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Symmetry and Anomaly |

 Classical Theory : Symmetry Conservation low (Noether Theorem)

« Quantum Theory : The conservation low may be broken (Anomaly).
» Focus on the Partition function,

Z[A] = / [D(field)] e5lfietd:Al

> How to distinguish the anomaly : Whether the 7 is under a transformation
Z

— Z'[A+00] = / [D(field)] eSlfield A+

N——

't Hooft anomaly \ -~ v

eA[Q,A] /[D(ﬁeld)] 6S[ﬁeld,A] .
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Symmetry and Anomaly |l

> We can predict the low energy dynamics of the gauge theory.
% Gauge theory : A theory which describes the Standard Model of particles

v e.g., we decided the theory for the strong interaction is the SU(3) gauge theory
because the theory and the experiment are well matched.

Particle Theory Particle Experiment

Predict
https://www.icepp.s.u-
tokyo.ac.jp/information
‘ /20220426.html
High Low
Energy
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Recent Developments in Anomalies

 Recently, Gaiotto et al. has extended the concept of symmetry. : Higher Form Symmetry
(Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148[hep-th])
> By anomalies with higher form (and discrete) symmetries, the low energy dynamics of gauge
theories has been discussed. (Gaiotto, Kapustin, Komargodski, Seiberg, arXiv:1703.00501[hep-th])

> Many new anomalies have been discovered and related studies has been done.
v' Yamaguchi, arXiv:1811.09390[hep-th]
v Hidaka, Hirono, Nitta, Tanizaki, Yokokura, arXiv:1903.06389[hep-th]
v Honda, Tanizaki, arXiv:2009.10183[hep-th]
v etc.

Lattice Gauge Theory

wMotivation : Understand these anomalies
in the lattice field theory where we treat TG U U
the regularization well.




Anomaly of the SU(N) gauge theory with 8 term

« The SU(N) gauge theory with the 6 term has the time reversal (T) symmetry at 8 = r.

Z :/Da eSlal = /Da eSsumnlalgioQlal -0 ¢ 7

y — | Da GSSU(N)[CL]GW(—Q[G]) — Da BSSU(N)[UJ]GW(‘FQ[G]) €—i27TQ[a] — 7
N——
=1
« Then, we construct the SU(N) gauge theory with the higher form symmetry (Zy 1-form gauge
symmetry). This means we couple Zy 2-form gauge field to the theory.

> The topological charge (TC) becomes fractional, so it is not invariant under the

O=m, T trans.

Important!! e~i2mQ £ 1

» This theory at 8 = w has the mixed anomaly between the Zy 1-form gauge and T symmetry.



Topological Charge on the Lattice

« How to calculate the topological charge Q,

Q= —247T2 Z Z 5W00/ A3z tr (9 v Un ) (U, 8 »Un, M)(’U,;L(%Un#)}

n Ww,V,p,0 f(n,p)
87‘(‘2 Z Z Epvpo /(n ) d2£CtI‘ (’Un Ma Un, ,1u)<vfr:i;l,1/aavn—ﬂ,l/)} .
n Ww,V,p,o

Admissibility condition

> v, ,(x) is the gauge translation function (transition function).

« On the lattice, topological values are ill-defined. |1—-Uy,(n)| < 5.—‘

> Restricting the size of plaquette (Admissibility condition), Lischer constructed
integral TC on the lattice (Lischer, Commun. Math. Phys. 85 (1982)).

» We aim to construct the TC on the SU(N) lattice by extended the Liuscher’s
topological charge.

v ltou, arXiv:1811.05708[hep-th]
v' Anosova, Gattringer, Goschl, Sulejmanpasic, Torek, arXiv:1912.11685 [hep-lat]




Fiber Bundle

« The fiber bundle describes the gauge theory.

» Covering a manifold M by patches U;, each patch has the gauge field a; and the
matter field ¢; with the irreducible representation p.

- Gauge fields at U;; = U; n U; are * At U, = U;nU; n Uy, the cocycle condition
connected by the gauge transformation is satisfied,
function g;;.

—1

o oinans — 1.
':gw a;Gij — tYij 1dgz‘j> Jig 9k Iki

= p(9i; ") ¢i-
U
: 0 : v
- v
transition function g;; Uik
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Fiber Bundle on the Lattice

« The manifold is divided by hyper cubes c(n).
e e.g.,in the 3d,

NN
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/////;///////;
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Correspond to patch U;
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z % - “ Interpolate from cite n
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Transition Function for Fractional TC

« Coupling Zy 2-form field to the theory, the structure of fiber bundle becomes rich.

6"_’3’“(n)ﬁnﬂ/(n){)n,u(n)_lﬁn—ﬂ,u(n)_l — 62]7\? B“’V(n_ﬂ_ﬁ)]l.

« We find that the Z, 1-form gauge invariance plays the center role.

> Admissibility condition » Components of transition function
11— O (n)]| < <. = W
qu (n) — e~ 2% Buu(n) .. £y

X U(n, p)U(n + o, v)U (n 4 0, ) = U (n,0)
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Fractional TC

« By the Zy 1-form invariant transition function, we calculate TC,
2y = Z B, mod IV,
pE(T?)pv
1 1 L €pvpo2uvZpo

—— | ZPyB,)mod 1 e —
N |, TPy mod L€ 5=

Qtop — —+ Z,

Py(B,) = B,UB, + B, U; dB, .

* In the U(1) lattice gauge theory, we make sure that (cf. Abe, Morikawa, Suzuki, arXiv:2210.12967[hep-th])

:  (E N
53 O 2 CworFw () Fp(ntii+0) € 57 +7.

neA p,v,p,0

Qtop —



Anomaly |

« Again, the action on the lattice is
S[Ula Bp] = _SW [Ulv Bp] + ie@top[Ub Bp]

« The topological charge is

1 1
Qtop —

- —P5(By) + Z = frac|B,) + int|U;, By).
N S 2

< Manifestly invariant under the Z, one-form gauge transformation

»We discuss the anomaly at 8 = m between the Zy 1-form gauge and 6 shift.



Anomaly |l

« At 6 = &, the partition function is, under T transformation,

/DU e S[U;,B /DU e—SW[Uz ] ZQQtop[Ul p]

\ -

y /DU[ —Sw[Ui,Bp] z7T( Qtop|U1,B )_/DU e—SW[Ul, »] sztop[Ul ] —i27Qyop U1, Bp]

0=r, 0 shift.
6—1271'1nt[Ul Bp] —i2mfrac[Byp]

_ e—i27rfrac[Bp]/DUl e~ SwIULBy] imQuen Ut Byl L 71 )

g

"~

=Z

« This means that there is the anomaly at 6 = m between the Zy 1-form gauge and 6 shift.



Conclusion and Future Work

v Conclusion
« We construct the fractional topological charge on the SU(N) lattice gauge theory.

« By this topological charge, we construct the anomaly at 8 = 7w between the Z, 1-
form gauge and 0 shift on the lattice.

s Future work

« Construct the magnetic operator under the admissibility condition on the lattice
v’ cf. Abe, Morikawa, Onoda, Suzuki, Tanizaki, arXiv:2304.14815 [hep-lat]
v Talk by Onoda (today, 14:30~)

« Construct non-invertible symmetries on the lattice



J(1) Part



Fiber Bundle and Fractional Topological Charge

 We construct the fiber bundle which makes the topological charge fractional.
('t Hooft, Nucl. Phys. B 153 (1979), van Baal, Commun. Math. Phys. 85 (1982))

271
cocycle condition: Y9ij9jk9ki = €XP (ank)

G 7

-~

Ui U] €ZN
| (non-trivial transition function) ~ w, x (SU(N) transition function)
9ij N factor of fractionalit
¥ We aim to construct the topological charge on the lattice. y
> We utilize the formulation for the topological charge on the SU(N) lattice gauge
theory.

(Lascher, Commun. Math. Phys. 85 (1982))

»We pay attention to the Z, one form invariance.



New Transition Function on the Lattice

transition function with the factor of fractionality in the continuum theory

(non-trivial transition function) ~ w, x (SU(N) transition function)

- We construct the transition function v, , at x € f(n, ) in the U(1)/Z, lattice

gauge theory.
> w, is the factor of fractionality on the lattice.

Vn,u (%) = @y (2) 0,0 (2)

{exp (% D vti Z“zx”) for , = 0 mod L

wy(z) =
g 1 otherwise

Ly

>z, €L and z,, = —zy, [
Zu




Topological Charge on the Lattice

« We calculate the topological charge by the new transition function.

87?2 Z Z 5/u/po/ A%z [vn, 0 (2)0pvn 0 (1) " vn— g (2) " 00vn_p. (2)]
p(n,p,v)

factor of fractionality

« By the new transition function v, ,(x) = Wu(x)@n ()

wu(x) ~ exp = Z Sy
8q Z Epvpo iy Zpo T 87Tq Z 5WPUZWZ Fpo 9.5 L

WV, 0,0 W, V,p,0 1, =0
ﬁFractu)nal” cross term
327T2 z : z : 8/“/100' F (n + 3 + V)
n  p,v,p,0

integer



Anomaly

« The action on the lattice is

=50
E 5 E F/u/ > + Smatter ZQQQ
mn
K> By the Witten effect(Honda, Tanizaki, arXiv:2009.10183)

« The topological charge is 1
qQ = g Euvpoiuv?pe + £ = frac|z] + inta, 2]
8q

V0,0
< Invariant under the Z, one-form gauge transformatlon

< 0dd under the T transformation on the lattice, ¢Q —> —qQ
> We discuss the anomaly at 6 = n between the Z,-one form gauge and the T symmetry.



Anomaly

« Adding the local counter term, at 8 = w the partition function is, under T transformaion,
Z 2] :/Da eSlazl — /Da eo0la:7] gi09Qla 2]

7

y :/DCL eSo[a,z]eiw(—qQ[a,z]) _ /Da eSO[a,z]eiqu[a,z] €—i27qu[a,z]

O=m, T trans.

~~

26—7,27r1nt[a,z] e—zwarac[z]

:e—iQWfrac[z] /DCL eSO[a,z]eiﬂ'qQ[a,z] # 7

J

=7

For g € 2Z, the anomaly exists!

2mi(2k + 1
> eXp | — 7T7/( il ) Z Epvpofuv<po Z

including counter term 8q

M7V7p70
\ J/

—0,48,4+16,-- ,
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Higher Form Symmetry |

Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148[hep-th]

« Traditional symmetry (0-form symmetry) : transform the point Y (x).
v e.g., global U(1) symmetry (x) = e"*y(z).
>In (2+1)d, look this y(x)’s transformation by the symmetry operator,

e p(x)eT M = e T (), Z/Md%jo(w), () = ip(2)y" Y (@).

Symmetry operator

Graphical view # ; ' .
| | V(M) =d |
Moo — | wa0n |
: vz — e u(a) — e e (q)
i el ! i
’ /) --------------- 7/ A Ward-Takahashi identity [ 7
X z/’ z'/ <Ua<M)7,p<ZE) . > — e—za <¢(Qj) . >
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Higher Form Symmetry |l

Gaiotto, Kapustin, Seiberg, Willett, arXiv:1412.5148[hep-th]

« Traditional symmetry (0-form symmetry) : transform the point Y (x).
v e.g., global U(1) symmetry 1)(x) — e"1)(x).
> Extend the point to 2d, 3d,--- objects

e 0-form symmetry e 1-form symmetry
» Transform point y(x) » Transform loop W (C)
Extension
| Ua(M) fal>
t i ® (a]) W (C3
‘/j“““““““'““? """"""""'""";'7
|Lx (Ua(M)(z)---) = e (¢(z) - ) Ua(Z)W(C) -+ ) = e (W(C)--)




Zy 1-form Global Transtormation

on the Lattice

« Lattice SU(N) gauge theory, the action is
SwlU] =) Blir(1-Upy) +ccl.

p
> Center transformation (Zy 1-form global transformation)
on the lattice acts on the link variables,

U, — e ™ U, W(C) e ™ W(0).

¢ Recall that under the 1-form global transformation
in the continuum theory, the Wilson line changes,

(Ua(B)W(C) ) = e (W(C) )

> The transition function satisfies the cocycle condition still.

Vn— o (@) 0n 1 (2)Vn 0 () P upp ()7 = 1

w(C)

u)



Zy 1-form Gauge Transformation

on the Lattice

« Gauging the center symmetry, the action becomes
w|U¢, B Zﬁ {tr( ﬁinUp) —I—C.C.} .

> Invariant under the Z, 1-form gauge transformation,
U — e "N, By By + (d\),.

> The cocycle condition is relaxed,

N - . _ _ 2mi A
D0 (0) Oy () () 10y () 7 = e W Buv(n=it=)q,

% ‘t Hooft twisted boundary condition
Un+ Lo, 1) = gy, U0 1) gnt o

1 1 -
gn—l—LD,p,gn,l/gnlegn—l-Lﬂ,l/ — € NOCH ’ 'u,y — E Bp mOd N.

p
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Review of LUscher’s construction

Liischer, Commun. Math. Phys. 85 (1982)

« For the integral topological charge,

* Define v, ,(n) at the corner of f(n,u) with complete axial gauge.
»Define the parallel transporter w™(x) with complete axial gauge.

* Interpolate v, ,(n) to the x in the face f(n, ).
»>Define the interpolate function S, (x).

- To define 57, (x) correctly, we need the admissibility condition.
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Stepl: Transition Function

« Define the parallel transporter (n > x =n+ 3,2, 4, z, = {0,1}),
w(z) := U(n,4)*U (n + 244,3)2U(n + 244 + 233,2)%2U (n + 244 + 233 + 222,1)*.
> This selection means to take the complete axial gauge on the lattice.

> Gauge transformation on the lattice,

U(n, ) = 9o~ U(n, )

U(n,2) =1
— ® n+2
2 In n
‘ All link variables in the direction 2 become 1.
1

SX



Stepl: Transition Function

« Define the parallel transporter (n > x =n+ 3,2, 4, z, = {0,1}),
w"(z) := U(n,4)*U (n + 244,3)2 U (n + 244 + 233,2)72U (n + 244 + 233 + 202, 1)1,

> This selection means to take the complete axial gauge on the lattice.

» Define link variables in complete axial gauge (n - x - x + i = n),

n

ul g = (@)U (2, )" (24 i)

> Define link variables in complete axial gauge in another way,

Wy o = w" TR (@) w (@) g ™ (o ) w4 )
NUE;,M)
— ”mu(fﬁ)ug,ﬁﬂvn,u(x T ﬂ)_l- Transition function

Unu(@) 1= w" (@) w" (2) 7
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Step?2: To the Coordinate x

Interpolate the transition function to the x in the face f(n, u),

Un,u(2) = S5 (@) on,u(n) S ().

(%)

» Define the interpolate function S

Fr(y) = (ug;40)" (ugg s us?,sﬂ?i@ Uy so) " Wag sy (Uigs, )P

I (B) = (g o )77 (U] o U o, UG o U sy ) UG 56 (Ulg s, )P

Do () = (g 00) 77 (UG 5 Uy o Uas 6, Uy ) 150, (U)5) ™

K (Ty) = (UG 6, )" (UG 0, U 6, U, 56 Ulg sy ) Uiy 6 (U6, )
l;?:u(xﬁaxv) [ $7)k773u<$7>9mu<$v>_lh?u(m7)_1]yB

- fgbu<x7) 1]% [ :Ln
(

I
) h?:/i xﬁ/) [g;nu<x’7>] ’ )

<~

U(n, )




Step?2: To the Coordinate x

» Interpolate the transition function to the x in the face f(n,u),
V(@) = S (@) T on,u(n) Sy (@),

>e.g.,in2d, (0<y; <1)

U(n, )

—Un—2,1)"Un—-2+1,2)""U(n—2,2)7", | ';

57 () = Uln, 1) nlzc(n)
Un2(n) =U(n —2,2), 5"2“
Un2(x) = _1vn,2(n) n.o(T) "o ;1 g ¢
— U(n—Q,Q) exp [iy1F12(n—Q)} : Un-2,2)
n—2 @ ? - ®
1 n—2+1
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Step3: Admissibility condition

« We take the compact SU(N) lattice gauge theory.
» For simplicity, in the compact U(1) lattice gauge theory,

U(n) = ¢, (—7 < a,(n) <)

1 1
F.(n)= ~In U,(n)U,(n+ @)U, (n+0) U, (n)~" = I, (-7 < F,(n) <)

»When |F,,| = m, the component, eFuw = (—1)Y, becomes ambiguous.

> Require the gauge field smooth (admissibility condition),
|1-U,| <e.



Step3: Admissibility condition

« We take the compact SU(N) lattice gauge theory.

> Considering the interpolate function, we select the value of «.
|1-U,| <e.

> Recall the link variables with the complete axial gauge and interpolate function.

»>e.g.,

84

S3
T4

b
1

55
U(s7,14)

82 S6

So=n

w3 (s2) 7

_________
.

In the component of
the interpolate function,
plaquette is appeared.

3 TL—S
Construction of ug

Sm

[

S (@) = (560 )Y (Uh o Uy o U 0y U5 60) " UGG,
o () = (U o) )77 (U] o U o U g Ulgs, )T UL
o () = (g 60) "7 (UGG 65 Uiy 5 Ui, U 50) " Uy,
b () = (g o, )7 (U 0, U0 6 UG, 66 Ui sy ) Uiy s
lnm,u(xﬁvx'y) = [fg?u(xv)_l]yﬁ [f%(%)k%(%)g%(
“ha () [QTT,M(‘TW)}W )
m

(ajoﬁ xﬁ’ xW) = (u8083)y

~y

[fornw)]™ [0 (g, )]



Summary of Lischer’s construction

« Define the transition function at the coordinate x € f(n, u),

n, () = S () " o (n) S ().
v'Satisfy the cocycle condition,

Un—p,v (x)vn,u(x)vn,v(x)_lvn—ﬁ,u(x)_l = 1

o)

* Substituting v, ,(x), calculate integral topological charge.

« Define the admissibility condition,

|11-U,| <e.

> Extend these to the fractional topological charge.




