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(g − 2)µ
Lattice

Hadronic Vacuum Polarization (HVP) contribution to aµ

Lattice
Time-momentum representation [Bernecker, Meyer, ’11]

Gγ(t) = 1
3

∑
k

∫
d~x 〈jγk (x)jγk (0)〉 → aµ = 4α2

∑
t

wtG
γ(t)

Windows in Euclidean time [RBC/UKQCD ’18]

aWµ = 4α2∑
t wtG

γ(t) [Θ(t, t0,∆)−Θ(t, t1,∆)]
t0 = 0.4 fm t1 = 1.0 fm ∆ = 0.15 fm
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(g − 2)µ
Dispersive

Hadronic Vacuum Polarization (HVP) contribution to aµ

Dispersive

aµ = α

π

∫
ds

s
K(s,mµ) ImΠ(s)

π
[Brodsky, de Rafael ’68]

=
∑

X
Im X

2 4π2α

s

ImΠ(s)
π

= σe+e−→γ?→had

Windows can be estimated dispersively as well and compared
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Motivations
τ decays
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τ data can improve aµ[ππ]
→ 72% of total Hadronic LO
→ competitive precision on aWµ
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Hadronic τ decays
Fermi theory

Mf (P, q, p1 · · · pnf ) = GFVud√
2

ūν(−q)γLµuτ (P ) 〈out, p1 · · · pnf |J−µ (0)|0〉

dΓ = 1
4mdΦq

∑
f

dΦf
∑
spin
|Mf |2

= 1
4mdΦq

G2
F|Vud|2

2 Lµν(P, q) ρw
µν(p)

Charged spectral density isospin limit = ρw,0
[
dΦq = d3q

(2π)32ωq

]
dΓ(s)
ds

=G2
F|Vud|2

m3

16π2

(
1 + 2s

m2

)(
1− s

m2

)2
ρw,0(s)

=G2
F|Vud|2

m3

16π2 κ(s) ρw,0(s)
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Electronic rate
Eliminating GF

from experiment we get 1
Γ
dΓ
ds
→ Γ

Γe
1
Γ
dΓ
ds

= 1
Γe
dΓ
ds

Γe = Γ(τ → eνν) = BeΓ
B

= G2
Fm

5
τ

192π3

conventionally ρw,0(s) = m2
τ

12π2|Vud|2κ(s) ×
B
Be
× 1

Γ
dΓ
ds

O(α) correction fo Γe finite in Fermi theory [Kinoshita, Sirlin ’59]

Γe = G2
Fm

5
τ

192π3

[
1 + α

2π

(25
4 − π

2
)][

1 +O(m2
W /m

2
τ ) +O(m2

e/m
2
τ )
]

→ 0.4% correction

5 / 16



W regularization
Short-distance effects

[Sirlin ’82][Marciano, Sirlin ’88][Braaten, Li ’90]
Effective Hamiltonian HW ∝ GFOµν

GF low-energy constant; 4-fermion operator Oµν

At O(α) new divergences in EFT → need regulator, Z factors

q

q̄′

γ, Z
q

q̄′

γ
q

q̄′

γ
q

q̄′

1
k2 = 1

k2 −m2
W

− m2
W

k2(k2 −m2
W ) [Sirlin ’78]

1. universal UV divergences re-absorbed in GF
2. process-specific corrections in SEW , like a Z factor

Effective Hamiltonian at O(α): HW ∝ GFS
1/2
EWOµν

matching required as noted by [Carrasco et al ’15][Di Carlo et al ’19]
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Isospin breaking
Initial state

Wave-function renormalization

Zτ = 1 + α
2π

[
log mτ

µ + 2 log mγ
mτ

+ · · ·
]

dΓ
ds ' 2× 1

2 [Zτ − 1]|M|2

δZτ ≡ α
2π log(mW /mτ ) [Sirlin ’82]

τ Bremsstrahlung [Cirigliano et al ’00, ’01][MB et al, in prep]

dΓ
ds

α
π [Glog(s,mγ) + . . . ]

Glog(s,mγ) = log mγ
mτ

+ · · ·
δκ(s) ≡ Glog(s,mτ ) + . . .

dΓ
ds

+= G2
F|Vud|2

m3

16π2 κ(s) ρw,0(s)
[
δZτ + δκ(s)

]
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Isospin breaking
Initial-final state

Virtual photon loop

δZκρ ∝ α
π log(mW /mτ ) [Sirlin ’82]

[Cirigliano et al ’01]
Finite parts EFT and 2π

τ − π bremsstrahlung interfence
From EFT and 2π [Cirigliano et al’ 00, ’01]

Structure-independent captured by EFT
Structure-dependent meson dominance

[Flores-Talpa et al. ’06, ’07]

dΓ
ds

+= G2
F|Vud|2

m3

16π2 κ(s) ρw,0(s)
[
δZκρ + ∆κρ(s)

]
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Long-distance corrections
Let’s take a look
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δκ is channel and mγ independent [MB et al, in prep]
∆κρ → 2π, point-like, mγ independent [Cirigliano et al ’01, ’02]
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Towards aWµ
2π channel

ALEPH’13 data
3 analysis groups
relative unblinding 0.990 0.995 1.000 1.005 1.010

rel. aWµ [ππ, τ ]

A
B
C

−1.0 −0.5 0.0 0.5 1.0

Pull aWµ [2π] [%]

BaBar err

ALEPH err.

δκ

∆κρ

δκ+ ∆κρ

∆κρ bulk from mρ region

SEW ≈ 2% largest effect
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Isospin breaking
Strategy

1. take experimental dΓ/ds (e.g. Aleph13, Belle08, BelleII ?)

2. δκ initial state corrections: analytic, under control

3. ∆κρ initial-finite mixed rad. corr:
analytically known for intermediate two-pion channel

effective field theory (RχT ) [Cirigliano et al ’01, ’02]
meson dominance models [Flores-Talpa et al. ’06, ’07]

new results from (RχT ) using pheno input [Roig et al ’23]

4. define δΓEM ≡ δκ(s) + ∆κρ(s) and calculate:

m2
τ

12π2G2
F|Vud|2κ(s)

1
SEW

1
1 + α

π δΓEM (s)

[Be
B

1
Γ
dΓ
ds

]
exp

= ρw,0(s) + δρ(s)
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Isospin breaking
Final state

+ ...

[Braaten,Li ’90]

−QuQd×
q

q̄′

+ (Q2
u +Q2

d)× 1
2 q

q̄′

Naive scaling α
π log(aMw) ' 0.8− 1% so delicated matching required
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First results
Connected strong-isospin breaking

Ideas from stochastic locality [Lüscher ’17][RBC/UKQCD ’23][MB, Cé et al ’23]

O(103) point sources
→ O(106) pairs
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First results
Leading isospin-breaking

t4 intermediate window [preliminary 96I]
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What’s next
Lattice is fully inclusive...

Lattice calculation fully inclusive in energy (cut at mτ ) and channels

→ isospin-breaking from both 2π and 3π

[Colangelo et al 22][Hofericther et al ’23]
IB correction of aW [3π] ≈ −1 · 10−10, aW [2π] ≈ +1 · 10−10

Possibilities for τ -data + LQCD: (A) fully inclusive vs (B) 2π exclusive

↔

2

with C(t) = 1
3

P
~x

P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the up, down, and strange quark masses mup,
mdown, and mstrange such that the ⇡0, ⇡+, K0, and K+

meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the ⌦� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2,↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

In our numerical implementation, we insert the
photon-quark vertices perturbatively with photons cou-
pled to local lattice vector currents multiplied by the
appropriate renormalization factor ZV [17]. The SIB
correction is computed by inserting scalar operators in
the respective quark lines. The procedure used for e↵ec-
tive masses in such a perturbative expansion is explained
in detail in Ref. [18]. We use the QEDL prescription
[19] to regulate the infrared behavior of the photons in
the finite simulation volume and remove the universal
1/L and 1/L2 corrections [20] with L being the spatial
extend of the lattice. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the ⌦� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e↵ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.

8

FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calculation
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Figure 8: Mass-counterterm diagrams for mass-splitting and HVP 1-photon
diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
e↵ects to the meson masses. Diagram O would yield a correction to the HVP
disconnected contribution (that likely is very small).

9

FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.

an open possibility to further pursue

Remaining systematics effects [mτ ,∞) in ρw,0 from e+e− or lattice∗

suppressed for low and intermediate windows
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Conclusions
...and outlooks

hadronic τ -decays can shed light on tension lattice vs e+e−

227.5 230.0 232.5 235.0 237.5

aW
µ [×10−10]

RBC/UKQCD 18
ETMC 21
BMWc 20
Mainz 22

ETMC 22
RBC/UKQCD 23

BMWc 24
BMWc/KNT 20

Colangelo et al 22

τ data competitive on
intermediate window

blinded analysis of Aleph

initial+mixed rad.cors. analytic

final radiative from LQCD+QED

Remaining work (in progress) to finalize full formalism [MB et al, in prep]
W-regularization and short-distance corrections
non-factorizable effects: beyond EFT?

Thanks for your attention
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Definitions

Hadronic currents
J γµ = Quuγµu+Qddγµd

J−µ = uγµd , J 1
µ = Qu−Qd√

2 uγµd

Hadronic phase-space factor, i labels hadrons

dΦf (p) ≡ (2π)4δ4(p−
∑
i

pi)Sf
∏
i

d3pi
(2π)32ωi

Charged spectral densities

ρw
µν(p) = 1

2π

∫
d4x eipx 〈0|J +

µ (x)J−ν (0)|0〉

= 1
2π
∑
f

∫
dΦf 〈0|J +

µ (0)|p1 · · · , out〉〈p1 · · · , out|J−ν (0)|0〉

= (p2gµν − pµpν) ρw(s) [s = p2]



Sparse propagators
Save on disk sparse props → efficient, more point sources[RBC/UKQCD ’18]

side effects? observable dependent, we tested vector correlator



Error breakdown
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Phase space

A numerical n-particle phase-space integrator
Grid/GPT backend, support for several parallelization schemes
partial support for 1-loop Passarino-Veltman functions
no support for MCMC yet (needed for >=6 particles)
currently private, soon public github.com/mbruno46
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