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Today’s gravity

General Relativity (GR) ‘

Lcor = (R —2A)/(167G)

GR predicted

Black Hole
Big Bang Universe

gravitational waves




Problems and Possible solutions

Problems
dark energy

dark matter
Hubble tension and Ss tension

etc...

Solutions?

Modified gravity?




How to extend gl’aV.ltl_,]? (1) [Shankaranarayanan and Johnson, 2204 .06533]

Lovelock theorem(dimension= 4 =Einstein gravity)

Covariant equation of motion (EoM)
second order g,,, derivative EoM
no extra field (only g,,,)

Locality

Which condition should be removed?



How to extend gl’aV.ltl_,]? (2) [Shankaranarayanan and Johnson, 2204 .06533]

Since rich scalar R ~ [L72]..

If higher order terms exist...

Lstelle = K2R + BR? — aR"™ R, (Stelle's quadratic gravity)

small scale correction?




How to extend gravity? (3)

[Shankaranarayanan and Johnson, 2204.06533] [Bergé, 1809.00698]
’Small scale study ‘ V(r)=—-G™M 1+ aexp(—r/)\)]
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How to extend gl’aV'Ltl_,]? (4) [Shankaranarayanan and Johnson, 2204 .06533]

Other models

f(R) gravity

ﬁ = f(R) + Ematt(:r

Scalar tensor gravity

1 1 Iz /
E B ﬁR - 59/ V;L¢VV(D B V<¢) -+ ‘Cnlattcr

NOTE” | : Almost theory can be transformed into scalar-tensor theory.

*[Fujii and Maeda, “The Scalar-Tensor Theory of Gravitation”, CAMBRIDGE UNIVERSITY PRESS)]




General scalar-tensor theories (1)

[Horndeski. Int.J.Theor.Phys.10 (1974) 363-384] [Kobayashi et al.,, 1105.5723]

General EoM ( 2nd order time derivative)

Horndeski theory

e /
X = ¢hd,,

L = Ga(¢, X) — G3(¢, X)O¢ + Ga(¢, X)R + Gax [(3)* — 9" ¢ ]

Gsx ‘
1 4 £ L 1\ 3 ¢ N . [y P pi /L ™
+ G")(()* X )G/”/(a‘)/m — T (D(f)) - SD(““‘)(J)/”/(Q;LI/ + 2(‘}9/”/(‘91 Q)/)\} + Lmatter




General scalar-tensor theories (2) [Langlois and Nout., 1510.06930]

General EoM ( higher (> 2) order time derivative)

Degenerate higher-order scalar-tensor (DHOST) theory

X = ¢y,







Large Scale Structure (LSS) of the Universe

LSS: Galaxies’' distribution and structure

The distribution is homogeneous and

isotropic on the large scales.

Matter density fluctuations grow in the

matter-dominated era.

— Gravity is the most important

to determine the distribution.

o

Credit: M. Blanton and the Sloan Digital Sky

Survey.



Our Purpose

Investigate (modified) gravity theories using skewness and kurtosis parameters.

Yamauchi, Ishimaru, Matsubara, Takahashi. 2211.13453 derived skewness consistency relation
— can derive kurtosis consistency relation in the same manner?




Why skewness and kurtosis consistency relations?

- , , def Pini(T) — Pini : .
> Initial density fluctuation djpi(x) := ——————— can be described as Gaussian
Pini
distribution approximately ( and evolve as non-Gaussianity field).

> We want a simple method to investigate gravity theories.
> Skewness and kurtosis can be calculated with only §(x) using perturbation.

> We can define multiple skewness and kurtosis.



Definitions of skewness and kurtosis parameters (1)

Multiple skewness and kurtosis parameters including some spatial derivatives.

Skewness parameters [Matsubara., astro-ph/0006269] [Matsubara et al., 2012.00203] -

o det (05)e gy ger 3 (0:[V0, %), et
LR SRR . 575G A 4 of

ds : Smoothed matter density fluctuation.

(%) variances : oy d;[ <(52>1/27 o1 d;f (Vs - V5s>1/2



Definitions of skewness and kurtosis parameters (2)

Kurtosis parameters [Matsubara et al.,, 2012.00203] -

F(0) def (95), K o (03| Vs | ),

g o'g ’ g Wa
@t 3 5(0s | V65 | 206), + (| Vs |*),
gl _5 0.20.4 )
@ det 3 5<5 | Vo, ]2A6> +3(| Vv, |* >
2 5 0204
1@ det g (V0| %887, — (| v6,| 6“]5w>
g 0'?

ds : Smoothed matter density fluctuation.

(x) variances : o9 s <5§>1/2, def (Vs - Vi >1/2



Matter density fluctuation ¢ (1)
[Matsubara, “Large scale structure of the Universe”, KYORITSU SHUPPAN CO.,, LTD., 2014( in japanese )]

Skewness and kurtosis parameters include |§(x) :== ———|. = Need J(x) evolution!

Fluid equation in expanding Universe (GR case)

1

) ,
25+ V-[6+1)V] =0, —V+ =+ (V- VIV +5Vp=0, Ap=26

or or

J Get a perturbative solution in Fourier space ...



Matter density fluctuation ¢ (2)
[Matsubara (2014), “Large scale structure of the Universe”, KYORITSU SHUPPAN CO., LTD.( in japanese )]

1 Solve by the perturbative method



Matter density fluctuation ¢ (3) [Hirano et al, 2008.02798]

GR (£, = 1) case up to the 3rd order ( 0y, is linear order solution ) -

o(k) = bu(k) + / (23;131 é ]323( )00 (k1 + k2 — k)(k;’kQ)5L(k1)5L(k2)

A’k d’ky dPks 3 F3(ki, ko, k3) <
2m)30p (k1 + Ky — k)~ 2 TS ()6 (Ko ) (e
/(27r)3 @B (amys o) ook + ke = k)= L(e1)0 (k2)ow (k)
Fy(k1,k2) 5 1 (ki ko _—
2L 4t ket - k ket - k
2! 7+2(k2 k:1> b 2+7(1 2)
Fy(ky, ko, k 4 2
3122, 85) _ (o, oy ks) — mey(en, i Ks) — oy (R, Ko, i) + gc(k-l,kg,kg)

3! 7 21

aa(ky, ke, ks3), ay(ki, ko, ks),... are already known, k's functions.



Matter density fluctuation (4) [Hirano et al, 2008.0279%]

Fy(t ki, k 2
% = kay(ky, ko) — 5»,/(1«1,1@2)

F3(t, k1, ko, ks3)

2
; dyy vy (K1, k2, ks3)

21
1
4F §df£(:(klﬂ ko, k3) + daa—aa_(k1, ke, ks) + day—ay—(k1, k2, k3) + dcCe(k1, k2, k3)

4
= daa(uy(kla ko, k:s) - §dm(’é“/(k1, ks, k3)

k(t), A1), daa(t), davy(t), dyy(t), de(t), daa—(t), day—(t), d¢(t) are model parameters.

Horndeski limit GR(2,, = 1) limit

K= A= dag = day = dyy = dg = 1,
oo = doy— = d¢ = 0.




Bias effect (1) [McDonald and Roy., 0902.0991] [Desjacques et al., 1611.09787]

Bias: Differences between galaxy distribution and matter distribution.

Complicated phenomena, star and galaxy formation, can be simplified using bias models.

The most easy model

In large scale, b; converges into a constant.



Bias effect (2) [McDonald and Roy., 0902.0991] [Desjacques et al., 1611.09787]

Smoothing is also a bias model.

Gaussian smoothing (in Fourier space)

= / (1:5.1"(3g($/)1"1{( x—a'|) = /




Bias effect (3) [McDonald and Roy., 0902.0991] [Desjacques et al., 1611.09787]

Local bias models (The tidal term is neglected)

+

+




Bias effect (4) [McDonald and Roy., 0902.0991] [Desjacques et al., 1611.09787]

Local bias models in Fourier space

(27’) (SD(le — kﬁ)

l‘lll‘l 1 kQﬁ]{Qi 1 = =
( kz’sé'ﬁf)< L )}(’("’l)(’("’?)

dgl” d3ky d3ks
@nE (@n)? (2 (27 00 (kizs — k)

kiiky; 1 kojkor 1 k1kkai
— = 5‘3[*:; < z L ‘(;,> < '}, — (5,%) < z
' i 3" k3 37 k2

kiiki; 1 koiko; 1 = < = y
+ Bsk2 ( 1]{21J - 35ij> < 22122 —3% )}O(kl)o(k2)0(k3) +0(5%)
1 5

DHOST solution




Bias in Fourier space

Transformed 4, in Fourier space, ¢

Zy(k1,ka) & Zs(ki, ko, k3) include (DHOST + bias) informations.

Za(k1,k2) P2 | Fa(ki, k2) . a2 1
21 2 P (kl'kz) “ 3]
Za(k1,k2,k3) _ B3 Fa(ki, k2, k3) 4B Fy(k1, k2)
31y 3! 3! 2T

where




Skewness and kurtosis (DHOST + bias) (1)

(x) Showing definitions again.

Skewness parameters :

SO L (53) Job, SV 3/2. (5,|V5,|2) Joser, SPE _9/a. (| Vs, |2A8,) Jot

KO (5% /o8, KW L. (52|V5,]%) [obo?,
K2 —3/5- [5(8,| Vo, |206,), + (| V&, |*), ] [odot,
KPS = 3/5- [5(8,| Vo, |286,), +3 (| V6, | 1), [otot,

K® 29 [(| Vo, | 2(86,)%), = (| V8, | 055005, ] /0% -

Kurtosis parameters :




Skewness and kurtosis (DHOST + bias) (2)

Calculate the tree level.

: d3kyd3kod3ks z 2 ~ < =
_ [ & MG RO RS ik tkatks) @~ (k] +k3+k3) R /2
c>c / (277) <5 ( )5g(k2)5g(k3)>c

(1 +81) - 057 +57) - () +87))

- [<5§2> e .5§1>>c N <5§1> 5@ ,g§1>>c +c<5§1) 5. 5§2)>J

o) <) - dBpyd® Zo(pr,p2) /= = S
<552)_5é1).5é1)> :/M(; (p1 + pa — kl)M<(5Lp16Lp2)'b16L2'b15L3>

@ 2!

(2m)?

<(5L1)15Lp2) Ora - 5L3> <5Lp1 5L2> <5Lp2 5L3> <8Lp1 : 5L3>( <5Lp1 5L2>
= (27)® [0p(p1 + k2)dp (P2 + k3) + 6p(p1 + k3)dp (p2 + k2)] Pu(ks2) PL(ks)




Skewness and kurtosis (DHOST + bias) (3)

Skewness parameter

Qla)
S” =

6b3 / d3ky d3k:
4—2a 2q (
0pg 071 .

\3 ¢ —(k24+k2+K2)R? /2
om)30p (kg3 )e~ Kitks+k3) R,

Zo(k1, ko) .
_(_)';_)PL(.]"I)PL(]“Q)}
4:01

is a smoothing factor, , is power spectrum.

S s 8@ . 3 Conditions

‘,32, B2 :2 Biases

} ‘ 3 — 2 =1 consistency relations




Skewness and kurtosis (DHOST + bias) (4)

Skewness parameters are Zy's integral:

Zy term

Zo(k1,k2)

2!()1

Fixing gravity theory, unknown parameters are only biases’ (82, Bx2).

[Yamaucht et al., 2211.13453]
{B2, B2} ¢ {S(O),S(l),S(Q)} — [SE(IO), Sg(]l), SE(IQ)} 's linear function = 0

derived a skewness consistency relation !



Skewness and kurtosis (DHOST + bias) (5)

Calculate the tree level.

Bhy- Bhy ek n (Pt VB2 /2 ] S - . 8
(9s) = / TR e DI (5, (1) 5y () By (k) -8y (k) )

S <(S§” + 63 453 (6 4862 458y - 6 + 6P +59)) - 6 + 69 + S§3>)>
:...{Kg@.gg) .5§1>.g§1)>c+...] + Kgg?».gg) .5§1>.gg>>c+...}}

_ _ _ _ dS d3 dS dS
<5§2)-5§2)~5§”-6§”> :/ p1 (1;277)6611 9 5 (b1 + P2 — 1) (a1 + g — k2)

Za(p1, p2) Zalan, - L
X 2(1)21! p2) 2((121! %) <(5Lp15Lp2) - (0r,q101,92) - b101,3 - 515L4>

_ _ _ _ P dd dS dS
<6g3)_5(21),5g1>_5§11)> :/%5]3(1)14,1]24,1)3,]@1)
Z3(p1, P2, P3)
3!

c

<(5LplgL])25Lp3) ~b1dLa - bidLs - b18L4>

C



Skewness and kurtosis (DHOST + bias) (6)

Kurtosis parameters

:)41)1 ~ 13 1.
~(a) __ ~*V1
K = i [ 22

6—2a _2q
Op 01

— ks ; . )
3) P (Ikes + ks ) P (k1) P (k)

X hf((l) (kl kig, k3, k4)

2”}1

31 P, (k1) Pr(k2) Pr(ks) (a=0,1,21,29,3)
9.07

(%) is a smoothing factor , is power spectrum.

KO, kO g® g® K6 .5 Conditions
>—> ‘ 5 — 3 = 2 consistency relations

‘53, Brs, Bsk2 : 3 Biases




Skewness and kurtosis (DHOST + bias) (7)

Integrand Z, product

Zy(k1, ko + k3) Zy(k2, —ka — k3)

21bq 161
1

x { (k2 + k3)? [~ha(Ka - k3) + (ho — hn)ka®] — ko.(K2 + k3) [—ha(ks - k3) + (h1 — ho)k3] }
X {(.k‘g + k3)? [hlkl - (kg + k3) + ho]‘ﬂ + kq - (ko + k3) []12131 (ko + k3) + hﬂrﬂ }.

where

ho= (/2 — B2 /34K —2MT,  hi=K/2,  hy= O +2\/7

A biases’ quadratic function



Skewness and kurtosis (DHOST + bias) (8)

Integrand Zs term
Z.‘j(k'l ) k2~, k.‘j)
5'])1

= 1/126 [126¢1 — 72c2 — 12¢5 + 1dcq + {6(7k — 20) (382 — 28K=2) + 7(3083 + 48Kz — 68sk2) }]

1o (k2 + k2)(42k1 ko)~ [42«1 —12¢y + 21eq + TK(38 — 2B + (sﬁml@)}

+1u35/21 [12¢5 + 2¢3 — Teg + 21es + 6XB2 + (4265 — 16X + 12Au3y) Brz — 218xs + 21852 ]

1 ko 2
ST {(1 k +k +A )+2(r(l. +A } +/1237] (4eo + 14ces) + a1 (ﬁKa -+ Qq)}

+(1 - /1,523)(21\1412 -+ k:y;\Q)*l [3]{:1/42/1,12(7(31 —4deo) + 4]{%/@203 4k 411'72]{3/1,12/1,31(:3}

+ 124423 {

where : | and parameters C1,...,C5 are

def def 4 def def def
€1 :=doo +daa—; €2 =doy— §da7_, c3:i=dyy, c4:=dg, c5:=d;




Consistency relations (smoothing R = 10 Mpc/h) (1)

S{ = bt (3.4885 + 0.28 k2 + 4.814k — 1.249))
40567 + 0.23088 2 + 4.862k — 1.231))
= by ' (4.255085 — 0.46428x> + 5.411K — 1.754))
= b72(5.9518;5 — 0.1128s + 0.874985x2) +
72085 — 0.09287 B3 + 0.778485c2) +
b;Q 7.24603 — 0.13648s + 1.06585x2) +

b2 (5.72985 — 0.29918xs — 1.58B5x2) +

(
1 (
(
(
16
(
(
(

= b2 (10.06835 + 2.0668 s — 5.33685x2) +




Consistency relations (smoothing R = 10 Mpc/h) (2

By = —1.687k + 0.381A — 1.555b1 5" + 1.88(31;15'11“

2857 + 22.93b1 S — 23.495, SV



Consistency relations (smoothing R = 10 Mpc/h) (3)

By = —6.024c1 +2.571cp + 0.2919¢5 — 0.1495¢; — 1.271es + 10.9852 — 5.48TkA + 0.5267\2
+by (21625 — 24115 — 8.9115( A + 9.4665()A

+b1 (—4.655K(0 + 5.062K(" — 0.0249K(Y +76.715")2 — 14795 5V + 70.715()2 )|
Bics = 124.7¢; — 43.08¢5 — 1.98¢; — 0.1438c4 + 50.14c5 — 343457 + 1695\ — 0.241)2

+ by [—61.65}]% +93.228Mk + 89355\ — 9.2585(1 )\

+b1 (160.5K() — 169.7K(V + 1.558K (%) — 3274.5(2 + 6403.5{ 5(1) — 3123.5(12) |
Bsi2 = 40.85¢; — 14.34¢c9 — 0.7511c3 + 0.1305¢4 + 16.33¢5 — 13.47k2 4+ 7.152k\ — 0.244612

+ b [—27.725.510)% +36.55Vk + 8.64959X — 8.9715(V A

+b1 (53.36K(") — 56,16 KV + 0.3689K (%) — 1020.5(2 + 1999.5{7 5() — 967.95(12 ) |




Consistency relations (smoothing R = 10 Mpc/h) (4)

3.542kK

0= —17.265." + 18.93S{") —
) 1

2
— 55(? )
_ 72 0)2 1) ¢(0 1)2 0 @)
0= (120.15(0° - 24445150 + 114.75° — 1.218K (0 + K D)
+ b (108.25()k — 10838k — 10.565{0A + 11.15(2)

4 15.33k2% — 4.435)k + 0.4796)\2 + 1.476¢; + 0.4876¢5 + 0.2862¢3 — 0.1966¢4 4+ 3.041c5s  (eq2)

0 =8 (=26975(° + 52145P 50 - 2510.50)° + 159.K( — 168.5K( + K3 + 1.102K (")

+ by (119.755% —97.625{"k 4 0.25655” X + 0.22135§1)A>

— 2.239k2 + 8.909\k + 0.5928\% + 118.5¢; — 41.76¢o — 1.962¢3 + 0.06199¢4 + 44.03¢c5  (eq3)




How to constraint theories?
How x and A constrained? (Preliminary)

S L RHS of eql,

def

IC1 = RHS of eq2,

def

Ko := RHS of eq3

Assuming ¢y = cs =c3=c4 =1,¢c5 =0.
If we derive observational value (EdS) :
Si9 = 3.56, 5" = 3.63, 552 = 3.66,
K =232 K{" =238,

K$ =306,K3 =188 K = 25.1.




Summary

* We derived skewness and kurtosis (DHOST + bias) and

discussed the relation of them.
* Eliminating bias parameters, we derived independent three consistency relations.

* The consistency relations would be useful for probing gravity theories.

S(O)a S(l)a 5(2)7 K(0)7 K(l)a K§2)7 K§2)7 K(3)
’3 +5 Conclitions‘

>—> ’8 — 5 = 3 consistency relations

ﬂ?a 5K27 537 ﬁK?’a 55[(2



s k(@) o BARE

50 1

sO | [ (B2 12 1 Ry - K) /2

5@ 3[k2k3 — (K - k2)?]/2

k(0 1

k1) 1/3- (k3 + k3 + k3 4+ Ky ko +ky-k3+ k- ki)

k@ | ] 1720 {5[K2K2 — (k1 - k2)?] — 6(ky - k3) (ks - 3) + 2Ky - k2)k2} + Sperms
kD 1/20 - {5[k2k2 — (ky - k2)2] + 2(ky - ks3) (K - ks) + 6(ky - ko)k2} + bperms

kG 3/4 - [k3k3K2 + 2(k1 - ko) (ko - k3) (k3 - k1) — 3(k1 - k2)?k3] + 5perms



HRBDER

aaé(klakQ) “la(ki, k2) — a(ka, k1)

(k1,k2,k3) = a@(k17k2+k3)as(k27k3)
ay(ky, ka2, k3) *O‘S(klvk2+k3) (o, k3)
va(ki, ko, k3) —'V(klakQ + ks3)os(ko, ks3)

def
vy (K1, ko, ks3) i’)’(k17k2+k5) (K2, k3)

a_(ki, ks, kf3) = aa s(k1, ko + k3)as (2, k3)

def
V- (K1, k2, k3) == ags(k1, ko + k3)y(k2, k3)

def ~ ~
ek, ko, k3) =1 — 3(ky - k2)?

+ 2k - ko) (koo - Ke3) (K3 - K1)

Coller, ko, Kos) = (Fey - Koo) {(12:1 hes) + kQ]

ke K24AR2] . .
92 .
+{ ks | kakr



(DHOST + bias) IZBF 20 5 XD (72 & Zs)

1by b g Wl
Zolki, ks) _ Falkr, ko) 24_}(2{(131-]@2) ]

2b; 2! 20, by 3

Zs(k1, ko, ks) _ Fi(ki, k2, k3) | ba Fa(ki, ko) | Yo Fy(k1, k2) [ o )2 1] 1 bs
3lby B 3! by 2 by 2!




1G|3C3 ZBIFBT I 2L —3 3 2 [Matsubara et al.(2022), 2012.00203]

FERZEEOTE. TERIEZS I 2L — a3 YOER.

R [Mpc/h] 20 30 40
0.385 0.193 0.121 0.0845
“® 0.3804 + 0.0001 0.1899 + 0.0001 0.1194 4 0.0001 0.08374 £ 0.0001
0.0367 0.0101 0.00441 0.00240
I 0.03652 £ 0.00001 0.009918 + 0.000004 0.004352 4 0.000003 0.002371 4 0.000002
5(0) 3.56 3.40 3.33 3.28
3.762 £ 0.004 3.46 £+ 0.01 3.36 £+ 0.02 3.28 + 0.05
s 3.63 3.45 3.36 3.31
3.932 £ 0.003 3.531 £ 0.006 3.41 £ 0.01 3.34+0.03
5@ 3.66 3.68 3.71 3.72
4.499 £ 0.004 3.887 £ 0.006 3.81 4+ 0.01 3.78 £ 0.03
(0 23.2 20.9 19.9 19.2
26.66 + 0.09 21.6 £ 0.2 20.2 £ 0.5 19 +1
K@) 21.3 20.2 19.5
28.77 £+ 0.09 22.2 £0.1 20.6 £ 0.3 19.8 £ 0.8
K(z) 28.3 27.2 26.7
1 41.7+ 0.1 30.4 +£ 0.2 28.1+0.4 27.54+0.8
) 17.7 17.3 17.0
2 26.7 £ 0.1 19.2+ 0.1 18.0 + 0.2 17.8 £ 0.6
PRE) 25.6 26.1 26.4
45.5 + 0.2 29.6 £ 0.2 27.6 £ 0.4 27+ 1
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