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§ Introduction 2/18

® Quark confinement is well understood based on the dual super conductor
picture where condensation of magnetic monopoles and antimonopoles
OCCUTS.

® Gluon confinement is less understood with the dual superconductor picture.
— We recall the color confinement criterion derived by Kugo and Ojima (1979).

® |If the Kugo and Ojima (KO) criterion is satisfied, all colored objects cannot
be observed.

® The KO criterion was derived only in the Lorenz gauge d#«/, = 0, and
clearly gauge dependent.

— The KO criterion is not directly applied to the other gauge fixing conditions.
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® The residual local gauge symmetry is the local gauge symmetry remaining even after
imposing the gauge fixing condition.

® This symmetry is “spontaneously broken” in the perturbative vacuum, but we can derive
the condition of the disappearance of the massless NG pole associated this breaking.

— The residual gauge symmetry is restored in the true confining vacuum of QCD.

® |[n the Lorenz gauge, KO criterion is derived as the condition of the restoration of the
residual gauge symmetry which gauge transformation function w(x) is linear in the
coordinate x. (Hata(1982))(w should satisfy 9,w(x) = 0 from 6,4, (x) = 9, w(x))

® \We can generalize the condition of the restoration of the residual gauge symmetry into
more general gauge transformation including topological configurations.
(Kondo, Fukushima(2022))

® |n the Maximal Abelian (MA) gauge, the restoration can be also achieved, and we can
understand the confinement.

— |n this talk, we consider MA gauge from the viewpoint of the momentum space and
examine the effect of the topological configuration.
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® The restoration condition of the residual gauge symmetry in the
Maximal Abelian gauge
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® [n the manifestly Lorentz covariant operator formalism on the indefinite metric
state space V, we suppose that the (nilpotent) BRST symmetry exists.

® [et Vyysbe the physical state space with a semi-positive definite metric
(phys|phys) = 0. Using BRST charge Qp,
Vphys = {|phys) € V; Qg|phys) = 0} c V. (1)

® \Ve decompose the Lie-algebra valued quantity to the diagonal Cartan part and
remaining off-diagonal part.

 The gauge field &, (x) = &}!(x)T, with the generators T, (A =1,--,N* — 1) of the
Lie algebra su(N) has the decomposition:

o, (x) = ()T, = a), COH; + AZ(OT,,
(2)

where H; are the Cartan generators and T, are the remaining generators of the Lie
algebra.
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® \We choose the Maximal Abelian (MA) gauge
(2[al4,())" = 014200 + gf ¥Pak (x)AL(x) = 0.

® Since the MA gauge does not fix the diagonal components, we further
impose the Lorenz gauge for the diagonal components

6”a{l = 0.

® The Lagrangian in the MA gauge is given as below
2 = ZLiny + L Gr+Fp)

. 1

ginv — 4 32';;11/32'#1/14 + gmatter (lP» D/ﬂ/));
Lersre = i85 {C* (2*[alA, +2B) |~ 8, {c‘j (9%a, + gb)]}.

(3)

(4)
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® Ve consider the local gauge transformation with the Lie algebra valued
transformation function w(x)
6o, (x) = D,w(x) = d,w(x) + g, (x) X w(x),
§°p(x) =igwx)p(x), §°%B(x) = g#(x) X w(x),
5C€(x) = g€ (x) X w(x), Y€ (x) = g€ (x) X w(x). (6)
Since this is residual symmetry, w’(x) should satisfy the Laplace equation.

® We can calculate the Noether current .#¢ associated with (6) and the
divergence of this current is equal to the transformation of the Lagrangian
density under the transformation (6)
GH/ZL) — 5(‘)3 — 5®ZGF+F
= 1850,/ 0*w! + i650M(2,[H]1%)" w? + i65(2,[#]1%) "0  (7)

— The local gauge current .#% is conserved in the physical state space.
((7) is BRST transformation &5 exact)(Kondo, Fukushima(2022))
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Now, we focus on Abelian (diagonal) part.
The restoration condition of the residual symmetry is written as the condition of the

disappearance of the massless pole. In a sector of the field ®*(y) = CDfl(yl) ---d)f;"(yn), we focus
on the following Ward-Takahashi (WT) identity

0= llmlJdee‘pxawa(X)q’f(y))

p-0

= lim ) ePYa <c1>f1 (yy) -+ 69D (y,) - Dim (yn)> + 1 f dP xe*(3]5 ()P (y)).

-0
e (8)
Using (8gF) = 0 and Schwinger-Dyson equation [ du SQ(x)e"SF =0, we get from (7):
(0715 (1)) = —0%aI () (85 (8,67 () (1)) = —0H 0 (1)(0, ()85 (V)
=00 [axax (076 (0850 () + (g — 2h3%) (0761 (008507 )]
= a0 2 2 5,00 ) (9)

n

lim " e (@01 (yy) - 59D L () - LM () + j 4P xe P it (x) 2
p—)
a=1

x

)
92 \6¢t (x)

Op CD{)()’)

(10)
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® n gauge field sector: d(y) = aﬁi(yl) aﬁz(yn)

- | 0X9x
0 = lim z J dPx eP* gt wta(x) (gupa — £ Zp“> 5P (x —y,)
p—0 ax
a=1
£ ’ga— 1,”a f”fl
X <ap1 1) - a2 (Ya-1) @, Varr) = ayh (yn)> (11)

® n quark-antiquark pair: ®(y) = Y1) - Y)Y (z1) - P(zy)

0= Zl)i_r)r(l)dz:lj dP x eP* (a)j(x) + 0*w’ (x) g—g) (6P (x — yo) — 6P (x — 2x) (D)

(12)
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The momentum representation
of the topological configuration
® [n order to examine the effect of the topological configuration to the

restoration of the residual symmetry, in SU(2), we consider following
topological configuration with one defect, where Q corresponds to

topological Charge

Bﬂa)j(x) = n‘”’ h(xz) (Qxgt j=3 wv=12--,D) (13)

® If h(x?) =1, (13) include
D = 2:Abrikosov-Nielsen-Olesen vortex,
D = 3:Wu-Yang monopole,
D = 4:Alfaro-Fubini-Furlan meron.
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The divergence of the action(UV divergence)

® When h(x?) = 1, topological configuration (13) results in a divergent
Euclid action Sz as x — 0.

— |n order for such configurations to contribute to the path integral,
h(x?) - 0 moderately as x = 0
e_SE > O & SE < 00 (14)

® To obtain the finite Sg, h(z*) A
h(x?) must approaches 0
of order r?9(6 > 1/4) inr « 1
and it must approach 1 rapidly inr > 1.
(D = 2: Kondo(2018),
D = 3: Nishino et al. (2018))
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® For simplicity, in SU(2), we focus on one gauge field sector ®(y) = a/{(y)

d,0
[ == lim | dPx e®P&*=Y)glwl(x) <9u 62/1> 5P (x — ).

p—0

(15)
® |n our previous paper(Kondo, Fukushima(2022)), we put h(x?) = 1 and demonstrated the
restoration of the residual symmetry is satisfied I, = 0 in the MA gauge.

® Using Fourier transformation
a;“wf(q) = dix !9, wl (x),

we obtain

dPk
[; = lim

| - ke k;
p~0 ) (2m)P e P79 9,07 (p — k) (gup B ﬂ—)

k2

® From translationally invariance, vve Can puty =0
k,ka

_zloll%j Gmp e’ @ k) (gﬂp K2 )




§ General discussion of the restoration condition 13/18

Two region
® Weputg:=p-—k

0,0 (q) = | dx 0,07 (), [ = ] j W)
pw’(q) = [ d”x e 0w/ (x), [ = lim (n)D 0u0’ (@) | Gur =17

® We fixp « 1.

1
@ r=(x*)z2K1l=2>g>»1=>k>»1

— UV region (of k)

® r>1=gKLK1l=>k=p->0

— |R region (of k)
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When h(x?) =1, Fourier transformation of the topological Congigulr)ation (13) is given by

— g . . qV . U
d,w’(q) =iQCnn/* , C, = 2P 17T2F<—).
Lww! (q) =1QCpn PIE D > 18)
In r « 1, we multipled r29(§ > 1/4).
In g > 1, it corresponds to dividing d,w(q) of (18) by q?°
Ou! (@)~1QCon™ —Fs (6> 1/4) (18)

We discuss the restoration of the residual symmetry by using this d,w.

b Hu
a=-i0(5+)

2
F(§+6+1)F(§—6+1)

D .
r@ra-o)r(3)r(2) limyonl p¥ (p2) 8 (19)

In this case, we can take the limit p - 0in the integrand of the k when we estimate the
contribution from the UV region k > kpie.p K k

ek T
L = | =i DD i pY 55
26(4m)2T (7 + 1) R

(19")
8 play the role of avoiding the UV divergence (6§ > 1/4).
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® Since g < 1 correspondstor > 1,8 - 0.
® \Ve cannot avoid IR divergence when the configuration has only one defect.

— We introduce the topologlcal configuration with the multiple pairs of defect.

0 w](x) — ZQS n'uv ) .g((x_xs)z) (Qs OCg_l, J=3, wv

— x?

® \\Vhen topological defects are
sufficiently separated,
the IR region of one defect®
corresponds to the UV region
of another defect®.

— |R divergence can be eliminated.
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® [n D = 3, we consider the topological configuration consisted of the
multiple monopole.

— Magnetic monopole plasma cause the Debye screening.
(Polyakov(1977))

— The gauge field becomes massive.

® This corresponds to the origin of the appearance of the dimensional
scale M~1 = R of h(x?). (D = 4:Callan-Dashen-Gross(1978))

® [f we introduce a topological configuration with multiple defects,
these results are consistent with the confinement picture where the
vacuum condensation of topological defects lead to confinement.
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® \We performed a detailed calculation of the residual symmetry restoration
conditions for the one gauge field sector from viewpoint of momentum space.

® The topological configurations we have dealt with so far yield the divergence of
the restoration condition which is independent of dimensions and momentum.

® T[he condition of the residual symmetry restoration has the IR divergence and the
UV divergence.

® The UV divergence corresponds to the divergence of the Euclid action and It was
speculated that this could be avoided by correcting the topological configuration
to contribute to path integrals.

® \When multiple pairs of topological defects are introduced (sufficiently separated),
the IR region of one defect corresponds to the UV region of another defect and we
can avoid the IR divergence.

® These are consistent with the idea that confinement occurs due to vacuum
condensation.
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Future perspective

® To give the complete discussion for confinement, it is necessary to
consider interactions among various fields, including different kinds of
fields such as the ghost and gauge field.

® A physical picture of symmetry restoration due to topological
configurations contributing to the path integral is provided. Therefore,
based on this picture, it is necessary to discuss the condensation of
topological defects in arbitrary dimensions.



