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Definition of IKKT matrix model

• The IKKT model:

Fermionic part:

Bosonic part:

Hermitian matrices 

where
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 ↵ (↵ = 1, 2, . . . , 16)

Non-perturbative formulation 
of superstring theory

Eigenvalues of   𝐴! =  spacetime coordinates     

• Shift symmetry                                     =   Translation in SUSY
Spacetime emerges

dynamically
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The mass term as IR regulator

• To regularize: Adding the Lorentz-invariant mass term as an IR regulator.

𝜀 gives convergence 
factor

• Euclidean model:

Hatakeyama et al. [2201.13200]

𝛾 < 0 𝜖 → −0 Re( )𝑆") > 0 Euclidean model
𝛾 > 0 𝜖 → +0 Re( )𝑆") < 0 Not Euclidean model (because action is unbounded)
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dAeiSbPfM(A)• Lorentzian model is not absolutely convergent.  

Pfaffian: real 
polynomial in 𝐴!



• There are non-trivial solutions 𝐴! ≠ 0
with expanding behaviour at  𝛾 > 0. 

Classical solutions with expanding behaviour

• Classical equation of motion:
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“classical limit”

No such solutions at 𝛾 < 0 Steinecker 
[1709.10480] 
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Configurations 𝐴! with 𝐴" = 𝐴# ≠ 0
and 𝐴$%"& = 0 gives Pf(M) = 0. ⇒ suppressed

Krauth-Nicolai-Nishimura [hep-th/9803117] 

Nishimura-Vernizzi [hep-th/0003223] 

Hatakeyama-Matsumoto-Nishimura-
Tsuchiya-Yosprakob [1911.08132]

• 3D space are expected with fermions.

Bosonic model with mass term



Complete set of classical solutions
𝛾 > 0 𝛾 < 0

Trivial:
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Aµ = 0

Pauli:

squashed Pauli:

Trivial:
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Aµ = 0Non-trivial
solutions
𝐴! ≠ 0

Non-trivial solutions represent
lower-dimensional “space”.Other solutions are irrelevant.
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SU(2)⇥ SO(D � 1, 1) ! SO(2)⇥ SO(D � 3, 1)

D-dim bosonic  model 
at N=2
(“D” is not restricted 
by SUSY)

3 extended
spatial directions

2 extended
spatial directions



Definition

Saddle points

Divergence/
Convergence

Non-compact Lorentz group

• Non-trivial solutions have flat directions ⇒ Infinitely many equivalent configurations.
symmetry breaking
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SO(D) model
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SO(D-1,1) model

Sphere Hyperboloid



The emergence of 3D space

• “The most diverging partition function =  The most dominant configuration”

Solutions Trivial Pauli-matrix squashed Pauli-matrix

Z finite

Results at large D
(non-perturbative in 𝛾)

• As  𝜀 → 0,  only Pauli solution contributes   =   emerging 3D “space” at N=2.

• This is true for any  𝛾 > 0.

Numerical results at D=10

(N. Yamamori’s talk)
(A. Tripathi’s talk)
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Phase diagram at N=2
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<latexit sha1_base64="CGbCTq93NcPDtJ0pF+z6qtoKxx8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKevBYwX5AG8pmu2mXbjZxdyKE0j/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl3321laXlldWy9sFDe3tnd2S3v7DROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8GbiN5+4NiJWD5gl3I9oX4lQMIpWat1edYQKMeuWym7FnYIsEi8nZchR65a+Or2YpRFXyCQ1pu25CfojqlEwycfFTmp4QtmQ9nnbUkUjbvzR9N4xObZKj4SxtqWQTNXfEyMaGZNFge2MKA7MvDcR//PaKYaX/kioJEWu2GxRmEqCMZk8T3pCc4Yys4QyLeythA2opgxtREUbgjf/8iJpnFa884p3f1auXudxFOAQjuAEPLiAKtxBDerAQMIzvMKb8+i8OO/Ox6x1yclnDuAPnM8f1OKP1w==</latexit>

D = 1

<latexit sha1_base64="Y2RvgPOdDK25aLj/aCXb5Frd9Fo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBU0lE1ItQ9OKxgv2AJpTJZtsu3d2E3U2hhP4TLx4U8eo/8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/4B4etXSSKUKbJOGJ6kSgKWeSNg0znHZSRUFEnLaj0f3Mb4+p0iyRT2aS0lDAQLI+I2Cs1HPdwDAe0zwYgBAwvfV6btWreXPgVeIXpIoKNHruVxAnJBNUGsJB667vpSbMQRlGOJ1WgkzTFMgIBrRrqQRBdZjPL5/iM6vEuJ8oW9Lgufp7Igeh9UREtlOAGeplbyb+53Uz078JcybTzFBJFov6GccmwbMYcMwUJYZPLAGimL0VkyEoIMaGVbEh+Msvr5LWRc2/qvmPl9X6XRFHGZ2gU3SOfHSN6ugBNVATETRGz+gVvTm58+K8Ox+L1pJTzByjP3A+fwBpp5OD</latexit>

�̃ = 0
<latexit sha1_base64="CGbCTq93NcPDtJ0pF+z6qtoKxx8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKevBYwX5AG8pmu2mXbjZxdyKE0j/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl3321laXlldWy9sFDe3tnd2S3v7DROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8GbiN5+4NiJWD5gl3I9oX4lQMIpWat1edYQKMeuWym7FnYIsEi8nZchR65a+Or2YpRFXyCQ1pu25CfojqlEwycfFTmp4QtmQ9nnbUkUjbvzR9N4xObZKj4SxtqWQTNXfEyMaGZNFge2MKA7MvDcR//PaKYaX/kioJEWu2GxRmEqCMZk8T3pCc4Yys4QyLeythA2opgxtREUbgjf/8iJpnFa884p3f1auXudxFOAQjuAEPLiAKtxBDerAQMIzvMKb8+i8OO/Ox6x1yclnDuAPnM8f1OKP1w==</latexit>

D = 1

SO(D) model SO(D-1,1) model

<latexit sha1_base64="7lsK4Ktdf8YbYA90bsra87WjYIA="></latexit>

D

<latexit sha1_base64="CGbCTq93NcPDtJ0pF+z6qtoKxx8=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKevBYwX5AG8pmu2mXbjZxdyKE0j/hxYMiXv073vw3btsctPXBwOO9GWbmBYkUBl3321laXlldWy9sFDe3tnd2S3v7DROnmvE6i2WsWwE1XArF6yhQ8laiOY0CyZvB8GbiN5+4NiJWD5gl3I9oX4lQMIpWat1edYQKMeuWym7FnYIsEi8nZchR65a+Or2YpRFXyCQ1pu25CfojqlEwycfFTmp4QtmQ9nnbUkUjbvzR9N4xObZKj4SxtqWQTNXfEyMaGZNFge2MKA7MvDcR//PaKYaX/kioJEWu2GxRmEqCMZk8T3pCc4Yys4QyLeythA2opgxtREUbgjf/8iJpnFa884p3f1auXudxFOAQjuAEPLiAKtxBDerAQMIzvMKb8+i8OO/Ox6x1yclnDuAPnM8f1OKP1w==</latexit>

D = 1

<latexit sha1_base64="7lsK4Ktdf8YbYA90bsra87WjYIA="></latexit>

D

<latexit sha1_base64="HWMzaTVbR/wq+UyyZJ7TH5ashJA="></latexit>�1<latexit sha1_base64="HWMzaTVbR/wq+UyyZJ7TH5ashJA="></latexit>�1

They are   
different

<latexit sha1_base64="ezOtTImyOHi/HfwbiIxsgOgGIc4="></latexit>

Z ⇠ eiSE
<latexit sha1_base64="KMXopbHu+6QugrSKc1K8sw7EE+U="></latexit>

A0 ! iAD

compact symmetry
⇒ finite

Emergence 
of real 
space



Summary

• We exhaust all classical solutions at N=2.

𝛾 < 0 𝛾 > 0

Trivial solution

Trivial solution
Pauli solution

squashed Pauli solution

• Non-trivial solutions representing lower-dimensional “space” appear only at γ > 0.

• Pauli solution dominating at γ > 0 at N=2 may be regarded as the emergence of 3D 

real “space”.

• At larger N, there are more non-trivial solutions   ⇒ (3+1)D spacetime?



Backup



Non-compactness of Lorentz symmetry

• Consider SO(D-1,1)-symmetric model

saddles satisfy 
<latexit sha1_base64="sbAiL+lws2wLqAF9Pm5+P5QJLWw="></latexit>

�x2
0 + x2

1 + · · ·+ x2
D�1 � 1 = 0 Hyperboloid

<latexit sha1_base64="MeJ6EzOnUVxmvCGwgporoR9QHAI="></latexit>

Z =

Z
dk

2⇡

Z
dDx e

ik(�x2
0+x2

1+···+x2
D�1�1) =

1

2
volHD�1 = 1

space of 𝑥!
set of saddles ~
hyperboloid

related by 
Lorentz transf.

• This is how Lorentzian model can be 
associated with divergent partition function 
for non-trivial solutions.


