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Laplace’s equations for the Magnetostatic fields

The M agnebsat sysem  is a system only with the seady awments , which produces the time-

independent magnetic field.

We know the two of the Maxwell’s equations are as follows;
* Gauss’s law for the magnetic field V-B =0 (D)

* Ampere law in the Magnetostatic system
VXH=]; (2) 4 %H-dl=l

B u: permeability of the material
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Exercise 1

1

jﬁH g =7 H=1B — H=—B
B H Ho Uo: permeability of the air

wire f 7‘[

M’

jEH dl 1B dl 1B 2 R B—MOI
cdl=¢—B -dl=—B X 2nr = =5
Ho Uo 2mr
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Laplace’s equations for the Magnetostatic fields (cont'd)

From the Gauss’s law, we can define the vedor  poteniid A s.t.
B=VXA (3)

Substitute (3) to the Ampere law in the free space (] = 0)
VxB=0 (4)
Vx(VxA)=Vl-A)—V?A=0

By choosing the Coulomb gauge V - A = 0, the Laplace equation is derived.

72A=0  (5)
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Laplace’s equations for the Magnetostatic fields (cont'd)

Another Laplace’s equation can be derived in the free space, by defining the m agnepsoi smbr  poenid
D, s.t.

B=-Vd,  (6)

Apply Gauss’s law (1),
V-(-Vo,)=0 W V2P, =0 (7)

hence the Laplace’s equation is derived.
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Magnetostatic fields in the Accelerator

In the accelerator, we control the motion of the charged particle beam passing through the vacuum chamber

by letting the beam experiences external magnetic field.

We can solve the Laplace’s equations
V2A=0 (5)
Viod, =0 (7)

by applying boundary conditions to obtain potential fields and the magnetic fields.

Of course, two Laplace’s equations give the same solutions, however, treating the scalar potential is easier

than treating the vector potential.
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Solving the Laplace’s equation via Separation of Variables

Laplace’s equation in the fixed polar coordinate

Vid,, (r,0) =

10 od,, 1 0%d,,
ror or r2 0602

Separation of variables as ®,,(r,8) = R(r)0(6), then

T d( dR) 1d%0

Rar\"@ ) Toaez ="

The first term only includes r, and the second term only includes 6, i.e. two terms must be constant.

rd(dR\_ , d__
Rar\"ar ) =% qez”
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Solving the Laplace’s equation via Separation of Variables (cont'd)

k =n # 0 case

d*R dR

r’?—+4+r—-n’R=0 - R,(r)=A,"+B,r™ (by using the trial solution R ~ r’l)

dr? dr

d*e

57 = —n’0 -  0,(0) =C,cosnd + D, sinnd

The general solution

d,,(r,0) = Z (A,r™ + B,r™)(C,, cosnf + D, sinnd)

n=1
Boundary condition: ®,,is'0'atr =0 —> B, =0 (k>1)

(00]

d, (r,0) = Z r™(a, cosnf + b, sinnd)

n=1

(11)

an = AnCy, by = AyDy
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Solving the Laplace’s equation via Separation of Variables (cont'd)

Let the eigenmode of the Laplace’s equation

Cbgf)(r, 0) = r™"(a, cosnb + b, sinnf) (12)

The m agnet is a magnetic system consists of a single eigenmode

« Thenommal 2n-pole magnetis represented by a,, = 0 : o (r,0) = b,r" sinnb

m,nom al

* The skaw 2n-pole magnetis represented by b,, = 0 : o (r,0) = a,r™ cosnb

m,skew
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(17)
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Vector potential in the Frenet-Serret coordinate

The motion of a particle in the accelerator is described in the Frenet-Serret coordinate (x, y, s), thereby we
need to solve the Laplace’s equations in the Frenet-Serret coordinate.

* The Hamiltonian of a charged particle in the Frenet-Serret coordinate
y

4

»

Trajectory

(p; — q45)?
h?

+ m?c? + qV (x,y, 2)

H= c](px —qA)% + (py — qu) +
Ideal orbit

where hy = 1 +—— : scaling factor

p()

* Expansion of the curl operator in the Frenet-Serret coordinate

(8)

11

_ 1 d(hsAs) B dA, - 1104, d(hsAy) §+ 0Ay dA, R
0s hg| Os dy
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Magnetostatic fields in the Frenet-Serret coordinate (cont'd)

* In the previous expansion of curl operator (8), we only considered the transverse rotation around the

center, i.e. did not consider the vertical torsion of the coordinate.

We only consider the transverse magnetic field, which means

* Laplace’s equation for the magnetostatic scalar potential reduces to two-dimensional boundary problem of

x and y.

* The vector potential only has the longitudinal component, i.e. Ay = A, = 0 or A = (0,0, 4;). Then, (8) can

be reduced as

X
le a(hSAS)_aAy §+l an_a(hsAs) G+ an_aAy S hy=1+2
he| oy Os he| Os Ox ox  dy P
dA 1 d(hA
B, = s By=——(SS) B, =0 9)

hy ox '

12
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Magnetostatic fields in the Frenet-Serret coordinate (cont'd)

A, 1 9(hAy)

B , =_—__-5 B
* 7~ Ty Y7 T hy ox s

Il
o

9

As p — oo, the scaling factor hy = 1 + % — 1 and the above equations (9) reduces as

B, = B,=——2>, B;=0  (10)

which are same with the definition of curl operator in the Cartesian coordinate.

This coincides with the fact that the Frenet-Serret coordinate can be approximated to the Cartesian

coordinateas p — oo.

13
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Normal dipole magnet (n = 1) S= +¢’ol\ N
~._ parallel
__I_ Eo‘l'{“}’k'{'" , iron poles
 Magnetostatic scalar potential : From (16 h /
5 P (16) LB . From. Wille

®,,, = byrsind = byy = —B,y ¢=_¢01/ S ‘

* Magnetic field
B=-V®b,, =—-by =B,y

TN NN
iron yoke N\ \ Reed §
R\ \ coil
n-l:: H,

N\

From. Wille

From. Wikipedia
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Normal dipole magnet (n = 1) (cont'd)

Calculation of the characteristic value B,

* Boundary condition : pge Hpe = poHy, while u, = %~5000 > 1
0
TS N
iron yoke % \ p,»l\i ) * Ampere’s law
B Hdl:Hoh‘l'HFelFezHothI
AN
n-1_
™ H"l \h * magnetic field strength
N\
\HE, by uoN1I
offo = ——

& o= H

15
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Normal dipole magnet (n = 1) (cont'd)

In the uniform magnetic field, a charged particle moves in a uniform circular motion due to the Lorentz force

2
%
|F| = quoB, = Mm% ) vo: velocity of the ideal particle
v
v pBy = yn; 0= % (19) : magnetic rigidity
» Vector potential
From (9),
0A
B, = ays =
1 9(hedy) _

16
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Normal dipole magnet (n = 1) (cont'd)

Assume h A; = a + bx + cx?, then the last equation becomes

By By
b+2(x=—hsBO=—BO—?x =2 b = —B,, c=—5

p B, < +x2>
Lo c+ X
’ 1+% 2p

Note thathy = 1 + % is a function of x, since p # oo from (19)

e Asp — o, A; ® —Byx : the vector potential at Cartesian coordinate, satisfying (10).

04s 04s
By=—"=0, By=-—==B8,

Pohang Accelerator Laboratory

17



ISBA23

Normal quadrupole magnet (n = 2) (cont'd)

iron yoke

From. Wille

Pohang Accelerator Laboratory

From. TRIUMF
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Normal quadrupole magnet (n = 2)

Magnetostatic scalar potential

®,, = b,7r?sin 20 = b,r*(2sin 6 cos ) = 2b,(rsin0)(r cos 0) = 2b,xy = —gxy

Magnetic field
B=-Vd,, =— X———9V = —2b,yX — 2b,xy = gyX+ gxy = B,X+ B,y
0x dy
= —2b,r(sinf X+ cosO§) = By, (sinf X + cos 0 §) Bym = —2b,r

Magnetic field gradient

=—2b, wmp Dy =2bxy =—gxy

Q
Il
St

19
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Normal quadrupole magnet (n = 2) (cont'd)

* Characteristic value on x —axis (6 = 0)
0Byn 0B,

B=B,,(sin0X+cosf0§) =By, §=B,§y - g= 3 = = —2b,
e Characteristic value on y —axis (9 = g)
0B 0B
B=B,,(sin0k+cosfy)=B,,X=B,X - g= a:mzayxz—sz
y.
Yi iron yoke
- Xy
0 F=qgvxB=gq|0 0 —v|l=qgxg—qgyy
"""""""" o - » B, B, 0
D =+D

if ¢ < 0, focusing on x —direction,

defocusing on y —direction
hyperbolic .

le surf: =—-——
pole surface y o L 20
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Calculation of the Magnetic field gradient (n = 2) (cont'd)

YA
integration path .
coil
nd
r°-yv -~ N
.~ b A 7
&
bore radius — | : c
\ d N .- |
\ a 7 X

Ampere’slaw fora - b - c - a

b [ a
fﬂ-dl:j H, - dl + jHFe-dl +j H-dl =NI
a b c

N ———— N e’
=0 =0

(wnhsle the fon yoke) («HLdD

1 (b b
. H-dl=— | B-dl=NI B-dl = u,NI
f .an » .[a HO
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Calculation of the Magnetic field gradient (n = 2) (cont'd)

To calculate the last integral, apply Ampere’s law again fora - b - d — a

b d a
jLB-dlsz-dl+f Bydy+f3xdx=o
a b d

b a d d b Rcos% Rsh%
- jB-dl=—j Bxdx—JBydy=jBxdx+jBydy=j B, dx+f B, z dy
a b a y=0 0

d d 0 X=R G)Sﬁ

X=R s >

R(DSﬁ RS’IE
. f B, dx +f B, - @y = puoNI (21)
0 0

22
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Normal quadrupole magnet (n = 2) (cont'd) B =gyX+gxy = BX+ B,y

* Magnetic field gradient of the quadrupole magnet

Apply (21) withn = 2,

R(DS% Rsnﬁ iR iR
V2 V2
,uONI=j B, dx+f By| 7Tdy=j gy| dx+j gx| 1 dy
0 y=0 0 X=R s 5> 0 y=0 0 xz\/_fR
1
1 Neih
=0+ g—=R dy = - gR?
g\/i ) y 29
_ 2pgNI

23
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Normal quadrupole magnet (n = 2) (cont'd)
» Vector potential

The quadrupole magnet, there is no bending component, so p = o (or hg = 1).

Therefore, the Frenet-Serret coordinate is approximated to the Cartesian coordinate, so the magnetic field and

the vector potential has the relation (10)

dA, dA,
Bx:E’ By=—ax, Bs=0 (10)
. dAg dAg
Guessing A, = ax? + by?, then B, = ol 2by =gy, By =——=*=—2ax =gx -~ a= —g,b =§
1

A= _Eg(xz _yz)

24
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Normal sextupole magnet (n = 3) (cont'd)

From. Wille

Pohang Accelerator Laboratory

From. ESRF

25
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Normal sextupole magnet (n = 3)
* Magnetostatic scalar potential
@, = b3r3sin360 = b3r3(—4sin30 + 3sin@) = —4b;r3sin3 @ + 3b3r3sin@ = —4b3y3 + 3b37r%rsin O
= —4b3y® + 3b3(x* + y*)y = 3b3x*y — b3y*

* Magnetic field

dd dd
B=-Vd,, = — axmﬁ — aymfr = —6byxyR — 3b3(x? —y2)§ = —3b37r?(sin20 R + cos 20 ¥)

= By, (sin20 X + cos 20 §)

« Magnetic 2" field gradient : g’

0Bam

B 0g  0°Bam
9= "%

or  or?

1
= —6b, Wp P, = —gg’(3x2y - y3)

= —6b31, g'

1
B=BX+B,§=gxy&+ Eg’(x2 —y2)y
26
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Normal sextupole magnet (n = 3) (cont'd)

* Characteristic value of the sextupole magnet

Apply (21) withn = 3,

s
R(I)Sﬁ

NI = j
0

1
= —_gR3
69

!/

. g

Bx|y=0dx +j0

6N I

Pohang Accelerator Laboratory
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Normal sextupole magnet (n = 3) (cont'd)

* Vector potential
Guessing A, = ax3 + bx y? and using the relation (10)

B_aAS 5 0A, 5 — 0
* " gy YT o’ s

Comparing with B = g'xy % + %g’(xz — y2)y gives a = —‘%, b= %

1
wAs=—29'0¢ = 3xy%)

(10)

Pohang Accelerator Laboratory
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Summary

In general, magnetic field can be Taylor expanded in any magnetic system, e.g. on the x-axis,

0B 1 0%B 1 03B
— i Y 24~ Y 34 ...
By(x,O)—By|y=O+ ox | TR TR Xt
y=0 y=0 y=0
Byt gxtog'xt b og'xt+
=B tgx+5g9x"+-gx
. 1 e _
Multiply;to each side, ;:EBO + Dipole strength
B =B, + S 4=l g 42l g+ k=g :Quadrupole strength
—B, =— —gx +=——g'x“+—=—g"'x> + - = —g : Quadrupole stren
p? p " p7 2p 6p p? b &
1 1 1 _& .
="tk +—mx2+—ox3+ - m = —g' : Sextupole strength
p 2! 3! p

e
0= Eg’ : Octupole strength

29
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Backup slides
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Normal octupole magnet (n = 4)
* Magnetostatic scalar potential
1
®,, = b,r*sin40 = 4b,r*(2sinf cos3 O — sinO cos §) = 4byx3y — 4b,xy3 = —gg”(x3y — xy3)

* Magnetic field

. .1, . R
B = Vo, = —4b,(3x%y — y)R — 4b, (x* — 3xy*)§ = = g" [Bx*y — y)& + (x° — 3xy*)7]
= —4b,r3(sin30 R + cos 30 §) = B, (sin30 X + cos 30 §)

* (Characteristic value

31
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Normal octupole magnet (n = 3) (cont'd)

* Characteristic value of the octupole magnet

Apply (21) with n = 4,

1 ., RCDS§ 5 3
=z f (3x%y —y )|
0
1
—_ ”R3
249

Pohang Accelerator Laboratory
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Normal octupole magnet (n = 3) (cont'd)

* Vector potential
Consider A, = %g’ (ax* + bx?y? + cy*) and using the relation (10)

B _ 4 B _ %4 B,=0 (10)
Ty y ox ' s

Comparing with B = %g’ [(Bx%y — y*)R + (x3 — 3xy?)¥] gives a = —i, b= %, c= —i

1
. — _ (a4 _ Grr2q,2 4
. Ag 29 (x* —6x°y* +y*)

Pohang Accelerator Laboratory
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