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Summary

e Gradient Flow Exact Renormalization Group defines
the Wilsonian effective action based on diffusion
equations

e Scalar Quantum Electrodynamics with off-shell BRST
invariance iIs studied

e The modified BRST invariance reduces to the ordinary
Ward-Tokahashi identity under some assumption

e The RG flow equation is perturbatively solved up to
second order of the gauge coupling,

e The consistent results with the perturbation theory
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Exact Renormalization Group

e Framework to study the change of physics under
variation of the energy scale

 Wilsonian effective action S, is intuitively defined
by integrating out the higher momentum mode:

—Sr .— -S
e = jD¢p>Ae 0

(A:=Age %, Ay: UV cutoff)

« t—depenedence of S, is described by
a functional deferential equation — “ERG equation”
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Wilson-Polchinski equation

 Typical example of ERG equation:

D+2 -2y, 5S.
0.S; = f”(zpz 4+ + 2 4 > +py ap#]qb €)) 55.(»)

’ +(2p* +1 - )( e ERETT T >}
p "I\60:i@)50:(—p) ~ 5:(p) 54:(—p)

000 00

« ERG equation nonperturbatively defines an RG flow

(y,: anomalous dimension) [J.Polchinski Nucl.Phys.B 231 (1984) 269-295]

(We use dimensionless notations on D-dimensional Euclidean spacetime)
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Gauge Invariance in ERG

e Wilsonian effective action with a naive UV cutoff is
NOT consistent with gauge invariance

e Gauge transformation mixes the various momentum modes
AL (p) = AL (p) — pyw®(p) — if *b€ j w’(p — A (q)
q

e Can we define the Wilsonian effective action in a
manifestly gauge-invariant way?
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Gradient Flow-ERG (GF-ERG)

e Framework to define the RG flow of the Wilsonian
effective action based on coarse—-graining along
diffusion equations [H. Sonoda and H. Suzuki 2012.03568]

e-selag] = 4 _[[DA,a] 1_[ 5 A8 (x) — e @=2+2rD/2p1a (¢ e‘c))s o =Se=o[412]

x'a,u

1 52 .
(8, = exp [__fX(S‘Aa(x)SA (x)]. scrambler operator)

« Symmetries of the diffusion equation are inherited by
the RG flow within GF-ERG
= S, is gauge-invariant at an arbitrary energy scalel

8/18



Content

e« GF-ERG for Scalar Quantum Electrodynamics (7)
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Our Motivation

e Perturbative analysis of QED
— On-shel |l BRST invariance
- Loop corrections to the photon kinetic term are
consistent with perturbation theory in four dims.
[Y.Miyakawa, H.Sonoda and H.Suzuki 2111, 15529]

e Question
- Off-shel | BRST invariance should be respected
(Wilsonian effective action itself obtains
quantum corrections)
- Photon mass vanishes in general dimensions?
(none-zero in the conventional ERG case)

 Scalar QED has more simple structure
= Suitable to study these points
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Diffusion Equation

 Coarse—graining along these eqs. are utilized:

0:A, = 6,§AH “
d.c = 0zc
8, = 6,?0‘ — same as WP eq.

at¢ = DuDu¢ + ieo(auAu)¢} differs from WP €q.

e Consistent with off-shell BRST transformation

( at(éBAM) = 5B(atAﬂ) etc. ) /(S‘BA” — aﬂc ™
6gc =0

= Inherited by the RG flow with GF-ERG 6pC =B
55B =0

\_ opp = ieocqu
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GF-ERG equation

d,e >t = (WP part)

f 0 —4q A = 0 (9 + 2 A + 0 2
spr | 5A, ez 54,
* Gauge coupling e, is defined as
T
e; '= ey exp (—J dt'(D — 4+ 2)@)/2)
To

e GF-ERG eq. includes third and forth functional
derivatives

(cl) +i> T+ (c.c.)
5% .C.
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Modified BRST Invariance

e GF-ERG eq. is invariant under modified BRST trf.
due to the scrambler operator:

0= (ge‘sf = §"158e™5
"f (BN O (p ONE (BN, 8 BN
~ L |™\" T 5¢) sa, 58 ) oz e\ T5e)\ P56~ ? 557 )|¢

e Result |: Assuming
S =Sol4u B,c,c, b, 0| + Si|Au b, 07,

It reduces to the ordinary WT identity with Ay

_ kP 65; : [ ﬂ_ 5 85,
0O=e ku&ﬂﬂ(k)+lefjp gb(p+k)5¢(p) qb(p+k)5¢*(p)

) 55©
c/‘l#(k) = ek (Au(k) S 5A (—k))
m

(0). - - _ - .
SW. Gaussian fixed-point action 13/18



Perturbative Analysis

« Expand S, with respect to e;:
S, =50 4o 5 4 o252 4 ...

e Assume S has no explicit t-dependence:

b5 —ae. 05 _ (P4, as
zT aeT 2 Yo efaeT

e To do

|. Substitute the ansatz into GF-ERG eq. and
focus on the fterms of each order of e,

2. Solve the RG equation order by order
3. Determine integral constants by WT identity
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Two Point Function at O(e?)

e Perturbative solution at second order in four dims.

s =3 [ 40, 04,(-1)
k
Vi (k) =m56,, + g1(k?8,, — kyk,,) + gokuk, + 0(k*)
mz =0, g,=1/(487%), g,=0
= consistent with the perturbation theory

e Result 2:

m5 becomes exactly zero in general dims.
= GF-ERG gives a gauge-invariant RG flow?

(c.f. m3#0 in the conventional ERG (WP eq.))
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Content

e Summary and Discussion (3)
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Summary

e Applied Gradient Flow Exact Renormalization Group to
Scalar Quantum Electrodynamaics

 Gave an RG flow based on the diffusion equation
consistent with the off-shel| BRST symmetry

e Showed the modified BRST invariance reduces to the
ordinary Ward-Takahashi identity under some
assumption

« Solved the GF-ERG equation perturbatively
- The consistent results with the perturbation theory
— Showed the |-loop contribution to the photon mass
vanishes in general dimensions

e Implication: GF-ERG gives a gauge—-invariant RG flow
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Discussion

e Consistency with the perturbation theory in the
matter sector
(NOT in QED case, but consistent with those of the
gradient—flowed field)

e Application of GF-ERG to quantum gravity
— Can we define an RG flow in a manifestly
diffeomorphism-invariant way?

Thank you!
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