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Weak lensing analysis



• basic of weak lensing

• measurement of shear and its error

• power spectrum analysis

• mass map analysis

Plan of this talk
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• density fluctuations contain rich information

Why gravitational lensing?
M

illennium
 Sim

ulation Project

≈ dark matter density directly probed by
gravitational lensing!
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Lens equation
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• mapping from image position 𝞱 to source position 𝞫

lens
Dol Dls

Dos (DXX=angular diameter distances)

observer
source

image
image position θ

source positon β

38 3. 重力レンズの一般的性質

κi(θ) :=
Σi(θ)
Σcr

=
4πG
c2

DoiDis

Dos
Σi(θ) (3.9)

と計算され，それぞれのレンズ平面の重力レンズポテンシャル ψi(θ)も同様に
定義される．この重力レンズ方程式を具体的に計算するためには，それぞれの
レンズ平面での天体の位置 θi が必要になるが，それについては

θj = θ1 −
j−1∑

i=1

βijαi(θi) (j = 2, . . . , N) (3.10)

βij :=
DijDos

DisDoj
(3.11)

から計算される．Dij は i番目と j 番目との間の角径距離である．j = N + 1

を光源平面にとると，βi(N+1) = 1なので，式 (3.7)は式 (3.10)で j = N = 1

とおいた式，と見ることも可能である．
3. 1. 3 Born近似された重力レンズ方程式
視線方向全体にわたった Born近似を採用した重力レンズ方程式は，弱い重

力レンズの計算で主に用いられる．重力レンズ方程式は単一レンズ平面の場合
と同様の式

β = θ −α(θ) = θ −∇θψ (3.12)

となるが，光源の共動動径距離を χs として，重力レンズポテンシャルを
ψ(θ) :=

2
c2

∫ χs

0
dχ

fK(χs − χ)
fK(χ)fK(χs)

Φ(χ,θ) (3.13)

と計算したものを使う．式 (2.38)から，dχ = c dz/H(z)なので，光源の赤方
偏移を zs とし角径距離と赤方偏移を用いて

ψ(θ) =
2
c

∫ zs

0
dz

Dls

H(z)(1 + z)DolDos
Φ(z,θ) (3.14)

と書き表すこともできる．
弱い重力レンズでは，複数像は通常形成されないため，光源の位置を知るこ

とは基本的には不可能であり，曲がり角α(θ)自体もそれほど重要な役割を果
たさない．弱い重力レンズにおいては，3. 4節以降で詳しく見ていく，像の変
形や増光を頼りに重力レンズ効果を測定することになる．
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たさない．弱い重力レンズにおいては，3. 4節以降で詳しく見ていく，像の変
形や増光を頼りに重力レンズ効果を測定することになる．
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3 CONVERGENCE AND SHEAR 8

θ1

θ2 !

Figure 2: Locally flat coordinates on the sky.

3 Convergence and shear

3.1 Definition

In what follows, I simplify the Born-approximated lens equation (2.12) a bit further. First, since
� =  within the range of our interest, below I only use �. Second, although the angular coordinates
defined by equation (2.3) has been assumed in the calculations above, in fact the results do not
depend on the specific choice of the angular coordinates, so for simplicity I switch to locally flat
coordinates (see Figure 2)

!abdx
a
dx

b = !̃abdx̃
a
dx̃

b := d✓
2
1 + d✓

2
2. (3.1)

Following the convention, I also denote the image and source positions as (see also Figure 1)

✓(0) = ✓, (3.2)

✓(�s) = �. (3.3)

As a result, the lens equation is written as

� = ✓ �
2

c2

Z �s

0
d�

fK(�s � �)

fK(�)fK(�s)
@✓�(�,✓), (3.4)

which is, again, essentially a mapping between the image position ✓ = (✓1, ✓2) and the source
position � = (�1, �2). The second term of the right hand side of equation (3.4) is referred to as
the deflection angle and is often denoted as ↵, which is a function of the image position ✓ given
the Born approximation. It is possible to describe the deflection angle by a gradient of the so-called
lens potential  

� = ✓ �↵(✓), (3.5)

>

observer

(line of sight)

2D coord.
on the sky

(locally
flat)

• mapping from image position 𝞱 to source position 𝞫
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42 3. 重力レンズの一般的性質
光源平面 像平面

A

A−1

!! !"

図 3.1 式 (3.26) で表される，光源の位置周りの微小ベクトル δβ と像の位置周りの微
小ベクトル δθ との関係．

の変換，を求めるのは実は自明ではない．この事実は，重力レンズの解析をし
ばしば困難なものにするのである．
また，重力レンズ方程式が一般に θに関して非線形の方程式であることから，

ある光源の位置 β に対して，重力レンズ方程式を満たす θ の解は 1つとは限
らない．重力レンズ方程式の θの複数の解こそが，強い重力レンズで観測され
ている，複数像に対応しているのである！複数像が存在しうる状況で重力レン
ズ方程式を θについて解くためには，多くの場合数値的に解を探す必要がある
が，全ての解を見つけるためには解が存在する可能性をくまなく探索する必要
があり，計算量が多くなる．数値的に重力レンズ方程式を解く手法については，
付録 Cで紹介する．

3. 4 像 の 変 形
重力レンズ方程式は，天球面上の光源の位置 βと観測される像の位置 θを関

係づける方程式である．重力レンズによって，天体の観測される位置がどう変
化するかも重要だが，その天体の形状を考えた時に，形状が重力レンズによっ
てどのように変化するかも重要である．天体の形状がどのように変化するかは，
光源の位置 β周りの微小ベクトル δβを考え，この微小ベクトルが重力レンズ
でどのように変化するか，つまり像の位置周りの微小ベクトル δθ とどのよう
に結びつくかを見ればよい．具体的には，δβと δθの関係は

δβ = A(θ)δθ (3.26)

3. 4 像 の 変 形 43

のように，Jacobi行列 (Jacobian matrix) A(θ)によって結びつく．A(θ)は
A(θ) :=

∂β
∂θ

(3.27)

で定義され，重力レンズ方程式を代入することで計算することができる．βと
θ は局所平面座標の 2成分ベクトルなので，Jacobi行列は 2 × 2行列である．
これまでと同様に，∂β1/∂θ1 = β1,θ1 などのように偏微分をコンマで表すとし
て，Jacobi行列を具体的に書き下すと

A(θ) =



β1,θ1 β1,θ2

β2,θ1 β2,θ2



 (3.28)

である．重要な注意点として，3. 3節でも議論されたように，重力レンズ方程
式は重力レンズのいわば逆変換を計算する方程式であることから，Jacobi行列
A(θ)も δθから δβへの変換に対応する行列であり，重力レンズによる像の変
形の逆変換に対応している点がある．
3. 4. 1 重力レンズポテンシャルが定義できる場合の像の変形
単一レンズ平面ないし視線方向全体にわたった Born近似が採用された場合
には，重力レンズポテンシャルをそれぞれ式 (3.3)や (3.13)のように定義でき
る．このとき，重力レンズ方程式 β = θ −∇θψから Jacobi行列を

A(θ) =
∂
∂θ

(θ −∇θψ) =



1− ψ,θ1θ1 −ψ,θ1θ2

−ψ,θ1θ2 1− ψ,θ2θ2



 (3.29)

と書き下すことができる．この式から分かる重要な事実として，重力レンズポテ
ンシャルが定義できる場合には Jacobi行列が対称行列となる．また，式 (3.17)

より
κ(θ) =

1
2
(ψ,θ1θ1 + ψ,θ2θ2) (3.30)

なので，行列 A(θ)の対角和 (trace) は
tr (A) = 2− ψ,θ1θ1 − ψ,θ2θ2 = 2(1− κ) (3.31)

となる．この点を踏まえて，歪み場 (shear) を
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0
dz

Dls

H(z)(1 + z)DolDos
Φ(z,θ) (3.14)

と書き表すこともできる．
弱い重力レンズでは，複数像は通常形成されないため，光源の位置を知るこ

とは基本的には不可能であり，曲がり角α(θ)自体もそれほど重要な役割を果
たさない．弱い重力レンズにおいては，3. 4節以降で詳しく見ていく，像の変
形や増光を頼りに重力レンズ効果を測定することになる．

𝛿𝞱

𝛿𝞫

• lens equation

• image deformation

measure lensing signals from image deformations



Weak lensing distortions
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Figure 3: Distortions of galaxy shapes by gravitational lensing. Dotted circles show the original
shape of a source, which is assumed to be circular symmetric. Solid lines show shapes after the
gravitational lensing e↵ect.

3.2 Measurements

When the e↵ect of gravitational lensing is very strong, one can detect it directly from highly dis-
torted shapes of galaxies or multiple images of sources. However, in this lecture I focus only on
weak gravitational lensing where signals are weak so that they need to be detected statistically by
combining many sources. Among various techniques to detect weak gravitational lensing, the most
standard technique is to use shapes of source galaxies, which I will explain below.

Here I discuss a simple way to measure galaxy shapes using second moments Qab of their surface
brightness distributions I(✓). For each galaxy, Qab is defined as

Qab :=

R
d✓I(✓)✓a✓bR
d✓I(✓)

, (3.15)

adopting the origin of ✓ to the center of the galaxy. In a manner similar to equation (3.13), I define
complex ellipticity ✏ of a galaxy as

✏ :=
Q11 �Q22 + 2iQ12

Q11 +Q22
. (3.16)

Using the matrix A (equation 3.9), the corresponding second moments in the source plane Q
(s)
ab is

given by

Q
(s)
ab :=

R
d�I(�)�a�bR
d�I(�)

⇡ AacAbdQcd, (3.17)

where the conservation of the surface brightness distribution due to gravitational lensing (I(s)(�) =
I(✓)) is adopted, and adopting

R
d� =

R
d✓|detA| ⇡ |detA|

R
d✓ given that the size of each galaxy

is su�ciently small. By a straightforward calculation, it is shown that

✏
(s) =

(1� )2✏� 2(1� )� + �
2
✏
⇤

(1� )2 + |�|2 � 2(1� )Re(�✏⇤)
. (3.18)

convergence κ
not easy to measure

shear 𝜸
measured from galaxy shapes 

(trace part of A) (traceless part of A)

7



Convergence and shear
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↵(✓) := @✓ , (3.6)

 (✓) :=
2

c2

Z �s

0
d�

fK(�s � �)

fK(�)fK(�s)
�(�,✓). (3.7)

Since there is no way to infer the source position � for a distant object at ✓, one cannot directly
detect gravitational lensing e↵ects for distant objects from their positions on the sky. However,
as I will show below, gravitational lensing also distorts shapes of distant objects, from which one
can detect gravitational lensing e↵ects in a statistical sense. Such distortions can be derived from
equation (3.5), by considering the following Jacobi matrix

A :=
@�

@✓
= I �

@↵

@✓
, (3.8)

where I denotes a 2⇥2 identity matrix. Note that A describes a mapping from an image to a source
(rather than a source to an image) i.e., a shape of an image with the shape �✓ is mapped into a
source with the shape �� = A�✓. The matrix A can be decomposed into trace and traceless part as

A =

✓
1� � �1 ��2

��2 1� + �1

◆
, (3.9)

where  and �i are convergence and shear defined as

 :=
1

2
( ,✓1✓1 +  ,✓2✓2) , (3.10)

�1 :=
1

2
( ,✓1✓1 �  ,✓2✓2) , (3.11)

�2 :=  ,✓1✓2 . (3.12)

Figure 3 shows how a shape of source is distorted due to , �1, and �2. Sometimes �1 and �2 are
combined into complex shear

� := �1 + i�2, (3.13)

which will be useful for various calculations as shown below.
A caveat is that � depends on the choice of coordinates (✓1, ✓2), which is obvious also from

Figure 3. Suppose the coordinate system is rotated by an angle ↵ i.e., ✓0 = e
�↵
✓ in the complex

plane expression,  and � are transformed as


0 = , �

0 = e
�2i↵

�, (3.14)

which indicates that � is a spin-2 field (i.e., � is not a vector).
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lens potential (Born approximation)

convergence κ shear 𝜸
related

2nd
derivative

2nd
derivative

38 3. 重力レンズの一般的性質

κi(θ) :=
Σi(θ)
Σcr

=
4πG
c2

DoiDis

Dos
Σi(θ) (3.9)

と計算され，それぞれのレンズ平面の重力レンズポテンシャル ψi(θ)も同様に
定義される．この重力レンズ方程式を具体的に計算するためには，それぞれの
レンズ平面での天体の位置 θi が必要になるが，それについては

θj = θ1 −
j−1∑

i=1

βijαi(θi) (j = 2, . . . , N) (3.10)

βij :=
DijDos

DisDoj
(3.11)

から計算される．Dij は i番目と j 番目との間の角径距離である．j = N + 1

を光源平面にとると，βi(N+1) = 1なので，式 (3.7)は式 (3.10)で j = N = 1

とおいた式，と見ることも可能である．
3. 1. 3 Born近似された重力レンズ方程式
視線方向全体にわたった Born近似を採用した重力レンズ方程式は，弱い重

力レンズの計算で主に用いられる．重力レンズ方程式は単一レンズ平面の場合
と同様の式

β = θ −α(θ) = θ −∇θψ (3.12)

となるが，光源の共動動径距離を χs として，重力レンズポテンシャルを
ψ(θ) :=

2
c2

∫ χs

0
dχ

fK(χs − χ)
fK(χ)fK(χs)

Φ(χ,θ) (3.13)

と計算したものを使う．式 (2.38)から，dχ = c dz/H(z)なので，光源の赤方
偏移を zs とし角径距離と赤方偏移を用いて

ψ(θ) =
2
c

∫ zs

0
dz

Dls

H(z)(1 + z)DolDos
Φ(z,θ) (3.14)

と書き表すこともできる．
弱い重力レンズでは，複数像は通常形成されないため，光源の位置を知るこ

とは基本的には不可能であり，曲がり角α(θ)自体もそれほど重要な役割を果
たさない．弱い重力レンズにおいては，3. 4節以降で詳しく見ていく，像の変
形や増光を頼りに重力レンズ効果を測定することになる．
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• from lens potential + Poisson equation

Connection w/ density fluctuation

3 CONVERGENCE AND SHEAR 12

Figure 4: Left: The comoving radial distance � as a function of redshift (equation 1.13). Right:
The weight function W (�) defined by equation (3.28) for several di↵erent source redshifts zs. Here
and in what follows Planck 2018 best-fitting cosmological parameters (Planck Collaboration et al.,
2018) are adopted.

where the approximation is based on the fact that the term proportional to � itself, which appears
after the integration by parts, is quite small given O(10�5). Using ⌦m0 it can also be rewritten as

(✓) =
3⌦m0H

2
0

2c2

Z �s

0
d�

fK(�s � �)fK(�)

fK(�s)

�m(�,✓)

a
. (3.25)

Once convergence  is obtained from a given density field �, the lens potential  from equation (3.10)
using Green’s function

 (✓) = 2

Z
d✓0

G(✓,✓0)(✓0) =
1

⇡

Z
d✓0 ln

��✓ � ✓0��(✓0), (3.26)

where locally flat sky is assumed obviously and G(x,x0) = (1/2⇡) ln |x� x0
| is Green’s function for

two-dimensional Laplace operator. Therefore, from a given density fluctuations, one can derive the
lens potential  from equation (3.26), and then derive shear from equations (3.11) and (3.12).

Equations (3.24) and (3.25) indicate that  is derived by integrating density fluctuations along
the line-of-sight with a weight

(✓) =

Z �s

0
d�W (�)�m(�,✓), (3.27)

W (�) :=
4⇡G

c4

fK(�s � �)fK(�)

fK(�s)
⇢ma

2 =
3⌦m0H

2
0

2c2
fK(�s � �)fK(�)

a fK(�s)
. (3.28)

In Figure 4 we show W (�) for several di↵erent source redshifts, along with the relation between �(z)
and z. It is found that gravitational lensing mainly probes matter fluctuations at the half way to the

   convergence 
= projected surface density

weight along line-of-sight
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Figure 4: Left: The comoving radial distance � as a function of redshift (equation 1.13). Right:
The weight function W (�) defined by equation (3.28) for several di↵erent source redshifts zs. Here
and in what follows Planck 2018 best-fitting cosmological parameters (Planck Collaboration et al.,
2018) are adopted.
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174 7. 弱い重力レンズ
定義される収束場の角度パワースペクトル Cκκ

" を計算することで，宇宙論的歪
み場 2点相関関数も計算できる．付録 Dで示されているように，Born近似の
もとで収束場が式 (3.24)および (3.25)から

κ(θ) =

∫ χs

0
dχW (χ)δm(χ,θ) (7.74)

と質量密度ゆらぎ δm と重み関数 ∗3)

W (χ) :=
3Ωm0H

2
0

2c2
fK(χs − χ)fK(χ)

a fK(χs)
=

aρ̄m(χ)
Σcr(χ, χs)

(7.75)

の積の視線方向の積分で書ける場合，角度パワースペクトルは，付録Dでも紹
介されている Limber近似102) を用いて

Cκκ
" =

∫ χs

0
dχ

[
W (χ)
fK(χ)

]2
Pm

(
%+ 1/2
fK(χ)

)
(7.76)

と質量密度パワースペクトル Pm(k)を用いた簡潔な形で書き表せる．質量密度
パワースペクトルは密度ゆらぎの非線形成長を考慮した表式を用いる必要があ
るが，N 体シミュレーション (N -body simulation) の結果を再現する精度の
よいフィッティング公式が知られている103)．
参考までに，図 7.7に重み関数W (χ)の具体的な計算結果を示している．重

み関数が幅広い範囲で値を持つため Limber 近似が問題なく適用できること，
また重み関数は動径共動距離が光源での距離の約半分の場所で最大値をとるこ
と，などが確認できる．また光源の赤方偏移が大きいほど，重み関数の最大値
も大きくなっている．
7. 5. 3 ショット雑音
宇宙論的歪み場 2点相関関数や歪み場の角度パワースペクトルは，観測では

離散的な光源銀河サンプルから測定される．7. 1節で紹介されたように，個々
の銀河の形状測定から得られる歪み場の推定値は，固有楕円率のために誤差が
非常に大きい．多くの銀河の形状の平均を取ることで，固有楕円率に起因する
誤差を低減させることになる．そのため，歪み場の統計量の測定誤差は，光源
∗3) ここでは簡単のため光源の赤方偏移 zs を固定しているが，光源の赤方偏移が分布を持つ場合は，式 (7.26) に従って臨界質量面密度の逆数の平均をとったものを用いればよい．
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Measuring shear

measured
shear 𝜸

average
shapes

• assuming  orientations of galaxies are 
random

average of 
shapes of galaxies
in some region

average shear 𝜸 
in the region
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Short summary of weak lensing

3 CONVERGENCE AND SHEAR 9
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Since there is no way to infer the source position � for a distant object at ✓, one cannot directly
detect gravitational lensing e↵ects for distant objects from their positions on the sky. However,
as I will show below, gravitational lensing also distorts shapes of distant objects, from which one
can detect gravitational lensing e↵ects in a statistical sense. Such distortions can be derived from
equation (3.5), by considering the following Jacobi matrix

A :=
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where I denotes a 2⇥2 identity matrix. Note that A describes a mapping from an image to a source
(rather than a source to an image) i.e., a shape of an image with the shape �✓ is mapped into a
source with the shape �� = A�✓. The matrix A can be decomposed into trace and traceless part as

A =
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where  and �i are convergence and shear defined as
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Figure 3 shows how a shape of source is distorted due to , �1, and �2. Sometimes �1 and �2 are
combined into complex shear

� := �1 + i�2, (3.13)

which will be useful for various calculations as shown below.
A caveat is that � depends on the choice of coordinates (✓1, ✓2), which is obvious also from

Figure 3. Suppose the coordinate system is rotated by an angle ↵ i.e., ✓0 = e
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plane expression,  and � are transformed as
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which indicates that � is a spin-2 field (i.e., � is not a vector).
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38 3. 重力レンズの一般的性質

κi(θ) :=
Σi(θ)
Σcr

=
4πG
c2

DoiDis

Dos
Σi(θ) (3.9)

と計算され，それぞれのレンズ平面の重力レンズポテンシャル ψi(θ)も同様に
定義される．この重力レンズ方程式を具体的に計算するためには，それぞれの
レンズ平面での天体の位置 θi が必要になるが，それについては

θj = θ1 −
j−1∑

i=1

βijαi(θi) (j = 2, . . . , N) (3.10)

βij :=
DijDos

DisDoj
(3.11)

から計算される．Dij は i番目と j 番目との間の角径距離である．j = N + 1

を光源平面にとると，βi(N+1) = 1なので，式 (3.7)は式 (3.10)で j = N = 1

とおいた式，と見ることも可能である．
3. 1. 3 Born近似された重力レンズ方程式
視線方向全体にわたった Born近似を採用した重力レンズ方程式は，弱い重

力レンズの計算で主に用いられる．重力レンズ方程式は単一レンズ平面の場合
と同様の式

β = θ −α(θ) = θ −∇θψ (3.12)

となるが，光源の共動動径距離を χs として，重力レンズポテンシャルを
ψ(θ) :=

2
c2

∫ χs

0
dχ

fK(χs − χ)
fK(χ)fK(χs)

Φ(χ,θ) (3.13)

と計算したものを使う．式 (2.38)から，dχ = c dz/H(z)なので，光源の赤方
偏移を zs とし角径距離と赤方偏移を用いて

ψ(θ) =
2
c

∫ zs

0
dz

Dls

H(z)(1 + z)DolDos
Φ(z,θ) (3.14)

と書き表すこともできる．
弱い重力レンズでは，複数像は通常形成されないため，光源の位置を知るこ

とは基本的には不可能であり，曲がり角α(θ)自体もそれほど重要な役割を果
たさない．弱い重力レンズにおいては，3. 4節以降で詳しく見ていく，像の変
形や増光を頼りに重力レンズ効果を測定することになる．

infer 11



Error of measurement (1)

• it is useful to define complex shear/ellipticity 

156 7. 弱い重力レンズ
とっているとする．この 2次モーメントを用いて，計算の便利のため，複素楕
円率を

ε :=
Q11 −Q22 + 2iQ12

Q11 +Q22
(7.2)

と定義し，また歪み場 γ1，γ2 についても，複素歪み場
γ := γ1 + iγ2 (7.3)

を定義し，以降の計算で用いていく．式 (7.2)の複素楕円率は重力レンズ効果
をうけた銀河に対するものであると考えると，式 (3.34)の Jacobi行列 Aを用
いて，銀河の固有の形状 Q(s)

ab を
Q(s)

ab :=

∫
dβI(β)βaβb∫

dβI(β)
" AacAbdQcd (7.4)

と計算することができる．ここで，3. 5. 1節で示された，重力レンズによる輝
度の保存 I(s)(β) = I(θ)と，銀河の大きさが小さいことから得られる

∫
dβ =

∫
dθ|detA| " |detA|

∫
dθ (7.5)

とする近似を用いている．式 (7.4)と (7.2)から，銀河の固有の形状の複素楕円
率を計算すると

ε(s) =
(1− κ)2ε− 2(1− κ)γ + γ2ε∗

(1− κ)2 + |γ|2 − 2(1− κ)Re(γε∗)
(7.6)

を得る．ここで換算歪み場 (reduced shear) を
g :=

γ
1− κ

(7.7)

と定義すると，式 (7.6)は
ε(s) =

ε− 2g + g2ε∗

1 + |g|2 − 2Re(gε∗)
(7.8)

と書き換えられる．ちなみに，式 (7.8)の逆変換は
ε =

ε(s) + 2g + g2ε(s)∗

1 + |g|2 + 2Re(gε(s)∗)
(7.9)

で与えられる．式 (7.8)ないし (7.9)から，銀河の固有の形状についてその向き
がランダムである，つまり 〈ε(s)〉 = 0と仮定することで，ある銀河サンプルに
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∫
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とする近似を用いている．式 (7.4)と (7.2)から，銀河の固有の形状の複素楕円
率を計算すると

ε(s) =
(1− κ)2ε− 2(1− κ)γ + γ2ε∗

(1− κ)2 + |γ|2 − 2(1− κ)Re(γε∗)
(7.6)

を得る．ここで換算歪み場 (reduced shear) を
g :=

γ
1− κ

(7.7)

と定義すると，式 (7.6)は
ε(s) =

ε− 2g + g2ε∗

1 + |g|2 − 2Re(gε∗)
(7.8)

と書き換えられる．ちなみに，式 (7.8)の逆変換は
ε =

ε(s) + 2g + g2ε(s)∗

1 + |g|2 + 2Re(gε(s)∗)
(7.9)

で与えられる．式 (7.8)ないし (7.9)から，銀河の固有の形状についてその向き
がランダムである，つまり 〈ε(s)〉 = 0と仮定することで，ある銀河サンプルに

7
弱い重力レンズ

弱い重力レンズは，銀河の形状などを統計解析することによって，微弱な重
力レンズ信号を検出する手法である．銀河や銀河団に付随するダークマター分
布を調べる，あるいは宇宙の大域的なダークマター分布を測定する強力な手法
である．

7. 1 銀河の形状測定にもとづく歪み場測定
弱い重力レンズ信号を検出する主要な手法が，多数の銀河の形状の統計解析
にもとづく手法なので，まずこの手法を紹介する．
7. 1. 1 信号測定の基本原理
重力レンズ効果が弱い場合，式 (3.28)に従って観測される銀河の形状が少し
歪められるが，銀河の元々の形状が円ではないので，1つの銀河の観測では元々
の銀河の形状と重力レンズに起因する歪みを分離できない．銀河の固有の向き
がランダムであると仮定して，多数の銀河の形状の平均を取ることで，重力レ
ンズに起因するわずかな形状の歪みが検出できる．
この手法を式で具体的に見るため，銀河の形状を定量化しその平均をとるこ
とを考える．銀河の形状の定義はいろいろ考えられるが，1つの方法は観測さ
れる銀河の輝度分布 I(θ)の 2次モーメント

Qab :=

∫
dθI(θ)θaθb∫
dθI(θ)

(7.1)

から定義する方法である．ここで θ平面の原点は形状を測定する銀河の中心に2nd moment of 
surface brightness of

galaxy
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Error of measurement (2)

• relation btw source and image ellipticities 
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とっているとする．この 2次モーメントを用いて，計算の便利のため，複素楕
円率を

ε :=
Q11 −Q22 + 2iQ12
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(7.2)
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γ
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(7.7)

と定義すると，式 (7.6)は
ε(s) =
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(7.8)

と書き換えられる．ちなみに，式 (7.8)の逆変換は
ε =
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1 + |g|2 + 2Re(gε(s)∗)
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ついて，観測された銀河の楕円率の平均を取ることで，平均的な歪み場を求め
ることができる．具体的に，式 (7.9)の平均をとり，高次の項を無視すると

〈ε〉 # 〈ε(s) + 2g〉 # 2〈g〉 # 2〈γ〉 (7.10)

となり，観測される銀河の複素楕円率の平均から歪み場を測定できることがわ
かる．以上が，多数の銀河の形状の統計解析にもとづく，弱い重力レンズ信号
測定の基本原理である．
ここまでの議論からわかる重要な注意点として，弱い重力レンズで測定でき
るのは，厳密には歪み場 γ ではなく，式 (7.7)で定義される換算歪み場 gであ
る点がある．重力レンズ効果が弱い場合，κ$ 1から g # γ となるので，両者
の違いは多くの場合無視できるが，銀河団の中心付近の弱い重力レンズ解析な
どでは，これらの違いに注意する必要がある．
7. 1. 2 歪み場測定の誤差
上記の銀河の形状の平均から歪み場を測定する手法は，原理は単純だが，実
際の測定はそれほど容易ではない．なぜなら，弱い重力レンズで引き起こされ
る歪み場は典型的に |γ| ∼ 0.03–0.003と小さい一方，それぞれの銀河の固有の
楕円率は σε ∼ 0.3とそれよりも 1–2桁大きいためである．したがって，弱い重
力レンズの有意な検出には，典型的にはN ∼ 103–105もの多数の銀河の形状を
平均することで，固有楕円率に起因する統計誤差を σε/

√
N と小さく抑える必

要がある．平均によって統計誤差を正しく ∝ 1/
√
N で抑えるためには，個々

の銀河の形状測定の系統誤差を十分に小さくする必要があり，この点が弱い重
力レンズ解析の難しさの一因となっている95)．
例えば，望遠鏡で撮影される画像は，望遠鏡の光学系や大気のゆらぎに起因
する「ボケ」の効果に影響を受けており，銀河の形状の測定においてはこの効
果を正しく補正する必要がある．この補正を行うためには，画像中の星の形状
から点像分布関数 (point spread function) を精確に測定する必要があるが，点
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Error of measurement (3)
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Shape measurement10 S. BRIDLE ET AL.

FIG. 2. Illustration of the forward problem. The upper panels show how the original galaxy image
is sheared, blurred, pixelised and made noisy. The lower panels show the equivalent process for
(point-like) stars. We only have access to the right hand images.

One good assumption that we can make is that unlensed galaxies are randomly
oriented. In addition we find that the radially averaged 1D galaxy light intensity
profile I (r) is well fit by I (r) = Io exp(−(r/rc)

1/n) [Sersic (1968)], where Io,

FIG. 3. Illustration of the inverse problem. We begin on the right with a set of galaxy and star
images. The full inverse problem would be to derive both the shears and the intrinsic galaxy shapes.
However shear is the quantity of interest for cosmologists.

Bridle+2008 observe 
theseinfer this 15



Calibration by image simulations
Weak lensing simulations 9

Figure 3. Example simulated images for simulations with the four parent samples as labeled on each plot. All images have the same
zero points, and the symlog color scales are the same on each panel. For the purpose of illustration we have chosen images with the same
PSF model. Dashed red lines show the artificial boundaries between individual postage stamps; we have shown a 5 × 5 postage stamp
region (320 × 320 pixels) out of the simulated image composed of 100 × 100 postage stamps. Note that the color-scale is saturated in
some places for sample 4 simulations, because some of the stamps include bright stars that happen to lie close enough to our central
objects that they are included in the simulations. The sample 3 and sample 4 images look quite different from each other, despite the
choice to not mask nearby objects in either sample, because sample 4 images were created from larger postage stamps (sufficiently large
that they include some irrelevant structures that would never be blended with the central objects). We demonstrate later in this work
that the measured properties of the central galaxies in the postage stamps and their shear calibration biases are very similar in samples
3 and 4 (Fig. 17).

simulations and data, and apply various cuts and selection
criteria in a consistent fashion.

The simulations are specifically designed to include 90◦

rotated pairs of galaxies which can be used to nearly can-
cel out shape noise. This feature is particularly useful for
our estimation of shape measurement errors, as described
below, and to reduce statistical errors on shear biases, en-
abling them to be robustly quantified with fewer simu-
lations. By keeping track of the members of each pairs,
the analysis framework provides several options to apply
this cancellation or not. In all cases, a basic set of flag
cuts are imposed. These are a subset of the cuts in the
‘Basic flag cuts’ section of table 4 of Mandelbaum et al.
(2018) for the shear catalog, where the cuts that are
omitted are unnecessary in the simulations due to how
they were produced. Specifically, for simulations (which are
single-band images with no image artifacts), we only need
the cuts on idetect_is_primary, iflags_badcentroid,

icentroid_sdss_flags, iclassification_extendedness,
and ishape_hsm_regauss_sigma. We also impose a cut spe-
cific to the simulations, requiring that the detection nearest
the center of the postage stamp have a centroid that is a
maximum of 5 pixels from the center; this cut was empiri-
cally determined as a way of eliminating stamps where the
detection nearest the center was not the intended central
object.

After the imposition of those flag cuts, further selection
criteria in the ‘Cuts on object properties’ section of table 4
of Mandelbaum et al. (2018) are imposed based on whether
shape noise cancellation is desired or not. Without shape
noise cancellation, all galaxies passing a given set of cuts
are retained. With shape noise cancellation, pairs where one
member has not been detected by the HSC pipeline are first
discarded, and of the remaining pairs, only those in which
a randomly selected member passes the specified set of cuts
are retained, as to avoid selection bias entirely.

MNRAS 000, 000–000 (0000)

mock images of 
galaxies and stars

Mandelbaum+2018

apply your shape
measurements

compare input 𝜸
and inferred 𝜸

calibrate residuals
16



Power spectrum analysis

• how to quantify density fluctuations?

angular power spectrum

κ̃(ℓ ) = ∫ dθ κ(θ) e−iℓ⋅θ

(flat sky approximation)

⟨δ̃(ℓ )δ̃(ℓ′￼)⟩ = (2π)2δD(ℓ + ℓ′￼)Cℓ

17



Convergence power spectrum

small-scalelarge-scale

larger power
on smaller scale
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From shear to convergence

3 CONVERGENCE AND SHEAR 9

↵(✓) := @✓ , (3.6)

 (✓) :=
2

c2

Z �s

0
d�

fK(�s � �)

fK(�)fK(�s)
�(�,✓). (3.7)

Since there is no way to infer the source position � for a distant object at ✓, one cannot directly
detect gravitational lensing e↵ects for distant objects from their positions on the sky. However,
as I will show below, gravitational lensing also distorts shapes of distant objects, from which one
can detect gravitational lensing e↵ects in a statistical sense. Such distortions can be derived from
equation (3.5), by considering the following Jacobi matrix

A :=
@�

@✓
= I �

@↵

@✓
, (3.8)

where I denotes a 2⇥2 identity matrix. Note that A describes a mapping from an image to a source
(rather than a source to an image) i.e., a shape of an image with the shape �✓ is mapped into a
source with the shape �� = A�✓. The matrix A can be decomposed into trace and traceless part as

A =

✓
1� � �1 ��2

��2 1� + �1

◆
, (3.9)

where  and �i are convergence and shear defined as

 :=
1

2
( ,✓1✓1 +  ,✓2✓2) , (3.10)

�1 :=
1

2
( ,✓1✓1 �  ,✓2✓2) , (3.11)

�2 :=  ,✓1✓2 . (3.12)

Figure 3 shows how a shape of source is distorted due to , �1, and �2. Sometimes �1 and �2 are
combined into complex shear

� := �1 + i�2, (3.13)

which will be useful for various calculations as shown below.
A caveat is that � depends on the choice of coordinates (✓1, ✓2), which is obvious also from

Figure 3. Suppose the coordinate system is rotated by an angle ↵ i.e., ✓0 = e
�↵
✓ in the complex

plane expression,  and � are transformed as


0 = , �

0 = e
�2i↵

�, (3.14)

which indicates that � is a spin-2 field (i.e., � is not a vector).
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related

Fourier transform
∇θ → −iℓ

κ̃ =
ℓ2

1 − ℓ2
2 − 2iℓ1ℓ2

ℓ2
γ̃ = Re(e−2iφℓ)γ̃
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E/B decomposition
3 CONVERGENCE AND SHEAR 10
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Figure 3: Distortions of galaxy shapes by gravitational lensing. Dotted circles show the original
shape of a source, which is assumed to be circular symmetric. Solid lines show shapes after the
gravitational lensing e↵ect.

3.2 Measurements

When the e↵ect of gravitational lensing is very strong, one can detect it directly from highly dis-
torted shapes of galaxies or multiple images of sources. However, in this lecture I focus only on
weak gravitational lensing where signals are weak so that they need to be detected statistically by
combining many sources. Among various techniques to detect weak gravitational lensing, the most
standard technique is to use shapes of source galaxies, which I will explain below.

Here I discuss a simple way to measure galaxy shapes using second moments Qab of their surface
brightness distributions I(✓). For each galaxy, Qab is defined as

Qab :=

R
d✓I(✓)✓a✓bR
d✓I(✓)

, (3.15)

adopting the origin of ✓ to the center of the galaxy. In a manner similar to equation (3.13), I define
complex ellipticity ✏ of a galaxy as

✏ :=
Q11 �Q22 + 2iQ12

Q11 +Q22
. (3.16)

Using the matrix A (equation 3.9), the corresponding second moments in the source plane Q
(s)
ab is

given by

Q
(s)
ab :=

R
d�I(�)�a�bR
d�I(�)

⇡ AacAbdQcd, (3.17)

where the conservation of the surface brightness distribution due to gravitational lensing (I(s)(�) =
I(✓)) is adopted, and adopting

R
d� =

R
d✓|detA| ⇡ |detA|

R
d✓ given that the size of each galaxy

is su�ciently small. By a straightforward calculation, it is shown that

✏
(s) =

(1� )2✏� 2(1� )� + �
2
✏
⇤

(1� )2 + |�|2 � 2(1� )Re(�✏⇤)
. (3.18)
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Figure 5: Meaning of E-mode and B-mode shear (see equation 4.9). E-mode shear �E(✓) is essentially
summation of tangential shear �+(✓

0; ✓) (equation 4.10) around ✓, and B-mode shear �E(✓) is
summation of cross shear �⇥(✓

0; ✓) (equation 4.11) around ✓.

with �✓ being a polar angle in real space i.e., (✓1, ✓2)=(|✓| cos�✓, |✓| sin�✓). Inserting this expression
to equation (4.6), I obtain

�E(✓) + i�B(✓) =
1

⇡

Z
d✓0 �+(✓

0; ✓)
��✓ � ✓0��2 + i

1

⇡

Z
d✓0 �⇥(✓

0; ✓)
��✓ � ✓0��2 , (4.9)

where

�+(✓
0; ✓) := �Re

h
�(✓0) e�2i�✓0�✓

i
= ��1(✓

0) cos(2�✓0�✓)� �2(✓
0) sin(2�✓0�✓), (4.10)

�⇥(✓
0; ✓) := �Im

h
�(✓0) e�2i�✓0�✓

i
= �1(✓

0) sin(2�✓0�✓)� �2(✓
0) cos(2�✓0�✓). (4.11)

From the definition of shear, it is easily found that �+(✓
0; ✓) and �⇥(✓

0; ✓) represents tangential
shear and its 45� rotated version (sometimes referred to as cross shear) around ✓, respectively. Thus
in analogy to electromagnetics, �E and �B is E-mode and B-mode shear, respectively. Figure 5 gives
an explanation of E-mode and B-mode shear.

4 COSMIC SHEAR POWER SPECTRUM 14

4 Cosmic shear power spectrum

4.1 Fourier transform and E/B decomposition

One of the most popular ways to extract cosmological weak gravitational lensing signals is to mea-
sure two-point correlation functions, or their counterparts in Fourier space, power spectra. Since
calculations are more convenient in Fourier space, here I introduce convergence and shear in Fourier
space and discuss their properties.

I again adopt locally flat coordinates, and use the following convention to perform Fourier trans-
form

(✓) =

Z
d`

(2⇡)2
̃(`)ei`·✓, (4.1)

̃(`) =

Z
d✓ (✓)e�i`·✓

. (4.2)

Similarly I denote Fourier transform of complex shear as �̃.
As shown in equation (3.14) shear is not invariant under coordinate rotation. This coordinate

rotation also changes �̃ as �̃0 = e
�2i↵

�̃. From �̃, I define new fields �̃E and �̃B that are designed to
be invariant under coordinate rotation

�̃E := cos (2�`) �̃1 + sin (2�`) �̃2, (4.3)

�̃B := � sin (2�`) �̃1 + cos (2�`) �̃2, (4.4)

where �` is a polar angle in Fourier space i.e., (`1, `2)=(|`| cos�`, |`| sin�`). They satisfy

�̃E + i�̃B = e
�2i�` �̃. (4.5)

Under coordinated rotation with angle ↵, �̃ ! e
�2i↵

�̃ and �` ! �` � ↵, and hence the right hand
side of equation (4.5) does not change.

The physical meaning of �̃E and �̃B becomes clearer once they are transformed to real space.
From equation (4.5), I can obtain their expressions in real space as

�E(✓) + i�B(✓) =

Z
d`

(2⇡)2
e
i`·✓

Z
d✓0

�(✓0)e�i`·✓0
Z

d✓00
D(✓00)e�i`·✓00

=

Z
d✓0

�(✓0)D(✓ � ✓0), (4.6)

where I used a useful formula for Dirac delta function �
D(✓)

Z
d`

(2⇡)2
e
i`·✓ = �

D(✓), (4.7)

and D(✓) is Fourier transform of e�2i�` and is given by

D(✓) = �
1

⇡

e
�2i�✓

|✓|2
= �

1

⇡

✓
2
1 � ✓

2
2 � 2i✓1✓2

|✓|4
, (4.8)

𝜸1, 𝜸2

local 
coordinate-dependent

𝜸E, 𝜸B

non-local 
coordinate-independent
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E/B decomposition
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Figure 3: Distortions of galaxy shapes by gravitational lensing. Dotted circles show the original
shape of a source, which is assumed to be circular symmetric. Solid lines show shapes after the
gravitational lensing e↵ect.

3.2 Measurements

When the e↵ect of gravitational lensing is very strong, one can detect it directly from highly dis-
torted shapes of galaxies or multiple images of sources. However, in this lecture I focus only on
weak gravitational lensing where signals are weak so that they need to be detected statistically by
combining many sources. Among various techniques to detect weak gravitational lensing, the most
standard technique is to use shapes of source galaxies, which I will explain below.

Here I discuss a simple way to measure galaxy shapes using second moments Qab of their surface
brightness distributions I(✓). For each galaxy, Qab is defined as

Qab :=

R
d✓I(✓)✓a✓bR
d✓I(✓)

, (3.15)

adopting the origin of ✓ to the center of the galaxy. In a manner similar to equation (3.13), I define
complex ellipticity ✏ of a galaxy as

✏ :=
Q11 �Q22 + 2iQ12

Q11 +Q22
. (3.16)

Using the matrix A (equation 3.9), the corresponding second moments in the source plane Q
(s)
ab is

given by

Q
(s)
ab :=

R
d�I(�)�a�bR
d�I(�)

⇡ AacAbdQcd, (3.17)

where the conservation of the surface brightness distribution due to gravitational lensing (I(s)(�) =
I(✓)) is adopted, and adopting

R
d� =

R
d✓|detA| ⇡ |detA|

R
d✓ given that the size of each galaxy

is su�ciently small. By a straightforward calculation, it is shown that

✏
(s) =

(1� )2✏� 2(1� )� + �
2
✏
⇤

(1� )2 + |�|2 � 2(1� )Re(�✏⇤)
. (3.18)
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!E(") > 0

"'-"

!B(") > 0

"'-"
ɸ"'-" ɸ"'-"

!E(") < 0

"'-"

!B(") < 0

"'-"
ɸ"'-" ɸ"'-"

!+("';")

!+("';")

!×("';")

!×("';")

Figure 5: Meaning of E-mode and B-mode shear (see equation 4.9). E-mode shear �E(✓) is essentially
summation of tangential shear �+(✓

0; ✓) (equation 4.10) around ✓, and B-mode shear �E(✓) is
summation of cross shear �⇥(✓

0; ✓) (equation 4.11) around ✓.

with �✓ being a polar angle in real space i.e., (✓1, ✓2)=(|✓| cos�✓, |✓| sin�✓). Inserting this expression
to equation (4.6), I obtain

�E(✓) + i�B(✓) =
1

⇡

Z
d✓0 �+(✓

0; ✓)
��✓ � ✓0��2 + i

1

⇡

Z
d✓0 �⇥(✓

0; ✓)
��✓ � ✓0��2 , (4.9)

where

�+(✓
0; ✓) := �Re

h
�(✓0) e�2i�✓0�✓

i
= ��1(✓

0) cos(2�✓0�✓)� �2(✓
0) sin(2�✓0�✓), (4.10)

�⇥(✓
0; ✓) := �Im

h
�(✓0) e�2i�✓0�✓

i
= �1(✓

0) sin(2�✓0�✓)� �2(✓
0) cos(2�✓0�✓). (4.11)

From the definition of shear, it is easily found that �+(✓
0; ✓) and �⇥(✓

0; ✓) represents tangential
shear and its 45� rotated version (sometimes referred to as cross shear) around ✓, respectively. Thus
in analogy to electromagnetics, �E and �B is E-mode and B-mode shear, respectively. Figure 5 gives
an explanation of E-mode and B-mode shear.
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4 Cosmic shear power spectrum

4.1 Fourier transform and E/B decomposition

One of the most popular ways to extract cosmological weak gravitational lensing signals is to mea-
sure two-point correlation functions, or their counterparts in Fourier space, power spectra. Since
calculations are more convenient in Fourier space, here I introduce convergence and shear in Fourier
space and discuss their properties.

I again adopt locally flat coordinates, and use the following convention to perform Fourier trans-
form

(✓) =

Z
d`

(2⇡)2
̃(`)ei`·✓, (4.1)

̃(`) =

Z
d✓ (✓)e�i`·✓

. (4.2)

Similarly I denote Fourier transform of complex shear as �̃.
As shown in equation (3.14) shear is not invariant under coordinate rotation. This coordinate

rotation also changes �̃ as �̃0 = e
�2i↵

�̃. From �̃, I define new fields �̃E and �̃B that are designed to
be invariant under coordinate rotation

�̃E := cos (2�`) �̃1 + sin (2�`) �̃2, (4.3)

�̃B := � sin (2�`) �̃1 + cos (2�`) �̃2, (4.4)

where �` is a polar angle in Fourier space i.e., (`1, `2)=(|`| cos�`, |`| sin�`). They satisfy

�̃E + i�̃B = e
�2i�` �̃. (4.5)

Under coordinated rotation with angle ↵, �̃ ! e
�2i↵

�̃ and �` ! �` � ↵, and hence the right hand
side of equation (4.5) does not change.

The physical meaning of �̃E and �̃B becomes clearer once they are transformed to real space.
From equation (4.5), I can obtain their expressions in real space as

�E(✓) + i�B(✓) =

Z
d`

(2⇡)2
e
i`·✓

Z
d✓0

�(✓0)e�i`·✓0
Z

d✓00
D(✓00)e�i`·✓00

=

Z
d✓0

�(✓0)D(✓ � ✓0), (4.6)

where I used a useful formula for Dirac delta function �
D(✓)

Z
d`

(2⇡)2
e
i`·✓ = �

D(✓), (4.7)

and D(✓) is Fourier transform of e�2i�` and is given by

D(✓) = �
1

⇡

e
�2i�✓

|✓|2
= �

1

⇡

✓
2
1 � ✓

2
2 � 2i✓1✓2

|✓|4
, (4.8)

𝜸1, 𝜸2

local 
coordinate-dependent

𝜸E, 𝜸B

non-local 
coordinate-independent

𝜸E=κ 𝜸B=0
(Born approximation)
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Basic procedure of analysis

• measure galaxy shapes

• construct shear field 

• E/B decomposition → convergence filed

• measure power spectrum 

• compare it with theoretical model to extract 
e.g., amplitude of density fluctuations

(over-simplified…)
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Estimating power spectrum (1)

Ni=1

• divide the sky into small cells 
with each area ΔΩ

7. 5 宇宙論的歪み場 175

図 7.7 式 (7.75) で定義される収束場の重み関数．3 つの異なる光源の赤方偏移に対し
て，重み関数を動径共動距離 χ の関数として示している．

銀河の数密度に依存すると考えらるが，このような銀河サンプルの有限性に起
因する誤差はショット雑音 (shot noise) と呼ばれる．ここでは，ショット雑音
によって，銀河の形状の観測による歪み場の推定がどのような影響を受けるか
を議論する．
式 (7.10)から，i番目の銀河の複素楕円率の測定値 εi から，その銀河の位置
での複素歪み場の推定値 γobsi は

γobsi :=
εi
2

! ε(s)i

2
+ γ(θi) (7.77)

と表され，重力レンズ信号が弱い近似，|γ| " 1，のもとで銀河の固有複素楕円
率 ε(s)i と銀河の位置 θi での真の複素歪み場 γ(θi)との和で表される．各銀河
iの歪み場の推定値 γobsi をもとに，歪み場を以下の通り推定することとする．
考えている天域を，それぞれの面積が∆Ωのセルに分割し，各セルの面積が小
さい場合はそれぞれ高々 1つの銀河を含むことになる．この状況で，占有数Ni

を，i番目のセルが銀河を含む場合を Ni = 1，含まない場合を Ni = 0とする
ものとして定義する．すると，観測された銀河サンプルの形状測定から，歪み
場を

γobs(θ) :=
1
n̄

∑

i

Niγ
obs
i δD(θ − θi) (7.78)

と推定できる．ただし，n̄は天球面上での銀河の数密度である．Niγ
obs
i のアン

• shear filed from discrete 
galaxy sample (Ni=0 or 1)

run over all cells

(Ni=0 for empty cell)

176 7. 弱い重力レンズ
サンブル平均について

〈Niγ
obs
i 〉 = 〈Ni〉〈γobsi 〉 = n̄∆Ω〈γobsi 〉 = n̄∆Ω γ(θi) (7.79)

となることから
〈γobs(θ)〉 =

∑

i

∆Ω γ(θi)δ
D(θ − θi)

$
∫

dΩ γ(θi)δ
D(θ − θi)

= γ(θ) (7.80)

となるため，式 (7.78) の γobs(θ) が歪み場の推定を与えていることが確認で
きる．
角度パワースペクトルの推定がショット雑音によってどのように影響を受け

るかを見るために，局所平面近似を採用して，式 (7.78)を Fourier変換すると
γ̃obs(") =

1
n̄

∑

i

Niγ
obs
i e−i!·θi (7.81)

となる．複素歪み場と Eモード歪み場は式 (7.45)で関係付いており，Eモード
歪み場についても式 (7.81)と同様の表式が成り立つだろう．したがって

〈γ̃obsE (")γ̃obsE ("′)〉 = 1
n̄2

∑

i,j

〈NiNjγ
obs
E,i γ

obs
E,j 〉e−i(!·θi+!′·θj) (7.82)

となり，右辺のアンサンブル平均はさらに
〈NiNjγ

obs
E,i γ

obs
E,j 〉 =

〈
NiNj

ε(s)E,i

2

ε(s)E,j

2

〉
+ 〈NiNjγE(θi)γE(θj)〉

= n̄∆Ωδij
σ2
ε/2

2
+ (n̄∆Ω)2 〈γE(θi)γE(θj)〉 (7.83)

と計算できる．ただし σε/2 は固有楕円率を 2で割った量の二乗平均平方根で
あり，銀河の向きがランダムであることから Eモードと Bモードでそれぞれ同
じ値を持つ，すなわち σ2

εE/2 = σ2
εB/2 = σ2

ε/2/2，と考えられるため，2で割っ
ていることに注意する．この表式から，式 (7.82)は

galaxy number density
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Estimating power spectrum (2)

• Fourier transform of the shear field

176 7. 弱い重力レンズ
サンブル平均について

〈Niγ
obs
i 〉 = 〈Ni〉〈γobsi 〉 = n̄∆Ω〈γobsi 〉 = n̄∆Ω γ(θi) (7.79)

となることから
〈γobs(θ)〉 =

∑

i

∆Ω γ(θi)δ
D(θ − θi)

$
∫

dΩ γ(θi)δ
D(θ − θi)

= γ(θ) (7.80)

となるため，式 (7.78) の γobs(θ) が歪み場の推定を与えていることが確認で
きる．
角度パワースペクトルの推定がショット雑音によってどのように影響を受け

るかを見るために，局所平面近似を採用して，式 (7.78)を Fourier変換すると
γ̃obs(") =

1
n̄

∑

i

Niγ
obs
i e−i!·θi (7.81)

となる．複素歪み場と Eモード歪み場は式 (7.45)で関係付いており，Eモード
歪み場についても式 (7.81)と同様の表式が成り立つだろう．したがって

〈γ̃obsE (")γ̃obsE ("′)〉 = 1
n̄2

∑

i,j

〈NiNjγ
obs
E,i γ

obs
E,j 〉e−i(!·θi+!′·θj) (7.82)

となり，右辺のアンサンブル平均はさらに
〈NiNjγ

obs
E,i γ

obs
E,j 〉 =

〈
NiNj

ε(s)E,i

2

ε(s)E,j

2

〉
+ 〈NiNjγE(θi)γE(θj)〉

= n̄∆Ωδij
σ2
ε/2

2
+ (n̄∆Ω)2 〈γE(θi)γE(θj)〉 (7.83)

と計算できる．ただし σε/2 は固有楕円率を 2で割った量の二乗平均平方根で
あり，銀河の向きがランダムであることから Eモードと Bモードでそれぞれ同
じ値を持つ，すなわち σ2

εE/2 = σ2
εB/2 = σ2

ε/2/2，と考えられるため，2で割っ
ていることに注意する．この表式から，式 (7.82)は

• compute E-mode power spectrum

176 7. 弱い重力レンズ
サンブル平均について

〈Niγ
obs
i 〉 = 〈Ni〉〈γobsi 〉 = n̄∆Ω〈γobsi 〉 = n̄∆Ω γ(θi) (7.79)

となることから
〈γobs(θ)〉 =

∑

i

∆Ω γ(θi)δ
D(θ − θi)

$
∫

dΩ γ(θi)δ
D(θ − θi)

= γ(θ) (7.80)

となるため，式 (7.78) の γobs(θ) が歪み場の推定を与えていることが確認で
きる．
角度パワースペクトルの推定がショット雑音によってどのように影響を受け

るかを見るために，局所平面近似を採用して，式 (7.78)を Fourier変換すると
γ̃obs(") =

1
n̄

∑

i

Niγ
obs
i e−i!·θi (7.81)

となる．複素歪み場と Eモード歪み場は式 (7.45)で関係付いており，Eモード
歪み場についても式 (7.81)と同様の表式が成り立つだろう．したがって

〈γ̃obsE (")γ̃obsE ("′)〉 = 1
n̄2

∑

i,j

〈NiNjγ
obs
E,i γ

obs
E,j 〉e−i(!·θi+!′·θj) (7.82)

となり，右辺のアンサンブル平均はさらに
〈NiNjγ

obs
E,i γ

obs
E,j 〉 =

〈
NiNj

ε(s)E,i

2

ε(s)E,j

2

〉
+ 〈NiNjγE(θi)γE(θj)〉

= n̄∆Ωδij
σ2
ε/2

2
+ (n̄∆Ω)2 〈γE(θi)γE(θj)〉 (7.83)

と計算できる．ただし σε/2 は固有楕円率を 2で割った量の二乗平均平方根で
あり，銀河の向きがランダムであることから Eモードと Bモードでそれぞれ同
じ値を持つ，すなわち σ2

εE/2 = σ2
εB/2 = σ2

ε/2/2，と考えられるため，2で割っ
ていることに注意する．この表式から，式 (7.82)は
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〈γ̃obsE (!)γ̃obsE (!′)〉 = 1
n̄

∑

i

∆Ω
σ2
ε/2

2
e−i(!+!′)·θi

+
∑

i,j

(∆Ω)2 〈γE(θi)γE(θj)〉e−i(!·θi+!′·θj)

#
σ2
ε/2

2n̄

∫
dθie

−i(!+!′)·θi

+

∫
dθi

∫
dθ′

j ω
γEγE(θ′j) e

−i(!+!′)·θi−i!′·θ′
j

= (2π)2δD(!+ !′)

(
σ2
ε/2

2n̄
+ CγEγE

#

)
(7.84)

となる．つまり，角度パワースペクトルの定義式 (7.52)から，離散的な銀河の
サンプルの形状測定から推定される Eモード歪み場の角度パワースペクトルは

CγEγE,obs
# = CγEγE

# +
σ2
ε/2

2n̄
(7.85)

となって，真の角度パワースペクトル CγEγE

# に加えて，銀河の数密度の逆数に
比例した定数項が加わることがわかる．この定数項がショット雑音である．解
析する銀河サンプルからショット雑音の大きさは見積もることができるので，
観測から推定した角度パワースペクトルからさらにショット雑音を引き算する
ことで，真の角度パワースペクトル CγEγE

# を推定することができるが，次で示
すように角度パワースペクトル推定の誤差にはショット雑音が重要となる．
7. 5. 4 角度パワースペクトルの共分散
角度パワースペクトルの測定誤差は共分散 (covariance)で与えられる．ショッ
ト雑音に加えて，サーベイ領域の天球面上の面積，あるいは立体角，も誤差の大
きさを左右するため，局所平面近似を採用し有限サーベイ領域の Fourier変換を
考える．簡単のため，1辺の長さが Θの正方形のサーベイ形状，すなわちサー
ベイ領域の立体角として Ωs = Θ2，を仮定し，!空間を大きさが ∆' = 2π/Θ

の正方形のセルに分割し離散 Fourier変換を行うことを考える．この設定では，
逆 Fourier変換は

γE(θ) =
∑

j

∆'2

(2π)2
γ̃E(!j)e

i!j ·θ =
1
Ωs

∑

j

γ̃E(!j)e
i!j ·θ (7.86)
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〈γ̃obsE (!)γ̃obsE (!′)〉 = 1
n̄

∑

i

∆Ω
σ2
ε/2

2
e−i(!+!′)·θi

+
∑

i,j

(∆Ω)2 〈γE(θi)γE(θj)〉e−i(!·θi+!′·θj)

#
σ2
ε/2

2n̄

∫
dθie

−i(!+!′)·θi

+

∫
dθi

∫
dθ′

j ω
γEγE(θ′j) e

−i(!+!′)·θi−i!′·θ′
j

= (2π)2δD(!+ !′)

(
σ2
ε/2

2n̄
+ CγEγE

#

)
(7.84)

となる．つまり，角度パワースペクトルの定義式 (7.52)から，離散的な銀河の
サンプルの形状測定から推定される Eモード歪み場の角度パワースペクトルは

CγEγE,obs
# = CγEγE

# +
σ2
ε/2

2n̄
(7.85)

となって，真の角度パワースペクトル CγEγE

# に加えて，銀河の数密度の逆数に
比例した定数項が加わることがわかる．この定数項がショット雑音である．解
析する銀河サンプルからショット雑音の大きさは見積もることができるので，
観測から推定した角度パワースペクトルからさらにショット雑音を引き算する
ことで，真の角度パワースペクトル CγEγE

# を推定することができるが，次で示
すように角度パワースペクトル推定の誤差にはショット雑音が重要となる．
7. 5. 4 角度パワースペクトルの共分散
角度パワースペクトルの測定誤差は共分散 (covariance)で与えられる．ショッ
ト雑音に加えて，サーベイ領域の天球面上の面積，あるいは立体角，も誤差の大
きさを左右するため，局所平面近似を採用し有限サーベイ領域の Fourier変換を
考える．簡単のため，1辺の長さが Θの正方形のサーベイ形状，すなわちサー
ベイ領域の立体角として Ωs = Θ2，を仮定し，!空間を大きさが ∆' = 2π/Θ

の正方形のセルに分割し離散 Fourier変換を行うことを考える．この設定では，
逆 Fourier変換は

γE(θ) =
∑

j

∆'2

(2π)2
γ̃E(!j)e

i!j ·θ =
1
Ωs

∑

j

γ̃E(!j)e
i!j ·θ (7.86)
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Shot noise

• power spectrum estimation from discrete galaxy 
sample is always affected by shot noise
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〈γ̃obsE (!)γ̃obsE (!′)〉 = 1
n̄

∑

i

∆Ω
σ2
ε/2

2
e−i(!+!′)·θi

+
∑

i,j

(∆Ω)2 〈γE(θi)γE(θj)〉e−i(!·θi+!′·θj)

#
σ2
ε/2

2n̄

∫
dθie

−i(!+!′)·θi

+

∫
dθi

∫
dθ′

j ω
γEγE(θ′j) e

−i(!+!′)·θi−i!′·θ′
j

= (2π)2δD(!+ !′)

(
σ2
ε/2

2n̄
+ CγEγE

#

)
(7.84)

となる．つまり，角度パワースペクトルの定義式 (7.52)から，離散的な銀河の
サンプルの形状測定から推定される Eモード歪み場の角度パワースペクトルは

CγEγE,obs
# = CγEγE

# +
σ2
ε/2

2n̄
(7.85)

となって，真の角度パワースペクトル CγEγE

# に加えて，銀河の数密度の逆数に
比例した定数項が加わることがわかる．この定数項がショット雑音である．解
析する銀河サンプルからショット雑音の大きさは見積もることができるので，
観測から推定した角度パワースペクトルからさらにショット雑音を引き算する
ことで，真の角度パワースペクトル CγEγE

# を推定することができるが，次で示
すように角度パワースペクトル推定の誤差にはショット雑音が重要となる．
7. 5. 4 角度パワースペクトルの共分散
角度パワースペクトルの測定誤差は共分散 (covariance)で与えられる．ショッ
ト雑音に加えて，サーベイ領域の天球面上の面積，あるいは立体角，も誤差の大
きさを左右するため，局所平面近似を採用し有限サーベイ領域の Fourier変換を
考える．簡単のため，1辺の長さが Θの正方形のサーベイ形状，すなわちサー
ベイ領域の立体角として Ωs = Θ2，を仮定し，!空間を大きさが ∆' = 2π/Θ

の正方形のセルに分割し離散 Fourier変換を行うことを考える．この設定では，
逆 Fourier変換は

γE(θ) =
∑

j

∆'2

(2π)2
γ̃E(!j)e

i!j ·θ =
1
Ωs

∑

j

γ̃E(!j)e
i!j ·θ (7.86)

shot noise

• higher galaxy number density leads to smaller 
shot noise
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• measurement error under Gaussian approx.

Covariance
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and as a result covariance is simplified as
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Although this expression of covariance ignores non-Gaussian e↵ects and therefore is not accurate in
general (see e.g., Takada & Jain, 2009; Takada & Hu, 2013, for e↵ects of non-Gaussianity), it has
several important implications. First, covariance is inversely proportional to Nmode,i, which is an
increasing function of ` for a fixed `-bin width. Hence measurements of power spectrum at low ` is
noisy, due to a large cosmic variance. Second, it is also inversely proportional to the survey area ⌦s,
which suggests that the signal-to-noise ratio of cosmic shear measurements is /

p
⌦s. Third, the

shot noise contributes to covariance, which tends to dominate at large `. Fourth, covariance matrix
is diagonal, which makes various calculations simpler.

5 Cosmology with cosmic shear

5.1 Behavior of power spectrum

In previous Section, I derived cosmic shear power spectrum (equation 4.41), which is essentially
given by the integration of the matter power spectrum along the line-of-sight. On the other hand,
from a large sample of distant galaxies with measurements of their ellipticities, one can in principle
infer the E-mode shear power spectrum (equation 4.51). Therefore cosmological parameters can
be constrained by searching for parameters that best reproduce the observed cosmic shear power
spectrum. In order to understand what kind of constraints will be obtained, however, it is important
to know behavior of cosmic shear power spectrum, including its sensitivity to various parameters.

Figure 6 shows an example of theoretical calculations of cosmic shear power spectrum in the
current standard cosmological model. Since the standard cold dark model predicts large density
fluctuations at small scales, cosmic shear also has a large power at large `. The comparison with
power spectrum computed from the linear matter power spectrum indicates that the nonlinear
evolution of density fluctuations is indeed important for cosmic shear. At very large `, measurements
become very noisy due to large shot noise. Together with the fact that cosmic variance is large at
small ` (see equation 4.56), for a typical case with n̄ = 20 arcmin�2 it is expected that constraints
on cosmological parameters mainly come from ` ⇠ 103.

It is worth noting that the power spectrum is relatively featureless. This is because any features in
matter power spectrum, most notably baryon acoustic oscillations, are smeared out due to projection
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Therefore, an observed cosmic shear power spectrum C
�E�E,obs
` from a discrete galaxy sample be-

comes

C
�E�E,obs
` = C

�E�E
` +

�
2
✏/2

2n̄
. (4.49)

The second term that is inversely proportional to the angular number density of galaxies is called
the shot noise. Although the shot noise term can be estimated from the observation and therefore
one can obtain C

�E�E
` from the observed data, it is still very important as it contributes to the noise

as I will see below.

4.6 Covariance

Since the measurement error of power spectrum depends on the survey area, Fourier transform
should also be performed in a limited sky area. Let’s assume that the survey region is a rectangular
with the length ⇥. Adopting the size of a cell in ` space as �` = 2⇡/⇥ (i.e., �⌦ = (2⇡/⇥)2),
equation (4.1) is modified as
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i`i·✓, (4.50)

where ⌦s = ⇥2 is the total survey area. Using this discretized description in ` space, E-mode power
spectrum in i-th ` bin defined by `i,min < ` < `i,max is estimated as

Ĉ
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is the number of modes in the bin and fsky := ⌦s/(4⇡). Using a discrete version of the definition of
power spectrum
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`,i , (4.53)

with �`i+`j = 1 only when `i + `j = 0, it is shown that hĈ�E�E,obs
`,i i = C
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`,i .

I now derive covariance between i-th and j-th ` bins. It is defined by
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Ĉ

�E�E,obs
`,i

ED
Ĉ
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The accurate evaluation of this covariance requires knowledge of trispectrum of convergence and
hence is challenging. Here I make a simplified assumption that convergence obeys random Gaussian

shot noisecosmic variance

=Ωs/4π survey area

• non-Gaussian error also important
     (e.g., Takada & Jain 2009; Takada & Hu 2013)
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Effect of shot noise

small-scalelarge-scale

large shape (shot) noise 

shot noise
dominant

shot noise
subdominant
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Example of measurement

20 Publications of the Astronomical Society of Japan, (2014), Vol. 00, No. 0

Fig. 4. Comparison of the measured tomographic shear power spectra with our theoretical model with best-fit values for the fiducial ΛCDM model. Best-fit

IA power spectra of CGG (dotted), −CGI (short dashed), and CII (long dashed) as well as power spectra arising from PSF leakage and PSF model error

[equation (13)] (dash-dotted) are also plotted. The redshift range of zbest in each tomographic bin is =[0.3,0.6], [0.6,0.9], [0.9,1.2], and [1.2,1.5] from 1

to 4. The right-bottom panel shows the measured non-tomographic cosmic shear power spectrum and the model spectra with the best-fit values from the

tomographic analysis. The CII term is so small that it is absent from all panels except for 11.

plane from our tomographic cosmic shear power spectrum anal-

ysis in the fiducial ΛCDM model. Constraints from cosmic

shear are known to be degenerate in the Ωm-σ8 plane. Cosmic

shear can tightly constrain a combination of cosmological pa-

rameters S8(α) ≡ σ8(Ωm/0.3)α, which we adopt to quantify

cosmological constraints from the HSC first year data. By car-

rying out a linear fit of the logarithm of the posterior samples

of Ωm and σ8, we find that the tightest constraints for S8 are

obtained with α = 0.45. However, the previous studies by

DES (Troxel et al. 2017) and KiDS (Hildebrandt et al. 2017;

Köhlinger et al. 2017) have presented constraints on S8 with

α = 0.5. To present best constraints as well as constraints that

can be directly compared with these previous cosmic shear re-

sults, in this paper we present our results of S8 both for α=0.45

and α= 0.5.

In Figure 5, we show our marginalized constraints in Ωm-

σ8 and Ωm-S8(α = 0.45) planes. As expected, there is no

strong correlation between Ωm and S8. We find S8(α=0.45)=

0.800+0.029
−0.028 and Ωm = 0.162+0.086

−0.044. Our HSC first-year cos-

mic shear analysis places a 3.6% fractional constraint on S8,

which is comparable to the results of DES (Troxel et al. 2017)

and KiDS (Hildebrandt et al. 2017). For comparison, we find a

slightly degraded constraint on S8(α = 0.5) = 0.780+0.030
−0.033 for

α = 0.5. We compare our constraints in the Ωm-σ8 and Ωm-

S8(α = 0.5) planes with cosmic shear results from DES Y1

(Troxel et al. 2018) and also from KiDS-450 with two differ-

ent methods, correlation functions (CF; Hildebrandt et al. 2017)

and quadratic estimators (QE; Köhlinger et al. 2017). Note that

measured
from HSC data

best-fit 
model

Hikage, MO+ PASJ 71(2019)43

NAOJ, https://www.naoj.org/

HSC/Subaru telescope

measurement with shapes 
of 9 million galaxies 
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Mass map analysis

• how to quantify density fluctuations?

mass (convergence) map

κ̃ =
ℓ2

1 − ℓ2
2 − 2iℓ1ℓ2

ℓ2
γ̃ = Re(e−2iφℓ)γ̃

166 7. 弱い重力レンズ
と計算できる．ただし，Diracのデルタ関数に関する以下の公式

∫
dθ

(2π)2
ei!·θ = δD(") (7.37)

を用いた．式 (7.36)は，積の Fourier変換が畳み込み積分で書き表せる，という
よく知られた事実を具体的な計算で示したことになっている．D(θ)の Fourier

変換の具体的な表式は
D̃(") = π

#21 − #22 + 2i#1#2

|"|2
=

π2

D̃∗(")
(7.38)

となるため，式 (7.36)を変形して
κ̃(") =

1
π
γ̃(")D̃∗(") (7.39)

として，この式を Fourier逆変換することで
κ(θ)− κ0 =

1
π

∫
dθ′γ(θ′)D∗(θ − θ′) (7.40)

と歪み場から収束場，すなわち面密度質量分布を導出する式が得られた．こう
して得られた面密度質量分布はしばしば重力レンズ質量マップ (mass map) と
呼ばれる．ただし式 (7.40)は，|"| = 0の不定性に対応する任意の定数項 κ0の
不定性が残り，その値は歪み場からは決められないことに注意する．この定数
κ0 は，4. 3. 3節で議論した質量-薄板縮退と対応している．
7. 3. 2 平滑化による誤差の低減
実は，式 (7.40)はそのままでは実際の観測データの解析においてはあまり有

用ではない．観測における歪み場の推定は，限られた数の銀河の形状測定によっ
てなされるが，銀河の数の有限性に起因するショット雑音 (shot noise) によっ
て収束場推定の誤差が発散するからである ∗2)．実際の解析では

γs(θ) =

∫
dθ′γ(θ′)Ws(θ − θ′) (7.41)

のように平滑化した歪み場 γs を用いて
∗2) 7. 5. 3 節で見るように，ショット雑音は Fourier 空間で銀河の数密度の逆数に比例する定数と

なり，この定数を " 空間全体にわたった積分が実空間での誤差に対応するため，発散すること
になる．
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り，ダークマター模型の検証に重要な役割を果たしている98)．
7. 3 重力レンズ質量マップ

7. 2節では各レンズ天体において接線歪み場分布を測定し，質量密度モデル
を仮定してフィッティングする方法を議論したが，この手法を応用するために
は弱い重力レンズ効果を引き起こすレンズ天体をあらかじめ同定し，中心を定
めて接線歪み場分布を測定を測定する必要がある．一方で，観測された歪み場
から質量モデルを仮定せず密度分布を再構築する方法もあるので，以下ではそ
の手法を概観する．
7. 3. 1 Kaiser-Squires法
まず，弱い重力レンズの歪み場の観測から密度分布を再構築する一番基本的
な手法である，Kaiser-Squires法40)を紹介する．まず，重力レンズポテンシャ
ルと収束場の関係を表す式 (3.3)を，歪み場の定義式 (3.32)，(3.33)に代入して

γ1(θ) =
1
π

∫
dθ′κ(θ′)

(θ2 − θ′2)
2 − (θ1 − θ′1)

2

|θ − θ′|4
(7.31)

γ2(θ) =
1
π

∫
dθ′κ(θ′)

−2(θ1 − θ′1)(θ2 − θ′2)

|θ − θ′|4
(7.32)

を得る．式 (7.3)に代入して，複素歪み場が
γ(θ) =

1
π

∫
dθ′κ(θ′)D(θ − θ′) (7.33)

と書き表されることがわかる．ただし
D(θ) :=

θ22 − θ21 − 2iθ1θ2

|θ|4
(7.34)

と定義した．付録 Dの定義にしたがって Fourier変換すると，式 (7.33)は
γ̃(") =

1
π

∫
dθ

∫
dθ′κ(θ′)D(θ − θ′)e−i!·θ (7.35)

となり，さらに κ(θ′)とD(θ − θ′)を Fourier逆変換することで
γ̃(") =

1
π

∫
dθ

∫
dθ′

∫
d"1
(2π)2

∫
d"2
(2π)2

κ̃("1)D̃("2)e
i(!2−!)·θei(!1−!2)·θ′

=
1
π
κ̃(")D̃(") (7.36)

inverse Fourier transform
(multiplication → convolution)
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Effect of shot noise

• error of mass map due to shot noise

• need smoothing to suppress small-scale 
shot noise contribution
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κs(θ)− κ0 =
1
π

∫
dθ′γs(θ′)D∗(θ − θ′) (7.42)

に従って，収束場を再構築することで，ショット雑音を低減させる．Fourier空
間では

κ̃s(") =
1
π
W̃s(")γ̃(")D̃

∗(") (7.43)

と簡単な表式となる．平滑化のカーネル関数 (kernel function) としてよく採
用されるのが，2次元の Gauss分布

Ws(θ) =
1
πσs

exp

(
−|θ|2

σ2
s

)
(7.44)

であり，適切な σsの値は，解析に用いる光源銀河の数密度に依存するが，典型
的には 1分角から数分角程度の値が採用される．

7. 4 歪み場の EBモード分解
式 (3.41)，(3.42)で示されていたように，歪み場を特徴づける γ1，γ2 (した
がって複素歪み場 γ) は θ 座標系の設定に依存する量であり，今後紹介してい
く歪み場の統計解析においてそのままでは扱いづらい量となっている．以下に
紹介する EBモード分解により，歪み場を座標系の設定に依存しない量に変換
し，さらに前節の重力レンズ質量マップとの関連性を議論する．
座標系の設定に依存しない歪み場を求めるため，天下り的ではあるが，複素
歪み場の Fourier変換から γE と γB を

γ̃E + iγ̃B = e−2iϕ! γ̃ (7.45)

を満たすように定義しよう．歪み場 γ̃ は座標系を α回転させると e−2iαγ̃ と変
化し，"空間の方位角 ϕ!は ϕ!−αと変化するので，この定義によって γEと γB

は座標系の回転に関して不変な量となっていることが確認できる．逆 Fourier

変換し，実空間に戻すと
γE(θ) + iγB(θ) =

1
π

∫
dθ′ γ+(θ

′; θ)

|θ − θ′|2
+ i

1
π

∫
dθ′ γ×(θ′; θ)

|θ − θ′|2
(7.46)

となる．ここで γ+(θ
′; θ)，γ×(θ′; θ)は，それぞれ式 (7.11)，(7.12)で定義さ

typically 1 (or several) arcmin

smoothed shear filed

30

⟨{κobs(θ)}2⟩shot ∝ ∫
dℓ

(2π)2

σϵ/2

2n̄
→ ∞



Example of mass map

Subaru/Suprime-cam gri-band (MO+2012)

• cluster SDSSJ1138 
at z=0.45

• analysis of Subaru 
Suprime-cam 
image
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Subaru wide-field image
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galaxies used for the anaysis
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smoothed shear (𝛾) map
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reconstructed convergence (κ) contour map
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Weak lensing (WL) selected clusters

clusters from peaks in mass map
[purely gravitational selection!]

MO+2018
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Depth is important
Miyazaki, MO+ PASJ 70(2018)S27

DES, KiDS
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high resolution 
of mass maps
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HSC DES-like

~
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Challenge: deep and wide imaging

≲ 10 clusters
before 

HSC-SSP
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WL selected clusters from HSC
MO, Miyazaki+ PASJ 73(2021)817
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HSC WL selected cluster sample
MO, Miyazaki+ PASJ 73(2021)817

418 clusters 
with

S/N > 4.7

significantly large 
sample for 

statistical studies!

10 Publications of the Astronomical Society of Japan, (2018), Vol. 00, No. 0
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Fig. 7. Weak lensing masses and redshifts of shear-selected clusters in the TG15 (left), TI05 (middle), and TI20 (right) catalogs. Red filled circles with 1�

errorbars show M500c derived from differential surface density profile fitting. Blue open circles indicate clusters that are matched with the CODEX catalog.

Fig. 8. Weak lensing masses of shear-selected clusters in the TI05 catalog
are compared with X-ray luminosities of CODEX clusters that are matched
with the shear-selected clusters, with the correction of the dimensionless
Hubble parameter E(z). The X-ray luminosities are measured in the rest-
frame 0.1� 2.4 keV (Finoguenov et al. 2020).

order to select clusters with many cluster member galax-

ies, where the richness � for CODEX clusters is measured

using the redMaPPer algorithm (Ryko↵ et al. 2014). The

richness threshold is determined so that a su�cient (>⇠ 50)

number of clusters are included in each of the cluster sub-

samples. We show stacked number density profiles nor-

malized by those computed with random source galaxy

catalogs in order to highlight e↵ects of cluster member

galaxies. We find a clear signature of the enhancement

of number density profiles without any background galaxy

selection. On the other hand, when source galaxies behind

clusters are selected, we see decrements toward cluster cen-

ters due to the obscuration by cluster member galaxies (or

magnification e↵ects, see e.g., Chiu et al. 2020). We find

that decrements are negligibly small at ✓ > 20, suggesting

that the TI20 catalog is little a↵ected by cluster member

galaxy obscurations. In contrast, the TG15 and TI05 cat-

alogs are more or less a↵ected by cluster member galaxies

in the sense that the observed signal-to-noise ratios may be

a↵ected by the dilution or obscuration e↵ect due to clus-

ter member galaxies. Since cluster member galaxies do

not contribute to the signal, the dilution e↵ect enhances

the noise and reduce the signal-to-noise ratio. The obscu-

ration a↵ects both the signal and noise in a complicated

manner. These e↵ects may be needed to be taken into

account when deriving an accurate selection function of

shear-selected clusters in the TG15 and TI05 catalogs.

5 Conclusion

We have constructed shear-selected cluster catalogs by se-

lecting peaks in weak lensing aperture mass maps covering

⇠ 510 deg2 reconstructed by the HSC-SSP S19A shape

catalog. Aperture mass maps are constructed using the

truncated Gaussian filter (TG15) as well as the truncated

isothermal filter with the inner boundary of 0.05 (TI05) and

20 (TI20). For TI05 and TI20, we employ multiple source

galaxy subsamples for which galaxies below redshift zmin

are removed to improve the e�ciency. With the signal-

to-noise ratio threshold of 4.7, our shear-selected cluster

catalogs contain 187, 418, and 200 clusters for the TG15,

TI05, and TI20 set-ups, respectively. Cross matching with

optically-selected cluster catalogs suggests that the purity

of the catalogs is high, more than 95% for TG15 and TI20

and more than 91% for TI05.

These catalogs represent by far the largest catalogs of

shear-selected clusters to date with such high signal-to-

noise threshold, and will be useful for detailed studies of

cluster astrophysics and cosmology. In this paper, we have

demonstrated how the shape of the kernel function for con-

structing the aperture mass map can be optimized adopt-

ing a flexible functional form of the filter function pro-

posed by Schneider (1996). In particular, we have found

that it is possible to choose the filter function such that

it is almost free from e↵ects of cluster member galax-

ies yet can select a su�ciently large number of clusters.

redshift

m
as

s
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WL selected clusters

HSC Y1

HSC Y3

HSC Y5 (?)
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Cosmological analysis

2024 Annual Meeting of Taiwan Physical Society | NCU16
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Kai-Feng Chen 
(MIT) 
Chen et al. (in prep).

Chiu, Chen, MO+, in prep.

• injection sim. to 
quantify selection 
function

• blind analysis 

• 4% constraint on S8 
from 130 clusters

stay tuned!
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Void search with mass map
Shimasue, Osato,  MO+, MNRAS 527(2024)5974

44

8 T. Shimasue et al.

Table 1. Troughs with |S/N | > 5.7 in the mass maps constructed from the HSC Y3 weak lensing shape catalogue. The label is numbered in descending order
with respect to |S/N |. Note that S/N is negative in general because the convergence at a trough is negative. The possible source of each trough is judged by
visual inspections of the redshift distribution of photometric LRGs and CMASS/LOWZ galaxies at the position of each trough.

Label |S/N | RA Dec Source Redshifts of source voids

T1 8.77 12h29m53s �00�3504900 Multiple voids 0.6, 1.0
T2 7.83 10h04m41s +01�2500300 Multiple voids 0.2, 0.5
T3 7.21 10h57m04s �00�0805700 Multiple voids 0.6, 0.7
T4 7.15 11h36m06s �00�3102000 Multiple voids 0.7, 1.0
T5 7.01 22h53m33s +02�4401200 Edge —
T6 6.92 14h54m07s +44�0600800 Multiple voids 0.1, 0.3
T7 6.79 22h43m22s +02�5403900 Single void (candidate) 0.2
T8 6.67 02h08m19s �02�1401900 Edge —
T9 6.67 02h18m52s �04�5504800 Multiple voids 0.3, 0.6
T10 6.42 12h00m00s +04�1502300 Edge —
T11 6.37 11h42m46s +02�1401900 Multiple voids 0.2, 0.5
T12 6.36 10h38m05s +00�0000000 Multiple voids 0.6, 1.0
T13 6.24 09h06m41s �01�0204000 Edge —
T14 6.24 14h16m45s �01�2903200 Edge —
T15 6.05 22h54m37s +00�2202300 Multiple voids 0.4, 0.6
T16 6.05 12h00m21s +04�2805100 Edge —
T17 6.01 22h03m38s +01�3802900 Edge —
T18 5.96 09h10m54s +01�0204000 Multiple voids 0.1, 0.6, 0.7, 0.8
T19 5.92 12h17m14s +02�3201500 Multiple voids 0.2, 0.3
T20 5.89 11h16m45s +00�5304300 Multiple voids 0.2, 0.6
T21 5.84 02h18m52s �04�1905200 Multiple voids 0.3, 0.6
T22 5.73 11h03m03s +01�1600600 Edge —
T23 5.73 22h19m27s +04�0602400 Single void (candidate) 0.3
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Figure 5. The S/N maps around the troughs T7 (circle symbol) and T23 (cross symbol), which are single-void origin candidates.

matter distribution. Specifically, we employ HSC photometric LRGs
and CMASS/LOWZ catalogues, which are described in Section 3,
and visually inspect line-of-sight distributions of HSC photometric
LRGs and CMASS/LOWZ galaxies around the troughs.

Figures 9 and 10 show the line-of-sight number density contrasts
of HSC photometric LRGs and CMASS/LOWZ galaxies. A strong
depression appears both for LRGs and CMASS/LOWZ galaxies at
I ' 0.2 for T7 and I ' 0.3 for T23, which makes these troughs strong
candidates of single-void origin troughs. In addition, a decrement of
the number density for T23 appears at I ' 0.6 in CMASS/LOWZ.
However, the decrement is significant within the 2f level, and the
decrement of the number density is not observed for HSC galaxies.
Therefore, the decrement may be caused by the statistical fluctuation.

On the other hand, both T2 and T9 have multiple decrements

at different redshifts in their number density contrasts. Specifically,
there are decrements at I ' 0.2 and I ' 0.5 for T2 and at I ' 0.3 and
I ' 0.6 for T9. These features indicate that trough signals of T2 and
T9 are induced by multiple voids aligned along the line-of-sight.

4.4 Three-dimensional mass map around troughs

An independent and complementary approach to probing the line-
of-sight density structure is the three-dimensional mass mapping
formulated in Section 2.2. This method does not require external data
sets such as HSC photometric LRG or CMASS/LOWZ catalogues.
Also, it is not affected by the uncertainty of the connection between
galaxy and dark matter distributions. However, reconstructed three-
dimensional mass maps tend to be noisy, and our reconstruction

MNRAS 000, 1–15 (2023)

negative peaks in HSC Y3 mass map → voids

• void = empty region in large-scale structure

• useful probe of modified gravity, neutrino, …

• can search for voids with weak lensing!



• weak lensing measures mass distribution 
from galaxy shapes

• power spectrum measured from discrete 
galaxy sample is affected by shot noise

• massive clusters (and voids) can be selected 
from peaks in mass maps

• note: there are many details I didn’t explain
• masking, inhomogeneous galaxy sample, 

residual shape error, intrinsic alignment, …

Summary
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