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Introduction

Flavor structure

The quark and lepton mixing matrices have been obtained with good
accuracy by various experiments.

— The origin of these structures remains a mystery.

We can explain flavor structure by introducing flavor symmetries,
which are A4, S,, ..., into the Standard Model.

-

However we do not know the origin of the flavor symmetries such as
non—abelian discrete symmetries.

2023/11/29 KEK-TH 2023




Introduction

Discrete symmetries and extra dimensional spaces

The Kaluza—Klein reduction of 6D Majorana—Weyl spinor A (6D Super
Yan—Mills theory on T?) is given by

Ax,z) = z an(X) 03y l/)n(z) )

The Yukawa couplings of chiral zero—modes are obtained by integral
of three wavefunctions:

VAR = [ a2z @Mz, oyBIM (2 1) (¢&,|M|+IM’I(Z, T))*_
TZ
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Introduction

Yukawa couplings are known to be described by wave functions in
compact spaces.

— The origin of the discrete symmetry could be described by
modular symmetry arising from compact spaces.

The complex structure moduli T Yukawa coupling

that determine the geometry of Yijk(T) —
the torus have SL(2,7Z) symmetry.

wave functions

We discuss the unification of flavor, modular and CP symmetries
in Type IIB chiral 4D flux vacua.
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Introduction

e Eclectic flavor symmetry

A hybrid picture where the traditional flavor group, the finite modular

group and CP are combined to a generalized flavor group
Nilles, Ramos—Sanchez, Vaundrevange 2001.01736

CP Imt
K = ay(—it + it)"Y(IL); Bl
5 S P
+ ) Bi(=it + D)7t 0 (pLPL)1,; |
i Traditional Modular ><\\
Flavor Symmetry Ret

R—
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Introduction

Top—down model building motivated by string theory

This symmetry potentially incorporates a different flavor structure
for quark— and lepton—sector of the Standard Model

CP Imt |
K =ay(—it+i7t)"1(LL)4 / \ :L—
+ Y Bi(—it +iT) %0 (@LPL)q @ N
Z Traditional Modular ><\\a
Flavor Symmetry Ret

R—
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Outline

* Modular symmetry



Modular symmetry
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T? with magnetic fluxes

Zero—mode wave functions

Im(z+Q)

_ IMN\Y*
¢§"M'(Z+C,T)=(ﬁ> e M [ ] (M2 + 9, IMID),

) ( magnetic flux : M, a=0o0,..,|M-1)
S transformation
M|—1
a,|M| AL Z+( 12 4| | 1 Zm y
YEMI(z 4 ¢,7) » YEMI (- 222, - =) = (—)/Zeim/t ) 'leﬂ' (z+ ),
vty = \/IMI
T transformation Automorehy facter P
|M|_1 ~2
~ Im (z+Q) i ~
YEM(z 4+ ¢, 0) > Yz 4 T 1) = M am ) Pz 4 6,1,
£=0
= p(T)
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Metaplectic modular symmetry

Metaplectic modular group Mp(2,7Z) : I
- automorphy factor

Mp@.m) ={7=(o@.0)ly=(* P)esiem, o002 = (cr+d)]
Liu, Yao, Qu, Ding, 2007.13706

~

Mp(2,7)/Z%° = sL(2,2), §2=R,  zF ={1,R%

The principal congruence subgroup
F(N)={(Ccl Z)EF|aEd51, bECEO(mOdN)},

F4N) = {7 = @, v(¥)]12(y, D]y €T(AN)},

Cc

(v(y) = (E) : the Kronecker symbol, ¢(y,7) = 11 ,,(y, 7))

The finite metaplectic modular groups are given by ﬁw = f/f(4N).
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*Eclectic Flavor Symmetry



Eclectic Flavor Symmetry

The eclectic flavor group is a nontrivial product of a traditional flavor
group, a finite modular group and a CP-like transformation.

Define an operation for a cartesian product. (N X H)

e direct product (G = N X H)

(n,h)(n',h") = (nn', hh"), for n,n' €N, h h'eH

e semi direct product (G = N x H)

(n,h)(n’,h’") = (nhn'h~1, hh"), for n,n' €N, hh'eH

2023/11/29

By checking whether each generator is commutative or not,
we can determine what kind of group product it is.
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Eclectic Flavor Symmetry (models)

. . _ P C Z
Traditional flavor group Gaavor = Za X Z X 75 X 15

Generators {Z’, P, C’ Z} Abe, Choi, Kobayashi, Ohki 0904.2631

: — 77CP
* Generalized GP group G¢p = Z; The CP transformation

Generator : {CP} (Z) ~ ((1) —01) (fe?:i)

g
In order to discuss the action of the full modular group with the half—integral
modular weights (such as Yukawa coupling and wave function on T?)

* Finite metaplectic modular group G,odular
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Eclectic Flavor Symmetry (results)

Traditional flavor and Modular flavor
c—1 —

~ ~—1 ~
Seven CevenSeven T Zeven' SevenZevenSeven Ceven:

~ ~

T -1 _ ! 2 -1 _
TevenCevenTeven T CevenZeven (Z even) ) TevenZevenTeven _ Zeven:

The modular transformation is regarded as
the outer automorphism of the traditional flavor group.

. Gflavor A Gmodular (Semi—direct product)
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Eclectic Flavor Symmetry (results)

Traditional flavor, Modular flavor and CP

—~

@Zéven@_l — (Z(’even)_ll CPZc,)ddC’rp_1 — (Zc’)dd)_l'

—_—~ -1

C"T)S;evené\p_1 = (Seven)_l» P’i;evené\p_1 = Teven )

e —~ ~ -1

CPSoqaCP™ = (Soqa) ™", PToqaCP™ =Toqq

We can construct the outer automorphism

Ucp - GCP - AUt(Gﬂavor X Gmodular)

- (Gflavor o Gmodular) X GCP (Semi—direct product)
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Eclectic Flavor Symmetry (Z, fixed point)

Type IIB compactifications on T°/(Z, X Z',)

Background three form fluxes {ao, al, b;, bo}

=> many VEVs of complex structure (1)

The distribution of complex structure moduli
VEVs clusters at fixed points of SL(2,7Z)

modular symmetry.

0.87% :
-0.50-0.25 0.00 0.25 0.50
Ret

y . : _ —1+V3i , L
(t =i, w, i with w = ——, L3 fixed point : 7 = w) 7, - 40.3%
_ _ . The numbers of stable flux vacua
Especially, Z+ fixed point has the largest part. on the fundamental domain of

Ishiguro, Kobayashi, Otsuka 2011.09154
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Eclectic Flavor Symmetry (Z, fixed point)

Z.5 modular symmetry generated by {1, ST, (ST)*}

(ST)Ceven(ST)_l — CevenZeven(Z(,even)Z» (SNT')Zeven(S:T)_1 = Zeven

The discrete non—abelian symmetry (Geayor X Z3) X Gep remains in
the low—energy 4D effective action.




Eclectic Flavor Symmetry (Z, fixed point)

75 modular symmetry generated by {1, ST, (ST)?}
~~ ~~~—1 / ~~ ~~\—1
(ST) Ceven (ST) = CevenZeven (Zeven)z» (ST)Zeven (ST) = Zeven

The discrete non—abelian symmetry (Geayor X Z3) X Gep remains in
the low—energy 4D effective action.

The coefficient of 4D higher—dimensional operators will be described
by the product of modular forms with half—-integral modular weights.

— The eclectic flavor symmetry would control the flavor structure
of higher—dimensional operators.

2023/11/29 KEK-TH 2023 18



Outline

e Summary



Summary

By introducing flavor symmetries, which are 4,4, S,, ... and modular
flavor symmetry, into the Standard Model, we can get clues to
explain the flavor structure.

The traditional flavor, modular flavor and CP symmetries are
uniformly described in the context of eclectic flavor symmetry

(Gﬂavor X Gmodular) X GCP

A part of eclectic flavor symmetry would control the flavor structure
of 4D higher—dimensional operators. (at Z5 fixed point)
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Data

0.97435 + 0.00016  0.22500 + 0.00067 0.00369 = 0.00011

[Voxm| = | 0.22486 +0.00067 0.97349 +0.00016  0.0418213:3508% |,
0.00020 0.00083 0.000031
0.00857 g 0001a  0.041107 000072 0-99911877 (00036

particle data group (2022)

0.803 — 0.845 0.514 — 0.578 0.143 — 0.155
U |Yith SK-atm _ | () 944 — (.498 0.502 — 0.693 0.632 — 0.768
0.272 — 0.517 0.473 — 0.672 0.623 — 0.761

NUFIT 5.2 (2022)
J2/3  1/V3 0
Tri-Bi-Maximal matrix: U~| —1/vV6 1/4/3 —1/V2
-1/V6 1/V3  1/V2
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Modular symmetry

torus 7 /
- >
ex

SL(2,7) transformation two generators

()-CO0) 6 -G

p;CI;S;t;EZ; pt_q5=1 54:(ST)3:I
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T? with magnetic fluxes

The background U(1), gauge field strength F, on (T?);,

Mg

Fai néu mt : wrapping number on (T?);
2T )2
T.

n!, : units of magnetic flux on (T'?);

The number of chiral zero—modes on T° (T? X T? X T?)

3 . . .
I, = 1_[ (nhmi —nim}), (=M €eZ)
i=1



MSSM

D—brane configurations leading to left-right symmetric Minimal
Supersymmetric Standard Model (MSSM).

N, Gauge group | (n.,m ns,m2) | (nd,md
N, =6 SU(3)c (9,1) (g,—1)
Nb — % USp(Q)L (130) (07_1)
N,=2| USp?2)r (0,-1) | (1,0
Nd = Z U(l)d (971) (ga_l)

. wrapping number

on (T?);

- units of magnetic

flux on (T?);

Marchesano, Shiu hep—th/0409132

The magnetic flux g determines the generations of quark and lepton
chiral multiplets in the visible sector

2023/11/29

KEK-TH 2023
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MSSM

* Tadpole cancellation condition (D3-brane charge)

1
D3 : z N,nlnin3 + ENfluX =16,
a

 The existence of magnetized D9—branes in the hidden sector

flux
2 )

(Ql’)‘éd : D3-brane charge induced by the magnetic flux on D9-branes)

89% = —Qp¥' + 16 —

We freely change the value of QB to reveal the mutual relation

between the generation number g and the flux quanta Ng .

2023/11/29 KEK-TH 2023 26



MSSM (result)

The numbers of flux vacua as a function of the generation number

g at T =1 and T = w respectively.

We change the maximum value of QB¢ as ‘Qggd‘ = 400,1200, 2000

0.25;

0.25 :
N L. | o (T=L3
0.20 I 0.20 [
| ® . 400 * 1200 + 2000 | ® . 400 * 1200 + 2000
0015 0015
T T L.
0 o.10 @ o.10
0.055» 0-05;
g

g
The small generation number is favored in the string landscape

2023/11/29 KEK-TH 2023
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MSSM (result)

The numbers of stable flux vacua
with g = 3 generation of SR | e
quarks/leptons on the e hew
fundamental domain of .

|..1‘0 b 7% . . | 100
MSSM-like models are still peaked = * 1|
at the 7, fixed point [ |

; 1

Similar results are obtained for
Pati—Salam—like model sl el

2023/11/29 KEK-TH 2023 28



Pati-Salam-like model on T°/Z, X Z,

D—brane configuration leading to Pati—Salam—like model.

No | Gauge group | (ng,mg) | (ng.ma) | (g, my)
N,—8] U)c 0.-1) | (L1 | (1/2.1)

Ny =4 U2)r (9,1) (1,0) | (1/2,-1)
Ne=i| U®r | &) | 0.0 |21
m_il: wrapping number on (T?); 73 = 3 +1m3
ng: units of magnetic flux on (T?); oot 2T

The magnetic flux g on the first torus determines the generations of
quark and lepton chiral multiplets in the visible sector

2023/11/29
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Pati—Salam—-like model

* Tadpole cancellation conditions (D3—-brane charge)

N 1
D3 : z N,nin273 + ENﬂux =8,
a

* The existence of magnetized D9—branes in the hidden sector

flux

From this equation, one can count the number of g generation models.

2023/11/29 KEK-TH 2023 30



Pati—Salam—-like model

The numbers of models as a function of the generation

number g at T = [ and T = w respectively.

0-12f
0.10" ¢
0.08
Ke] [
50.06
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0.02:

R T

* 400 + 800

60 80

0'12,'

oooooooo

0.10 ¢
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Pati—Salam—-like model

9=3, |Q""p;5|=200 g=3, | Q") =400
The numbers of stable 100
flux vacua with g = 3 IR
generation of o 1| i"
quarks/leptons on the
fundamental domain of . | |

Rert Rer



Metaplectic modular symmetry

Metaplectic group Mp(2,7Z) : T
Mp@. 1) =17 = (o 0)ly=(% Y)estem, 0@, =+ D}
Liu, Yao, Qu, Ding, 2007.13706

The generators of Mp(2,7Z)

S (O e ()

R=282=(s%,—i) = ((‘01 _01),—1'),



T? with magnetic fluxes

S transformation

IM|-1

& |M| Lpam (_EZFS Y o Ny
YEM(z+ 1) > M( , T)—( T)“;)

T

b
/4" Ml R 4 ¢ ),
M|

JIM]

Representation matrix

iT[/4 Zﬂl@
e/ %e M|, (ply,7) = —/-7)

~ 1
p(‘s)aﬁ = _\/M



T? with magnetic fluxes

T transformation

@Mz + ¢,1
Y ¥z + (1) 1 PN
— @M (z {5t 1) = ™Mz z e‘”“(mﬂ)(gmﬁ WEMI(z 1+ ¢ 1),
£=0

Representation matrix

a
+

p(T)yz = oo 1)5a,g, (pr, 1) =1)



T? with magnetic fluxes

Redefinition of the representation matrix (S transformation)

~

B . 3|M|+1 B
p(S)aFZ_\/Lem e
|M|

(Additional factor e3MI/4 ([ o + I, . + 1., = 0))

The representation matrix p(y) satisfies following conditions.
) _ N a3 _
p(5) =p(R),  (p(S)p(T)) =p(R) =1

p(Mp(R) = p(R)p(T), ()™ =1



Metaplectic modular symmetry

The generators of [,y satisfy the following relations.
§2=R, (ST’ =R*=1, TR=RF, T =1,
For N > 1, additional relations are required to ensure the finiteness.
S TOSTAST?*ST* =1, (for N = 2),

: : (fg is the discrete group of order 768)
Representation matrix

~
~

1 in3|]vgl+1 Znila—'B in&( d

\/We Ml p(T)aﬁze W+1)5a$

(Additional factor 3 M\/4 (] , 4+ I,. + 1,4 = 0))  Almumin, Chen, Knapp—Pérez, Ramos—Sanchez,
Ratz, Shukla 2102.11286

p(g)ggﬁ = =

2023/11/29 KEK-TH 2023 37



Pati-Salam-like model on T°/Z, X Z,

7, X 7', projection
0: IIJ(ZL Zz,Zg) - 51521/)(_21: —Z3, Z3)’

0:9(21, 23, 23) = S253Y (21, =22, —73),
= sign(1};,))

The number of Zz—even and —odd zero modes

Iel;ven — (Iab + Slfl) odd - (I Sl'fl')'
(f; = 1forodd, f; = 2 for even)

Iy = (Ieven + Iédd)’

Three generations are realized in Z,—even zero mode. (|I,,| = g = 4)
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T? /7., with magnetic fluxes

The modular transformations on T#/Z, orbifold

~

3 . 3|M]| 2B i &
P(S)a~ = — ! em3 I\{LH COS< ﬂaﬁ), p(T),d~ = em a(|M|+1>5’d,B

F M| |M]|
(Z,—even mode with &, f = Aoyen)
. 1 3M+1  (2maf s i a(1)
- = — 4 ' - = M| ~ 7
p(S)a[; \/Me Sm( |M| >' ,D(T),&B € 5a,ﬁ

(Z,—odd mode with &, S8 = 0,1, ... I,4q)
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Generalized CP

The CP transformation
@)-G 2E)

The CP transformation enlarges SL(2,7Z) modular group to
GL(2,Z) ~ SL(2,7Z) x Z5* .

Conditions to be satisfied

CP% =1, (cP)scp)y~t =571, (cP)r(cPp)y~t =11

2023/11/29 KEK-TH 2023
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Flavor symmetry and Modular symmetry

Traditional flavor group (44,5, ...): F
Finite modular group (Ty, 4y, ...) ' M

When both representations act on same space -

?
o(F) p(M) YEM (2 4 ¢,7) = p(M) p(F) P EM (2 + ¢,7)

The nontrivial relation between flavor symmetry and
modular symmetry

2023/11/29 KEK-TH 2023
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Eclectic Flavor Symmetry (models)

Traditional flavor symmetry (Gaavor = Z4 X Z5 X Zg X Z%)

Z.,—even mode

0 0 1 1 0 O
p(Z' eyen) = ils, P (Peyen) = I3, P(Ceyen) =10 1 0], P(Zeven) =0 -1 0/,
0 0 1

Z.,—odd mode

p(Z' 5aa) =1, p(Poga) = —1, p(Codd) = —1, p(Zoad) = —1,
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Eclectic Flavor Symmetry (models)

Generalized CP group (Gcp = Z5)
The CP transformation of matter wavefunction on T2

YEIMI @Ml (7, 1),

Y& = o(CP,7)p(CP) z 9P M (2, 1),

with



Eclectic Flavor Symmetry (models)

Finite metaplectic modular group (G.odular = f'g)

The explicit representations of the modular group on TZ/ZZ
(M = 4)

3 1 (DY 1+ (DY i 1 0 0
p(Seven) = _E 1+1 0 —1—-1 |, p(Teven) — (O _(_1)1/4 0],
(—DV* —1—-i (D)4 0 0 1

p(godd) — (_1)3/4; p(Todd) = —(—1)1/4,



