

with:                                     with:                                     Scales:Scales:

µh ~ mb
µi ~  mb∆
µ0 ~ ∆

µh ~ mb
µi ~  mb∆
µ0 ~ ∆

Jet function Soft function Dependence on E0

99

Different scalesDifferent scales

!! Consider partial rate integrated over EConsider partial rate integrated over Eγγ > E> E00
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▸ Georgi: “Why we can’t calculate …” 

▸ Naive (or “generalized”) factorization approach was semi-successful in 
describing early data, but lacked a firm theoretical foundation

[Georgi: Weak Interactions and Modern Particle Theory (1984)]

[Bauer, Stech, Wirbel (1986); MN, Stech (1997]

12



KM50 Symposium — February 11, 2023Matthias Neubert  — 

THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

THE GRAND CHALLENGE:  NON-LEPTONIC DECAYS

▸ Georgi: “Why we can’t calculate …” 

▸ Naive (or “generalized”) factorization approach was semi-successful in 
describing early data, but lacked a firm theoretical foundation

[Georgi: Weak Interactions and Modern Particle Theory (1984)]

[Bauer, Stech, Wirbel (1986); MN, Stech (1997]

▸ QCD factorization approach (BBNS): 

▸ First model-independent calculation of 
 decay amplitudes from first 

principles (including strong- and weak-
interaction phases) in heavy-quark limit

B → M1M2

[Beneke, Buchalla, MN, Sachrajda (1999—2001)] Factorization proof at two-loop order based on 
method of regions, see pp. 48-79 in BBNS (2000)
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QCD FACTORIZATION IN NONLEPTONIC B DECAYS INTO LIGHT MESONS
QCD factorization theorem: 

Figure 1: Graphical representation of the factorization formula. Only one of
the two form-factor terms in (25) is shown for simplicity.

example. To leading power in !QCD/mb, but to all orders in perturbation theory, the
matrix elements of the local operators Qi in the e"ective weak Hamiltonian in (1) obey
the factorization formula

!!K|Qi|B" = FB!!
0 T I

K,i # fK#K + FB!K
0 T I

!,i # f!#!

+ T II
i # fB#B # fK#K # f!#! , (25)

where #M are leading-twist light-cone distribution amplitudes, and the #-products imply
an integration over the light-cone momentum fractions of the constituent quarks inside
the mesons. A graphical representation of this result is shown in Figure 1. Because
the energetic, collinear light-quark pair that ultimately evolves into the emission particle
at the “upper vertex” is created by a point-like source, soft gluon exchange between
this pair and the other quarks in the decay is power suppressed in the heavy-quark
limit (colour transparency). In other words, whereas the hadronic physics governing
the semileptonic B $ M1 transition and the formation of the emission particle M2 is
genuinely nonperturbative, “nonfactorizable” interactions connecting the two systems
are dominated by hard gluon exchange.

The hard-scattering kernels T I,II
i in (25) are calculable in perturbation theory. T I

M,i

starts at tree level and, at higher order in "s, contains “nonfactorizable” corrections from
hard gluon exchange or light-quark loops (penguin topologies). Hard, “nonfactorizable”
interactions involving the spectator quark are part of T II

i . The relevant Feynman dia-
grams contributing to these kernels at next-to-leading are shown in Figure 2. Although
individually these graphs contain infrared-sensitive regions at leading power, all soft and
collinear divergences cancel in their sum, thus yielding a calculable short-distance con-
tribution. Annihilation topologies are not included in (25) and Figure 2, because they
do not contribute at leading order in !QCD/mb. These power-suppressed contributions
will be discussed separately in Section 3.5.

We stress that the factorization formula does not imply that hadronic B decays are
perturbative in nature. Dominant soft contributions to the decay amplitudes exist, which
cannot be controlled in a hard-scattering approach. However, at leading power all these
nonperturbative e"ects are contained in the semileptonic form factors and light-cone
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Figure 1: Graphical representation of the factorization formula. Only one of
the two form-factor terms in (25) is shown for simplicity.

example. To leading power in !QCD/mb, but to all orders in perturbation theory, the
matrix elements of the local operators Qi in the e"ective weak Hamiltonian in (1) obey
the factorization formula

!!K|Qi|B" = FB!!
0 T I

K,i # fK#K + FB!K
0 T I

!,i # f!#!

+ T II
i # fB#B # fK#K # f!#! , (25)

where #M are leading-twist light-cone distribution amplitudes, and the #-products imply
an integration over the light-cone momentum fractions of the constituent quarks inside
the mesons. A graphical representation of this result is shown in Figure 1. Because
the energetic, collinear light-quark pair that ultimately evolves into the emission particle
at the “upper vertex” is created by a point-like source, soft gluon exchange between
this pair and the other quarks in the decay is power suppressed in the heavy-quark
limit (colour transparency). In other words, whereas the hadronic physics governing
the semileptonic B $ M1 transition and the formation of the emission particle M2 is
genuinely nonperturbative, “nonfactorizable” interactions connecting the two systems
are dominated by hard gluon exchange.

The hard-scattering kernels T I,II
i in (25) are calculable in perturbation theory. T I

M,i

starts at tree level and, at higher order in "s, contains “nonfactorizable” corrections from
hard gluon exchange or light-quark loops (penguin topologies). Hard, “nonfactorizable”
interactions involving the spectator quark are part of T II

i . The relevant Feynman dia-
grams contributing to these kernels at next-to-leading are shown in Figure 2. Although
individually these graphs contain infrared-sensitive regions at leading power, all soft and
collinear divergences cancel in their sum, thus yielding a calculable short-distance con-
tribution. Annihilation topologies are not included in (25) and Figure 2, because they
do not contribute at leading order in !QCD/mb. These power-suppressed contributions
will be discussed separately in Section 3.5.

We stress that the factorization formula does not imply that hadronic B decays are
perturbative in nature. Dominant soft contributions to the decay amplitudes exist, which
cannot be controlled in a hard-scattering approach. However, at leading power all these
nonperturbative e"ects are contained in the semileptonic form factors and light-cone
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Importance of non-local matrix elements, 
in particular light-cone distribution 
amplitudes (LCDAs), to account for 

hadronic dynamics
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tribution. Annihilation topologies are not included in (25) and Figure 2, because they
do not contribute at leading order in !QCD/mb. These power-suppressed contributions
will be discussed separately in Section 3.5.
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cannot be controlled in a hard-scattering approach. However, at leading power all these
nonperturbative e"ects are contained in the semileptonic form factors and light-cone
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example. To leading power in !QCD/mb, but to all orders in perturbation theory, the
matrix elements of the local operators Qi in the e"ective weak Hamiltonian in (1) obey
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!!K|Qi|B" = FB!!
0 T I

K,i # fK#K + FB!K
0 T I

!,i # f!#!

+ T II
i # fB#B # fK#K # f!#! , (25)

where #M are leading-twist light-cone distribution amplitudes, and the #-products imply
an integration over the light-cone momentum fractions of the constituent quarks inside
the mesons. A graphical representation of this result is shown in Figure 1. Because
the energetic, collinear light-quark pair that ultimately evolves into the emission particle
at the “upper vertex” is created by a point-like source, soft gluon exchange between
this pair and the other quarks in the decay is power suppressed in the heavy-quark
limit (colour transparency). In other words, whereas the hadronic physics governing
the semileptonic B $ M1 transition and the formation of the emission particle M2 is
genuinely nonperturbative, “nonfactorizable” interactions connecting the two systems
are dominated by hard gluon exchange.

The hard-scattering kernels T I,II
i in (25) are calculable in perturbation theory. T I

M,i

starts at tree level and, at higher order in "s, contains “nonfactorizable” corrections from
hard gluon exchange or light-quark loops (penguin topologies). Hard, “nonfactorizable”
interactions involving the spectator quark are part of T II

i . The relevant Feynman dia-
grams contributing to these kernels at next-to-leading are shown in Figure 2. Although
individually these graphs contain infrared-sensitive regions at leading power, all soft and
collinear divergences cancel in their sum, thus yielding a calculable short-distance con-
tribution. Annihilation topologies are not included in (25) and Figure 2, because they
do not contribute at leading order in !QCD/mb. These power-suppressed contributions
will be discussed separately in Section 3.5.

We stress that the factorization formula does not imply that hadronic B decays are
perturbative in nature. Dominant soft contributions to the decay amplitudes exist, which
cannot be controlled in a hard-scattering approach. However, at leading power all these
nonperturbative e"ects are contained in the semileptonic form factors and light-cone
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where #M are leading-twist light-cone distribution amplitudes, and the #-products imply
an integration over the light-cone momentum fractions of the constituent quarks inside
the mesons. A graphical representation of this result is shown in Figure 1. Because
the energetic, collinear light-quark pair that ultimately evolves into the emission particle
at the “upper vertex” is created by a point-like source, soft gluon exchange between
this pair and the other quarks in the decay is power suppressed in the heavy-quark
limit (colour transparency). In other words, whereas the hadronic physics governing
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We stress that the factorization formula does not imply that hadronic B decays are
perturbative in nature. Dominant soft contributions to the decay amplitudes exist, which
cannot be controlled in a hard-scattering approach. However, at leading power all these
nonperturbative e"ects are contained in the semileptonic form factors and light-cone
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do not contribute at leading order in !QCD/mb. These power-suppressed contributions
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[Beneke, Buchalla, MN, Sachrajda (1999—2001)]
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CP violation in the top sector

Fact that Im(Vtd) != 0 has been established by studies of B–B̄
and K–K̄ mixing (“standard analysis”):

-1

0

1

-1 0 1 2

sin 2βWA
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|Vub/Vcb|
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CKM
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Mixing-Independent Determination ofThe Unitarity Triangle – p.3/21

▸ In 2001, fact that  had been 
established by studies of  and  
mixing and first measurements of  

▸ Fact that  has been established by 
studying rare hadronic decays ( ) 
in QCD factorization 

▸ KM relation confirmed; most stringent test of 
KM mechanism at the time

Im(Vtd) ≠ 0
K−K̄ B−B̄

sin 2β

Im(Vub) ≠ 0
B → πK, ππ

CP violation in the bottom sector

Fact that Im(V !
ub) != 0 has been established by studies of rare

hadronic B decays using QCD factorization: [BBNS 01]
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CKM relation between Im(Vtd) and Im(Vub) confirmed
most stringent test of CKM mechanism to date!

In framework of the Standard Model, this determines the
triangle parameters with good precision (90% CL):

! = (62 ± 15)", and "̄ = 0.15 ± 0.08, #̄ = 0.36 ± 0.09

Mixing-Independent Determination ofThe Unitarity Triangle – p.4/21

[BBNS (2001), here updated to 2004 data]
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CP violation in the bottom sector

Fact that Im(V !
ub) != 0 has been established by studies of rare

hadronic B decays using QCD factorization: [BBNS 01]

-0.6 -0.4 -0.2 0 0.2 0.4 0.6
0

0.1
0.2
0.3
0.4
0.5
0.6

η

ρ

top sector

bottom sector

combined region

CKM relation between Im(Vtd) and Im(Vub) confirmed
most stringent test of CKM mechanism to date!

In framework of the Standard Model, this determines the
triangle parameters with good precision (90% CL):

! = (62 ± 15)", and "̄ = 0.15 ± 0.08, #̄ = 0.36 ± 0.09

Mixing-Independent Determination ofThe Unitarity Triangle – p.4/21

2004 analysis: ,   
ccccccccccccrk ,     

ρ̄ = 0.15 ± 0.08 η̄ = 0.36 ± 0.09
γ = (67 ± 15)∘ β = (24 ± 2)∘

2021 values:    ,    
cccccccclccrk.  ,     

ρ̄ = 0.157+0.009
−0.005 η̄ = 0.347+0.012

−0.005
γ = (65.5+1.3

−1.2)
∘ β = (22.42+0.64

−0.37)
∘

[CKMfitter global fit. spring 2021]
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▸ Measuring time-dependent CP asymmetries 
in  and  decays one obtains 
an internally consistent determination of 

B → ππ B → πρ
γ

[Beneke, MN (2003)]

Status 2003
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▸ Measuring time-dependent CP asymmetries 
in  and  decays one obtains 
an internally consistent determination of  

▸ 2003 analysis found:   

▸ 2021 value:                  

B → ππ B → πρ
γ

γ = (62 ± 8)∘

γ = (65.5+1.3
−1.2)

∘

[Beneke, MN (2003)]

Status 2003
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▸ Lots of predictive power, but uncertainties due to hadronic input quantities: 
form factors, decay constants, and LCDAs (reducible to some extent) 

▸ Power corrections in  do not (naively) factorize 

▸ In some cases, power-suppressed effects can be enhanced by large Wilson 
coefficients (e.g. “color-suppressed” decay modes) 

▸ To make progress, one needed an EFT implementation of QCD factorization

ΛQCD/mb
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SOFT-COLLINEAR EFFECTIVE THEORY (SCET)

▸ Firm theoretical basis for deriving QCD factorization theorems in heavy-quark 
and collider physics for processes involving light energetic particles 

▸ Collinear effective Lagrangian: 

▸ Soft-collinear factorization at Lagrangian level 

▸ Scale separation and resummation accomplished using powerful EFT tools

[Bauer, (Fleming,) Pirjol, Stewart (2001); Beneke, Chapovski, Diehl, Feldmann (2002)]

eikonal interaction, can be removed by 
the field redefinition ξn → Sn ξ(0)

n

19

7 16. Heavy-Quark and Soft-Collinear E�ective Theory

In the above power counting the transverse momenta of soft degrees of freedom scale as p‹
s ≥256

Q⁄2, which is much smaller than the transverse momenta p‹
c ≥ Q⁄ of collinear fields. This theory is257

usually called SCETI. If the external kinematics require that the transverse momenta of both soft258

and collinear fields are of the same size, p‹
c ≥ p‹

s , then the appropriate degrees of freedom have the259

scaling pc ≥ Q(1, ⁄2, ⁄) and ps ≥ Q(⁄, ⁄, ⁄). This theory is usually called SCETII and is required,260

e.g., for exclusive hadronic decays such as B̄ æ Dfi, where the virtuality of both collinear and soft261

degrees of freedom are set by �QCD, or for the description of transverse-momentum distributions262

at colliders. SCETI power counting is assumed in the following sections, while SCETII is discussed263

in more detail in 16.3.6.264

16.3.2 Leading-order Lagrangian265 sect.Lagrangian

The derivation of the SCET Lagrangian follows similar steps as described for HQET in Sec-266

tion 16.2.1. One begins by deriving the Lagrangian for a theory containing only a single collinear sec-267

tor. Similar to HQET, one separates the full QCD field into two components, qn(x) = Ân(x)+�n(x),268

where (with n · n̄ = 2)269

Ân(x) = /n/̄n
4 qn(x) , �n(x) = /̄n/n

4 qn(x) . (16.11)dummy1dummy1

The degrees of freedom described by the field �n are far o� shell and can therefore be eliminated270

using its equation of motion. This gives271

Ln = Â̄n(x)
5
in · D + i /D‹ 1

in̄ · D
i /D‹

6 /̄n
2 Ân(x) . (16.12)Lfinal1Lfinal1

As a next step, one separates the large and residual momentum components by decomposing the272

collinear momentum into a “label” and a residual momentum, pµ = P µ + kµ with n · P = 0.273

One then performs a phase redefinition on the collinear fields, such that Ân(x) = eiP ·x ›n(x).274

Derivatives acting on the fields ›n(x) now only pick out the residual momentum. Since unlike in275

HQET the label momentum in SCET is not conserved, one defines a label operator Pµ acting as276

Pµ›n(x) = P µ›n(x) [52], as well as a corresponding covariant label operator iDµ
n = Pµ + gAµ

n(x).277

Note that at leading order in power counting iDµ
n does not contain the soft gluon field. This leads278

to the final SCET Lagrangian [52,53,55,56]279

Ln = ›̄n(x)
5
in · Dn + gn · As + i/D‹

n
1

in̄ · Dn
i/D‹

n

6 /̄n
2 ›n(x) + . . . , (16.13)Lfinal3Lfinal3

where we have split in ·D into a collinear piece in ·Dn = in ·ˆ +gn ·An and a soft piece gn ·As. This280

latter term gives rise to the only interaction between a collinear quark and soft gluons at leading281

power in ⁄. The ellipses represent higher-order interactions between soft and collinear particles.282

The Lagrangian describing collinear fields in di�erent light-like directions is simply given by283

the sum of the Lagrangians for each direction n, i.e. L =
q

n Ln. The soft gluons are the same in284

each individual Lagrangian. An alternative way to understand the separation between large and285

small momentum components is to derive the Lagrangian of SCET in position space [56]. In this286

case no label operators are required, and the dependence on short-distance e�ects is contained in287

non-localities at short distances. An important di�erence between SCET and HQET is that the288

SCET Lagrangian is not corrected by short distance fluctuations. The physical reason is that in289

the construction described above no high-momentum modes have been integrated out [56]. Such290

hard modes arise when di�erent collinear sectors are coupled via some external current (e.g. in jet291

production at e+e≠ or hadron colliders), or when collinear particles are produced in the rest frame292

of a decaying heavy object (such as in B decays). Short-distance e�ects are then incorporated in293

the Wilson coe�cients of the external source operators.294
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Two-step matching procedure QCD  SCET-1  SCET-2:→ →
[Becher, Hill, MN (2005)]

20

QCD
µ2 ! m2

b"# SCETI
µ2 ! mb!"# SCETII

PSfrag replacements

Q8

"#PSfrag replacements JA "#PSfrag replacements JA

PSfrag replacements

Q8

"#PSfrag replacements

JB

"#PSfrag replacements

OB

PSfrag replacements

Q8

"#
PSfrag replacements

JC
"#

PSfrag replacements
OC

Figure 1: Three QCD Feynman diagrams for the contributions of Q8 and their leading-order
representation in the e!ective theory. The double line denotes the heavy-quark field. The
dashed lines denote hard-collinear fields in SCETI and collinear fields in SCETII. Solid lines
in the e!ective-theory diagrams denote soft fields and the dotted line denotes a soft-collinear
field.

While it is easy to see that all of the above regions are required to obtain the expansion of
the correlator diagrams, we do not have a proof that they are su"cient.2 Two-loop applications
in similar kinematic situations [28] suggest that no additional regions are needed. The above
list of momentum scalings is natural in that it contains all onshell modes whose components
n·p and n̄·p scale with powers of ! equal to the scaling of the components of external momenta.

Finally, let us note that the analysis of regions presented above assumes exactly massless
light quarks. A systematic inclusion of quark mass terms presents a challenge, since the mode
structure in the low-energy theory is then drastically altered. For instance, including O(#)
masses would eliminate the soft-collinear mode, but the resulting diagrams for the soft and
collinear regions would no longer be separately well-defined in dimensional regularization,
requiring additional unconventional (e.g., analytic) regulators. We will return to this issue in
Section 4.3 and address the more modest question of the leading corrections for light-quark
masses mq ! #. We argue that contributions linear in the light mass may be absorbed into
the hadronic parameters appearing in the factorization formula, while any terms that could
potentially spoil factorization appear first at quadratic order.

2The same is true for traditional diagrammatic factorization proofs. Additional momentum regions could
invalidate the analysis also in these cases.

7
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Product/convolution of component functions each depending on a single scale:
[Becher, Hill, MN (2005)]
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PROTOTYPICAL SCET FACTORIZATION THEOREM

hard collinear soft

<latexit sha1_base64="CAR8kgISJNsS/GGqeCwQijP7xmc=">AAACEHicdVDLSgMxFM3UV62vUZdugkVxNcyUgi4LboqritYWOqVk0kwbmseQZIQy9A/c+CtuXCiIW5fu/BszbcX3geQezr2Xe++JEka18f03p7CwuLS8Ulwtra1vbG652ztXWqYKkyaWTKp2hDRhVJCmoYaRdqII4hEjrWh0mudb10RpKsWlGSeky9FA0JhiZKzUcw9DTQcc2Z/DOgypMPAslIZyoj/JBey5Zd+r+DngbxJ40+iXwRyNnvsa9iVOOREGM6R1J/AT082QMhQzMimFqSYJwiM0IB1LBbJzutn0ngk8sEofxlLZZxeaql87MsS1HvPIVnJkhvpnLhf/ynVSE590MyqS1BCBZ4PilEEjYW4O7FNFsGFjSxBW1O4K8RAphI21sGRN+LgU/k9aFS+oekFwXi3XanM/imAP7IMjEIBjUAN10ABNgMENuAMP4NG5de6dJ+d5Vlpw5j274Bucl3csGpvm</latexit>

� ⇠ H

Z
J ⌦ J ⌦ S

hard

collinear

ultrasoft

<latexit sha1_base64="/BCi3UC5qwaP3Yn5P1RdLDWhkSA=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbB07JbCnrwUPDisUVrhXYt2TTbhmazSzIrlNKf4MWDgnj1D3nz35htK/j5IOTx3gwz88JUCoOe9+4UlpZXVteK66WNza3tnfLu3rVJMs14iyUy0TchNVwKxVsoUPKbVHMah5K3w9F57rfvuDYiUVc4TnkQ04ESkWAUrXTZvK32yhXPrXo5yG/iu7Pfq8ACjV75rdtPWBZzhUxSYzq+l2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzFadkiOr9EmUaPsUkpn6tWNCY2PGcWgrY4pD89PLxb+8TobRaTARKs2QKzYfFGWSYELyu0lfaM5Qji2hTAu7K2FDqilDm07JhvB5KfmftKuuX3N9v1mr1M8WeRThAA7hGHw4gTpcQANawGAA9/AIT450Hpxn52VeWnAWPfvwDc7rB223jbI=</latexit>

Q2

<latexit sha1_base64="oSSov1+YeR5wOQ3xJsIct7efluI=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNAT14CHjxGNGYQLKG2clsMmR2dpnpFcKST/DiQUG8+kPe/BsnD8FnwTBFVTfdXWEqhUHPe3cKS8srq2vF9dLG5tb2Tnl378YkmWa8yRKZ6HZIDZdC8SYKlLydak7jUPJWODqf+q07ro1I1DWOUx7EdKBEJBhFK12lt9VeueK5VW8K8pv47uz3KrBAo1d+6/YTlsVcIZPUmI7vpRjkVKNgkk9K3czwlLIRHfCOpYrG3AT5bNUJObJKn0SJtk8hmalfO3IaGzOOQ1sZUxyan95U/MvrZBidBrlQaYZcsfmgKJMEEzK9m/SF5gzl2BLKtLC7EjakmjK06ZRsCJ+Xkv9Jq+r6Ndf3L2uV+tkijyIcwCEcgw8nUIcLaEATGAzgHh7hyZHOg/PsvMxLC86iZx++wXn9AJ0QjdE=</latexit>

p2

<latexit sha1_base64="i+cXD66CEVT2+i85aYp7fMQJTKU=">AAAB73icdVDLSgMxFL1TX7W+qi7dBIvgapwpBV24KLhx2YJ1Cu20ZNJMG5rJhCQjlKEf4caFgrj1d9z5N6YPweeBkMM593LvPZHkTBvPe3cKK6tr6xvFzdLW9s7uXnn/4FanmSK0RVKeqnaENeVM0JZhhtO2VBQnEadBNL6a+cEdVZql4sZMJA0TPBQsZgQbKwWyVztr9qr9csVzq94M6Dfx3fnvVWCJRr/81h2kJEuoMIRjrTu+J02YY2UY4XRa6maaSkzGeEg7lgqcUB3m83Wn6MQqAxSnyj5h0Fz92pHjROtJEtnKBJuR/unNxL+8TmbiizBnQmaGCrIYFGccmRTNbkcDpigxfGIJJorZXREZYYWJsQmVbAifl6L/SVB1/Zrr+81apX65zKMIR3AMp+DDOdThGhrQAgJjuIdHeHKk8+A8Oy+L0oKz7DmEb3BePwDWzY8L</latexit>

p4/Q2

SCET-1

hard

collinear
& soft

<latexit sha1_base64="/BCi3UC5qwaP3Yn5P1RdLDWhkSA=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbB07JbCnrwUPDisUVrhXYt2TTbhmazSzIrlNKf4MWDgnj1D3nz35htK/j5IOTx3gwz88JUCoOe9+4UlpZXVteK66WNza3tnfLu3rVJMs14iyUy0TchNVwKxVsoUPKbVHMah5K3w9F57rfvuDYiUVc4TnkQ04ESkWAUrXTZvK32yhXPrXo5yG/iu7Pfq8ACjV75rdtPWBZzhUxSYzq+l2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzFadkiOr9EmUaPsUkpn6tWNCY2PGcWgrY4pD89PLxb+8TobRaTARKs2QKzYfFGWSYELyu0lfaM5Qji2hTAu7K2FDqilDm07JhvB5KfmftKuuX3N9v1mr1M8WeRThAA7hGHw4gTpcQANawGAA9/AIT450Hpxn52VeWnAWPfvwDc7rB223jbI=</latexit>

Q2

<latexit sha1_base64="oSSov1+YeR5wOQ3xJsIct7efluI=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNAT14CHjxGNGYQLKG2clsMmR2dpnpFcKST/DiQUG8+kPe/BsnD8FnwTBFVTfdXWEqhUHPe3cKS8srq2vF9dLG5tb2Tnl378YkmWa8yRKZ6HZIDZdC8SYKlLydak7jUPJWODqf+q07ro1I1DWOUx7EdKBEJBhFK12lt9VeueK5VW8K8pv47uz3KrBAo1d+6/YTlsVcIZPUmI7vpRjkVKNgkk9K3czwlLIRHfCOpYrG3AT5bNUJObJKn0SJtk8hmalfO3IaGzOOQ1sZUxyan95U/MvrZBidBrlQaYZcsfmgKJMEEzK9m/SF5gzl2BLKtLC7EjakmjK06ZRsCJ+Xkv9Jq+r6Ndf3L2uV+tkijyIcwCEcgw8nUIcLaEATGAzgHh7hyZHOg/PsvMxLC86iZx++wXn9AJ0QjdE=</latexit>

p2

SCET-2



KM50 Symposium — February 11, 2023Matthias Neubert  — 

THE GOLDEN AGE OF HEAVY-FLAVOR THEORY

Product/convolution of component functions each depending on a single scale:
[Becher, Hill, MN (2005)]

21

PROTOTYPICAL SCET FACTORIZATION THEOREM

hard collinear soft

<latexit sha1_base64="CAR8kgISJNsS/GGqeCwQijP7xmc=">AAACEHicdVDLSgMxFM3UV62vUZdugkVxNcyUgi4LboqritYWOqVk0kwbmseQZIQy9A/c+CtuXCiIW5fu/BszbcX3geQezr2Xe++JEka18f03p7CwuLS8Ulwtra1vbG652ztXWqYKkyaWTKp2hDRhVJCmoYaRdqII4hEjrWh0mudb10RpKsWlGSeky9FA0JhiZKzUcw9DTQcc2Z/DOgypMPAslIZyoj/JBey5Zd+r+DngbxJ40+iXwRyNnvsa9iVOOREGM6R1J/AT082QMhQzMimFqSYJwiM0IB1LBbJzutn0ngk8sEofxlLZZxeaql87MsS1HvPIVnJkhvpnLhf/ynVSE590MyqS1BCBZ4PilEEjYW4O7FNFsGFjSxBW1O4K8RAphI21sGRN+LgU/k9aFS+oekFwXi3XanM/imAP7IMjEIBjUAN10ABNgMENuAMP4NG5de6dJ+d5Vlpw5j274Bucl3csGpvm</latexit>

� ⇠ H

Z
J ⌦ J ⌦ S

hard

collinear

ultrasoft

<latexit sha1_base64="/BCi3UC5qwaP3Yn5P1RdLDWhkSA=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbB07JbCnrwUPDisUVrhXYt2TTbhmazSzIrlNKf4MWDgnj1D3nz35htK/j5IOTx3gwz88JUCoOe9+4UlpZXVteK66WNza3tnfLu3rVJMs14iyUy0TchNVwKxVsoUPKbVHMah5K3w9F57rfvuDYiUVc4TnkQ04ESkWAUrXTZvK32yhXPrXo5yG/iu7Pfq8ACjV75rdtPWBZzhUxSYzq+l2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzFadkiOr9EmUaPsUkpn6tWNCY2PGcWgrY4pD89PLxb+8TobRaTARKs2QKzYfFGWSYELyu0lfaM5Qji2hTAu7K2FDqilDm07JhvB5KfmftKuuX3N9v1mr1M8WeRThAA7hGHw4gTpcQANawGAA9/AIT450Hpxn52VeWnAWPfvwDc7rB223jbI=</latexit>

Q2

<latexit sha1_base64="oSSov1+YeR5wOQ3xJsIct7efluI=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNAT14CHjxGNGYQLKG2clsMmR2dpnpFcKST/DiQUG8+kPe/BsnD8FnwTBFVTfdXWEqhUHPe3cKS8srq2vF9dLG5tb2Tnl378YkmWa8yRKZ6HZIDZdC8SYKlLydak7jUPJWODqf+q07ro1I1DWOUx7EdKBEJBhFK12lt9VeueK5VW8K8pv47uz3KrBAo1d+6/YTlsVcIZPUmI7vpRjkVKNgkk9K3czwlLIRHfCOpYrG3AT5bNUJObJKn0SJtk8hmalfO3IaGzOOQ1sZUxyan95U/MvrZBidBrlQaYZcsfmgKJMEEzK9m/SF5gzl2BLKtLC7EjakmjK06ZRsCJ+Xkv9Jq+r6Ndf3L2uV+tkijyIcwCEcgw8nUIcLaEATGAzgHh7hyZHOg/PsvMxLC86iZx++wXn9AJ0QjdE=</latexit>

p2

<latexit sha1_base64="i+cXD66CEVT2+i85aYp7fMQJTKU=">AAAB73icdVDLSgMxFL1TX7W+qi7dBIvgapwpBV24KLhx2YJ1Cu20ZNJMG5rJhCQjlKEf4caFgrj1d9z5N6YPweeBkMM593LvPZHkTBvPe3cKK6tr6xvFzdLW9s7uXnn/4FanmSK0RVKeqnaENeVM0JZhhtO2VBQnEadBNL6a+cEdVZql4sZMJA0TPBQsZgQbKwWyVztr9qr9csVzq94M6Dfx3fnvVWCJRr/81h2kJEuoMIRjrTu+J02YY2UY4XRa6maaSkzGeEg7lgqcUB3m83Wn6MQqAxSnyj5h0Fz92pHjROtJEtnKBJuR/unNxL+8TmbiizBnQmaGCrIYFGccmRTNbkcDpigxfGIJJorZXREZYYWJsQmVbAifl6L/SVB1/Zrr+81apX65zKMIR3AMp+DDOdThGhrQAgJjuIdHeHKk8+A8Oy+L0oKz7DmEb3BePwDWzY8L</latexit>

p4/Q2

SCET-1

hard

collinear
& soft

<latexit sha1_base64="/BCi3UC5qwaP3Yn5P1RdLDWhkSA=">AAAB63icdVBNSwMxEJ2tX7V+VT16CRbB07JbCnrwUPDisUVrhXYt2TTbhmazSzIrlNKf4MWDgnj1D3nz35htK/j5IOTx3gwz88JUCoOe9+4UlpZXVteK66WNza3tnfLu3rVJMs14iyUy0TchNVwKxVsoUPKbVHMah5K3w9F57rfvuDYiUVc4TnkQ04ESkWAUrXTZvK32yhXPrXo5yG/iu7Pfq8ACjV75rdtPWBZzhUxSYzq+l2IwoRoFk3xa6maGp5SN6IB3LFU05iaYzFadkiOr9EmUaPsUkpn6tWNCY2PGcWgrY4pD89PLxb+8TobRaTARKs2QKzYfFGWSYELyu0lfaM5Qji2hTAu7K2FDqilDm07JhvB5KfmftKuuX3N9v1mr1M8WeRThAA7hGHw4gTpcQANawGAA9/AIT450Hpxn52VeWnAWPfvwDc7rB223jbI=</latexit>

Q2

<latexit sha1_base64="oSSov1+YeR5wOQ3xJsIct7efluI=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkNAT14CHjxGNGYQLKG2clsMmR2dpnpFcKST/DiQUG8+kPe/BsnD8FnwTBFVTfdXWEqhUHPe3cKS8srq2vF9dLG5tb2Tnl378YkmWa8yRKZ6HZIDZdC8SYKlLydak7jUPJWODqf+q07ro1I1DWOUx7EdKBEJBhFK12lt9VeueK5VW8K8pv47uz3KrBAo1d+6/YTlsVcIZPUmI7vpRjkVKNgkk9K3czwlLIRHfCOpYrG3AT5bNUJObJKn0SJtk8hmalfO3IaGzOOQ1sZUxyan95U/MvrZBidBrlQaYZcsfmgKJMEEzK9m/SF5gzl2BLKtLC7EjakmjK06ZRsCJ+Xkv9Jq+r6Ndf3L2uV+tkijyIcwCEcgw8nUIcLaEATGAzgHh7hyZHOg/PsvMxLC86iZx++wXn9AJ0QjdE=</latexit>

p2

SCET-2

▸ Extension to next-to-leading power is a hard problem, due 
to endpoint-divergent convolution integrals 

▸ Several groups have been working on this for years…
[Beneke et al. ; Moult et al.; Stewart et al.; MN et al.; Bell et al. (2018—2022)]
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TEST CASE:  HIGGS PRODUCTION VIA BOTTOM-QUARK LOOPS
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Figure 1. Relevant regions of loop momenta contributing to the amplitudes for h ! ��

(left) and gg ! h (right). The convolution symbol ⌦ in the second term means an integral

over the momentum-fraction variable z. The green double lines in the third term represent

finite Wilson-line segments, whereas the red double lines indicate semi-finite Wilson lines

in the adjoint representation of SU(Nc), which are present only for the gluon case.

2.2 Factorization in h ! �� decay

Before studying the factorization properties of the gg ! h production process, we

find it instructive to recapitulate the main steps in the derivation of the analogous

factorization theorem for the h ! �� decay amplitude. We begin with the factor-

ization formula in terms of bare Wilson coe�cients and operator matrix elements

derived in [4]. It consists of the matrix elements of three bare SCET operators O(0)

i,�

multiplied (or convoluted) with bare Wilson coe�cients H(0)

i,�
, which account for the

hard matching corrections arising when the full theory (i.e., the SM with the top

quark integrated out) is matched onto SCET. The factorization theorem reads

Mb(h ! ��) = H(0)

1,�
hO(0)

1,�
i+ 2

Z
1

0

dz H(0)

2,�
(z)hO(0)

2,�
(z)i+H(0)

3,�
hO(0)

3,�
i . (2.4)

The three terms correspond to di↵erent regions of loop momenta contributing to the

decay amplitude. The situation is portrayed in figure 1 for both the h ! �� (left)

and gg ! h (right) process. A region analysis of the full-theory one-loop Feynman

diagram reveals that the momentum flowing through the propagator connecting the

two gauge bosons can be either hard, ni-collinear or soft. The same regions are

also relevant for multi-loop graphs. The first term in the factorization theorem is

obtained when all loop momenta are hard. In the e↵ective theory, the loop is then

5

pμ

pμ

pμ
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Leading momentum regions, each corresponding to a SCET operator:
[Liu, MN (2019, 2020); Liu, Mecaj, MN, Wang (2021); Liu, MN, Schnubel, Wang (2022)]
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Figure 1. Relevant regions of loop momenta contributing to the amplitudes for h ! ��

(left) and gg ! h (right). The convolution symbol ⌦ in the second term means an integral

over the momentum-fraction variable z. The green double lines in the third term represent

finite Wilson-line segments, whereas the red double lines indicate semi-finite Wilson lines

in the adjoint representation of SU(Nc), which are present only for the gluon case.

2.2 Factorization in h ! �� decay

Before studying the factorization properties of the gg ! h production process, we

find it instructive to recapitulate the main steps in the derivation of the analogous

factorization theorem for the h ! �� decay amplitude. We begin with the factor-

ization formula in terms of bare Wilson coe�cients and operator matrix elements

derived in [4]. It consists of the matrix elements of three bare SCET operators O(0)

i,�

multiplied (or convoluted) with bare Wilson coe�cients H(0)

i,�
, which account for the

hard matching corrections arising when the full theory (i.e., the SM with the top

quark integrated out) is matched onto SCET. The factorization theorem reads

Mb(h ! ��) = H(0)
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Z
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dz H(0)
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The three terms correspond to di↵erent regions of loop momenta contributing to the

decay amplitude. The situation is portrayed in figure 1 for both the h ! �� (left)

and gg ! h (right) process. A region analysis of the full-theory one-loop Feynman

diagram reveals that the momentum flowing through the propagator connecting the

two gauge bosons can be either hard, ni-collinear or soft. The same regions are

also relevant for multi-loop graphs. The first term in the factorization theorem is

obtained when all loop momenta are hard. In the e↵ective theory, the loop is then

5
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z
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Figure 3. Graphical illustration of the impact of the cuto↵s on the convolution integrals

over `+ and `� in the last term of the bare factorization formula (2.8). The “infinite bin”

is subtracted twice and must be added back in the form of an extra contribution to the

bare Wilson coe�cient H(0)

1,�
.

contribution to the renormalized Wilson coe�cient H1,�(µ). It is thus possible to

derive a renormalized version of the factorization formula (2.8).

2.3 Factorization theorem for gg ! h

E

Mh

p
mbMh mb ⇤QCD

H1 S1

H2 S2

H3 J · J S3

hOggi

Fgg

O3

Figure 4. Illustration of the four energy scales relevant to the gg ! h fusion process

mediated via light quarks. The di↵erent objects in the factorization theorem are shown at

their respective scales. The hard, jet and soft functions can be collected into the h ! gg

form factor Fgg. This quantity is the Wilson coe�cient arising when the SM is matched

onto a low-energy e↵ective theory below the scale mb.

Our goal in this work is to apply the methodology introduced above to the

gg ! h process, which is structurally very similar to the photon case, with the crucial

di↵erence that the external gluons carry color and are not infrared-safe asymptotic

8

3-step matching procedure:

(gluon form factor)

Leading momentum regions, each corresponding to a SCET operator:
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TEST CASE:  HIGGS PRODUCTION VIA BOTTOM-QUARK LOOPS
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TEST CASE:  HIGGS PRODUCTION VIA BOTTOM-QUARK LOOPS
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▸ Convolution integrals in the second and third term are endpoint divergent 
for  and  

▸ Exact D-dimensional refactorization conditions ensure that the integrands 
of these terms are identical in the singular regions (to all orders)

z → 0 ℓ± → ∞
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Refactorization-based subtraction (RBS) scheme:
[Liu, MN (2019, 2020); Liu, Mecaj, MN, Wang (2021); Liu, MN, Schnubel, Wang (2022)]

24

TEST CASE:  HIGGS PRODUCTION VIA BOTTOM-QUARK LOOPS

▸ Provides basis for systematic resummations of large double (and single) 
logarithms  with  

▸ Recently, first application of the RFB scheme to exclusive B decays 

▸ Good prospects for controlling power corrections to QCD factorization!

∼ αn
s ln2n−k(−M2

h /m2
b) k ≥ 0

Fgg(µ) =
h
H1(µ)��H1(µ)

i
S1(µ) + 2

Z 1

0

dz

z

⇣
H2(z, µ)S2(z, µ)� [[H2(z, µ)]] [[S2(z, µ)]]

⌘
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+ lim
�!�1

H3(µ)

Z �Mh
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[Cornella, König, MN (2022); Hurth, Szafron (2023); see talk by C. Cornella]
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SUMMARY

▸ KM discovery has initiated an extremely fruitful 
era of precision flavor physics in quark sector 

▸ Many beautiful measurements, accompanied 
by remarkable accomplishments in theory

2008 Nobel Prize in Physics for the discovery of the origin of the 
broken symmetry which predicts the existence of at least three 

families of quarks in nature



End of the first and beginning of the 
second epistle of Peter (facsimile from the 

Gutenberg Bible, hand-colored)


