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Introduction
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What is Inflation?

Ø Inflation is a quasi-exponential expansion of the Universe 
at its very early stage; perhaps at t~10-36 sec. 

Ø It was meant to solve the initial condition (singularity, 
horizon & flatness, etc.) problems in Big-Bang Cosmology:

§ if any of them can be said to be solved depends on 
precise definitions of the problems.  

Ø Quantum vacuum fluctuations during inflation turn out to 
play the most important role. They give the initial condition 
for all the structures in the Universe.

Ø Cosmic gravitational wave background is also generated.

Brout, Englert & Gunzig ’77, Starobinsky ’79, Guth ’81, Sato ’81, …
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From inflation to bigbang
After inflation, vacuum energy is converted to thermal energy 
(called “re”heating) and hot Bigbang Universe is realized. 
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more on   inflation
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1. Homogeneity and isotropy are the (most important) 
assumption, NOT a consequence of inflation.

2. Quasi-exponential expansion in the “Einstein frame”: 
conformal invariant definition.

3. At least 50-60 e-folds before the end of inflation: 
solving “horizon problem”

4. Don’t care what happened before inflation: 
predictions are almost independent of initial 
conditions.

1 & 2: basic assumptions/definition of inflation

the meaning of



Kinematics
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log L

log a(t)

L=H-1

Size of the
observable
universe

L∝a
(t)

Inflationary Universe Bigbang Universe

length scales of the inflationary universe

k=const.

L=H0-1
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𝑁 = 𝑁0~60 efolds

𝐻!"#	 ≳	𝑒%&'𝐻'	(~10%'GeV)

𝑁 ≳ 𝑁"

reheating



Size of our observable universesmall universe 

expands by a 
factor >1030

Birth of a gigantic 
universe

looks perfectly flat

Flatness can be explained only by Inflation

Flatness

NB: Inflation may not always imply flatness
8



Dynamics
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Zero-point (vacuum) fluctuations of f :

harmonic oscillator with friction term and time-dependent w

  kdf ® const.
··· frozen when w < H
 (on superhorizon scales)dfk

tensor (gravitational wave) modes also satisfy the same eq.

Starobinsky ‘79

Mukhanov ’81, ….
Seed of cosmological perturbations 
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Generation of Curvature Perturbation

curvature (potential) perturbation	 ℛ:

t

xi

• df is frozen on “flat” (ℛ	=0) 3-surface (t=const. hypersurface)

• Inflation ends/damped osc starts “comoving” (f =const.) on 3-surface.

end of
inflation

hot bigbang universe

𝛿𝑅(") = −
4
𝑎$
∇$ℛ

 0fdf dfº ¹

comoving curvature perturbation ℛc ~ Newton potential
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• Spatially flat universe

• Almost scale invariant,  adiabatic, Gaussian 
primordial scalar (curvature) perturbations

• Almost scale invariant, Gaussian primordial tensor 
(gravitational wave) perturbations  

Generates CMB anisotropy
Origin of galaxies, stars, …

generic predictions of  inflation
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ℛ% = *
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2𝜋𝜙̇
&/()*

• Amplitude of curvature perturbation:

• Power spectrum index:
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• Tensor (gravitational wave) spectrum:
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Observational results
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CMB Full Sky Map by PLANCK 
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Planck TT, TE & EE spectrum 
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Mukhanov (1985), MS (1986)

• Tensor (gravitational wave) spectrum:
4𝜋𝑘!

(2𝜋)!
𝑃/(𝑘) = 𝐴𝑘)" ; 𝑛/ = −

1
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Planck constraints on inflation

!scalar spectral index: ns ~ 0.965
 tensor-to-scalar ratio: r  < 0.05
 simplest              model is excluded 
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Planck 2018 results X

!V !"
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Implications
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• scalar spectral index: ns<1 at ~ 5 s

• tensor/scalar ratio: r < 0.1 implies Einflation < 1016 GeV

• simple, canonical models are almost excluded              
(m2f2 model excluded at > 2 s)

• R2 (Starobinsky) model seems to fit best. But why?     
(large R2 correction but negligible higher order terms)

• fNL
local  <O(1) suggests (effectively) single-field slow-roll  

(but non-slow-roll models with fNL
local  =O(1) not excluded)

elements of non-canonicality seem necessary

Current status
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Beyond
(standard model of)

Inflation
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• Non-canonical kinetic term? (cs <1?)

• non-minimal coupling to gravity?

• scalar-tensor with derivative couplings?   Hordeski? 

!

" "
!"###$ %#&'()*#&+,,*-#.##equil

S s
s s

P c f
c c

! !

Planck: ! !"> 0.024 at 95% CL

!V R! " !+( ) !( )
( )

T

S

P k
r

P k !
= " Planck: x > O(10)?

!! !! !, ,, ,s s s Ts Tc cc c<< !

tensor propagation speed

non-existence of 
Einstein frame?

non-canonical models

• multi-field models, non-attractor inflation, … definition of 
inflation?
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Higgs inflation?

features in the potential due to other dofs?
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string theory suggests an intriguing picture of the early universe

Maybe we live in one of these vacua…

!"#$%&'()*&+!!,-.. /%$$0'/($10$2/"%!"(!13)*."(!.4563+$0$7/389:7!/2$(5$8;<=>;>?>@

anomalies may be signatures of multiverse
!#

Cosmic landscape?



! we have no clues about the late stage of inflation
! small scale (<1pc) perturbations may be very large
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• Primordial Black Holes (PBHs) are 
those formed in the very early 
universe, conventionally when the 
universe was radiation-dominated.

• Presumably they originate from a 
large positive curvature perturbation 
produced during inflation (which 
hence should be a rare event).

• For a BH to form during radiation 
dominance, the perturbation must be 
O(1) on the Hubble horizon scale.

time
Hubble radius = H-1 ! " #! $

comoving length ! " #$

PBH

O(1)

𝑴!"# ~	𝑴$%&'(%)

~ %''89:
;

&
𝑀⊙~

ℓ
%>?

&
𝑀⊙

7-'$#-8'%&*9&%1:*;#&()<

!%



no constraint due to
finite size effect/wave effect

Niikura et al. 1701.02151

observational constraints

𝑀@AB ≈ 10%C − 10&&g T*+,+-.*/0~	101 -1020GeVbig window at

!"#$%"
&!' LIGO-Virgo (LV)

BHs?
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GWs can capture PBHs!
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CPTA DR1, Searching for nHz stochastic GW background 9

Fig. 4: The measured correlation coefÞcients (y-axis) as a function of the pulsar-pair separation angle (x-

axis). Red dots denote the measured correlation coefÞcients between all pulsar-pairs without the auto-

correlation. The blue curves with error bars represent the binned average red dots, which only serve to

aid the visual inspection. The error bars are the standard error of binned average value estimated using

the binned red dots. The solid red curves depict the theoretical HD curve. The top row three panels show

simulations without the GWB signal injection, where the data was simulated to match exactly the times and

frequencies of the real CPTA DR1. Each panel from left to right corresponds tof = 1 /T, 1.5/T , and2/T ,

respectively.

as demonstrated by numerical simulations of Zic et al. (2022) and the toy model in Appendix A. One

needs to be cautious about the application and interpretation of the Bayes factors for the current problem of

measuring or detecting thestatistical varianceof stochastic signals with spatial correlations.

5 DISCUSSION AND CONCLUSION

In this paper, we show that the inferred GWB characteristic amplitude islogAc = ! 14.4+1 .0
! 2.8 for a spectral

index in the range! " [! 1.8, 1.5], andlogAc = ! 14.7+0 .9
! 1.9 if Þxing ! = ! 2/ 3. The measured GWB

amplitude agrees with theoretical expectation (Sesana 2013; McWilliams et al. 2014). However, because of

(*

2306.16213, 2306.16219

;#@*3(4)A*3!3B=-%, *CD*.- *E%@%*F(@
Evidence for Stochastic GW Background!? 

See also CPTA (Yang et al.) 2306.16216
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Figure 1. Summary of the main Bayesian and optimal-statistic analyses presented in this paper, which establish multiple lines
of evidence for the presence of HellingsÐDowns correlations in the 15-year NANOGrav data set. Throughout we refer to the
68.3%, 95.4%, and 99.7% regions of distributions as 1/ 2/ 3! regions, even in two dimensions. (a): Bayesian Òfree-spectrumÓ
analysis, showing posteriors (gray violins) of independent variance parameters for a HellingsÐDowns-correlated stochastic process
at frequencies i/T , with T the total data set time span. The blue represents the posterior median and 1/ 2! posterior bandsa

for a power-law model; the dashed black line corresponds to a" = 13 / 3 (SMBHB-like) power-law, plotted with the median
posterior amplitude. See ¤3 for more details. (b): Posterior probability distribution of GWB amplitude and spectral exponent
in a HD power-law model, showing 1/ 2/ 3! credible regions. The value " GWB = 13 / 3 (dashed black line) is included in the 99%
credible region. The amplitude is referenced to f ref = 1 yr ! 1 (blue) and 0.1 yr! 1 (orange). The dashed blue and orange curves
in the log10 AGWB subpanel shows its marginal posterior density for a " = 13 / 3 model, with f ref = 1 yr ! 1 and f ref = 0 .1 yr! 1 ,
respectively. See¤3 for more details. (c): Angular-separationÐbinned inter-pulsar correlations, measured from 2,211 distinct
pairings in our 67-pulsar array using the frequentist optimal statistic, assuming maximum-a-posteriori pulsar noise parameters
and " = 13 / 3 common-process amplitude from a Bayesian inference analysis. The bin widths are chosen so that each includes
approximately the same number of pulsar pairs, and central bin locations avoid zeros of the HellingsÐDowns curve. This binned
reconstruction accounts for correlations between pulsar pairs (Romano et al. 2021; Allen & Romano 2022). The dashed black
line shows the HellingsÐDowns correlation pattern, and the binned points are normalized by the amplitude of the " = 13 / 3
common process to be on the same scale. Note that we do not employ binning of inter-pulsar correlations in our detection
statistics; this panel serves as a visual consistency check only. See¤4 for more frequentist results. (d): Bayesian reconstruction
of normalized inter-pulsar correlations, modeled as a cubic spline within a variable-exponent power-law model. The violins plot
the marginal posterior densities (plus median and 68% credible values) of the correlations at the knots. The knot positions are
Þxed, and are chosen on the basis of features of the HellingsÐDowns curve (also shown as a dashed black line for reference): they
include the maximum and minimum angular separations, the two zero crossings of the HellingsÐDowns curve, and the position
of minimum correlation. See ¤3 for more details.
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If NANOGrav/CPTA Data = iGWs, with

∆~1.6+0.4−1.0

𝐴~10+,..±,.0

𝐴
2𝜋∆

~0.1

too large!?𝑓∗~10+2Hz

⟺ 𝑀345~0.1𝑀⨀
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Future issues
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• initial condition before inflation, multiverse?

• successful reheating?

• non-linear effects, non-Gaussianities?

• PBHs, induced GWs?

• modified gravity?

• ……

• definition of inflation?                                    
(conformal trans can realize any expansion law)

! ! !

! ! ! !( )

( )( ) ( ) ( ) ( ),ds t ds

ds dt a t dx

dt t dt a t t a t

= ! +

"# #= = #=

!

"" ""
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Domenech & MS ‘15
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Inflation as the tool to explore
Physics of the Early Universe
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