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Muon g − 2
Overview
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Isospin-breaking corrections to τ− → π−π0ντ
Motivation

e+

e−

π+

π−

γ

• EM (neutral) current
• Isospin (I, Iz) = (1, 0) final state

▶ Isospin breaking effect: ρ–ω
mixing

τ−

ντ

π−

π0

W−

• V −A (charged) current
• Isospin (I, Iz) = (1,−1) final
state
▶ No ρ–ω mixing
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Isospin-breaking corrections to τ− → π−π0ντ
Motivation

CVC between EM and weak form factors:

σ
(0)
e+e−→2π

(s) =
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N (s)Γ
(0)
e

dΓ(τ− → π−π0ντ )

ds
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SEW

where N (s) = 3|Vud|2
2παm2

τ
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1− s
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mτ
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, Γ
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e =

G2
Fm5

τ

192π3 and

RIB(s) =
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GEM(s)

β3
π+π−(s)

β3
π0π−(s)

∣∣∣∣F V
π (s)

f+(s)

∣∣∣∣2
and SEW → dominant short-distance electroweak corrections
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Isospin-breaking corrections to τ− → π−π0ντ
General considerations

For τ−(l1) → π−(q1)π
0(q2)ντ (l2):

iM =− iGFV
∗
udū(l2, ντ )γ

µ(1− γ5)u(l1, τ)

× [(q1 − q2)µf+(s, t) + (q1 + q2)µf−(s, t)]

where f+ → JP = 1− is the weak current component, f− → JP = 0+ and

s = (l1 − l2)
2 = (q1 + q2)

2 ,

t = (l1 − q1)
2 = (q2 + l2)

2 .

At tree level:

f tree
+ (s, t) = f+(s) , f tree

− (s, t) = 0.
f+(s)τ

ντ

π−

π0
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Isospin-breaking corrections to τ− → π−π0ντ
Previous work: O

(
p4
)
and O(e2p2) corrections

• [Cirigliano et al, ’01 & ’02]: O(e2p2) corrections in χPT + FF

1. χPT diagrams:
One–loop radiative corrections

τ

ντ

π0

π−

τ

γ

τ

π−

π0

ντ

γ

τ

π−

π0

ντ

γ

Martina Cottini (ITP): τ → ππ0ντ KEK, September 9-13, 2024 5/17



Isospin-breaking corrections to τ− → π−π0ντ
Previous work: O

(
p4
)
and O(e2p2) corrections

External leg corrections:√√√√Z

(
π π

γ

)
× tree level

√√√√Z

(
τ τ

γ

)
× tree level

Counterterms:

τ

π−

π0

ντ

2. Form factor:
f+(s, t) = f+(s)

[
1 + f elm

loop(t,Mγ)
]

where

f+(s) =
M2

ρ

M2
ρ − s− iMρΓρ(s)

exp
[
2H̃π0π−(s) + H̃K0K−(s)

]
+ f elm

local
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Isospin-breaking corrections to τ− → π−π0ντ
Previous work: O

(
p4
)
and O(e2p2) corrections

3. Short-distance corrections:

e2XSD
6 = 1− SEW − e2

4π2
log

m2
τ

M2
ρ

5. Bremsstrahlung: full photon-energy spectrum
6. Result:

∆aVPµ = (−120± 26± 3)× 10−11

→ τ -decay data-driven approach abandoned because isospin-breaking
corrections model-dependent → disagreement with e+e−: reliability?

• [Davier et al, ’10]: reconsidered the τ− → π−π0ντ

▶ meson dominance model + photon
corrections according to [Flores-Tlalpa et al,
’06]: aHVP,LOµ = (7053± 45)× 10−11

17.0 17.5 18.0 18.5 19.0 19.5 20.0 20.5
a x109 1165900

Exp

J(e + e )

J(e + e + )

DHMZ( )

aHVP, LO contribution from  data

Martina Cottini (ITP): τ → ππ0ντ KEK, September 9-13, 2024 7/17



Isospin-breaking corrections to τ− → π−π0ντ
LECs

f elm
local ⊃ e2

(
2Kr

12(µ)−
2

3
X1 −

1

2
Xr

6(µ)

)
Defining

Xphys
6 (µ) ≡ Xr

6(µ)− 4Kr
12(µ) ⇒ Xphys

6 (µ) ≡ XSD
6 + X̄r

6(µ)

• [Cirigliano et al, ’01 & ’02]:

Kr
12(Mρ) = −(3± 1)× 10−3, |X1| ≤

1

(4π)2
, |X̄r

6(Mρ)| ≤
5

(4π)2

• Lattice QCD [Peng-Xiang et al, ’21]: exactly needed LECs due to LFU

4

3
X1 + X̄r

6(Mρ) = − 1

2πα

(
□V A

γW

∣∣
π
− α

8π
log

M2
W

M2
ρ

)
+

1

8π2

(
5

4
− ãg

)
▶ □V A

γW

∣∣
π
: box contribution for πℓ3 decay [Feng et al, ’20 & Yoo et al, ’23]

▶ ãg: O(αs) QCD correction
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Isospin-breaking corrections to τ− → π−π0ντ
Model-independent dispersive approach

Approximation: up to 2π as hadronic intermediate state

Under control: O(e2p2) corrections

τ

ντ

π0

π−

τ

γ

f+(s) →
1

π

∫ ∞

sth

ds′
Imf+(s

′)

s′ − s
, f+(0) =

1

π

∫ ∞

sth

ds′
Imf+(s

′)
s′

= 1

→ UV-finite but IR-divergent
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Isospin-breaking corrections to τ− → π−π0ντ
πVFF

F V
π (s) = GN

in(s)Ω(s)

where Ω(s) is the Omnés function [Schneider et al, ’12]

Ω(s) = exp

{
s

π

∫ ∞

4M2
π

ds′
δ(s′)

s′ (s′ − s)

}

and GN
in(s) is a conformal polynomial taking into account inelastic channels

[Colangelo et al, ’19]

GN
in (s) = 1 +

N∑
k=1

ck

(
zk(s)− zk(0)

)
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Isospin-breaking corrections to τ− → π−π0ντ
Omnès function Ω(s)

• e+e− → π+π−:
▶ ρ0 resonance dominance
▶ ρ− ω mixing

→P-wave phase in the π+π− channel

• τ± → π±π0ντ :
▶ ρ± resonance dominance
▶ ρ′, ρ′′ contribution

→P-wave phase in the π0π± channel
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+ channel
0 ± channel

→ see Jacobo’s talk

⇒M̃ρ± − M̃ρ0 = −1.4 MeV due to δπ = Mπ± −Mπ0 from Re
[
tIℓ (s)

]
= 0

[Cirigliano et al, ’01 & ’02]: Mρ± −Mρ0 = (0± 1) MeV
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Isospin-breaking corrections to τ− → π−π0ντ
Numerical treatment of IR-divergent D0(m

2
τ ,M

2
π ,M

2
π , 0, t, s,m

2
τ , 0,M

2
π , s

′′)

Singularity at s′′ = s:

D0(s, t) =
1

s′′ − s

[
2d0(t) log

s′′

s′′ − s
+Drest

0 (t, s′′)

]

f+(s, t) ⊃
∫ ∞

4M2
π

ds′′ Im f+(s
′′)

(
p1(s, t) + p2(s, t)s

′′

s′′ − s

)
×[

2d0(t) log
s′′

s′′ − s
+Drest

0 (t, s′′)

]
,

Iℓ1(s,Λ
2) = 2

∫ Λ2

4M2
π

ds′′ log
s′′

s′′ − s
, Iℓ2(s) = 2

∫ ∞

4M2
π

ds′′
1

s′′ − s−iϵ
log

s′′

s′′ − s−iϵ

• IR-divergences in dim-reg
• application: e+e− → π+π− asymmetry

▶ simplified imaginary part in [Colangelo et al, ’22], no scheme ambiguity
▶ see new results in [Budassi et al, ’24]
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Isospin-breaking corrections to τ− → π−π0ντ
Real emissions: soft-photon approximation

 τ

γ π−

π0

ντ

× τ

π−

γ

π0

ντ



dΓbrems =
(2π)4

2mτ

1
2

∑
spins

(
MISR ×MFSR

) dΦ4(l1; l2, q1, q2, k)

SPA≈ dΓtree

∫ ′ dd−1k

(2π)d−1

1

2|⃗k|
∑
pol.

e2
(
l1 · ϵ∗
l1 · k

× q1 · ϵ∗
q1 · k

)
,

In dim-reg: triangle + (ISR×FSR) → IR-finite
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Isospin-breaking corrections to τ− → π−π0ντ
Matching with χPT

• χPT ↔ low-energy theorems
• Triangle with form factors: sensitive to high-energy behaviour of f+(s)

→ matching procedure: expansion of f+(s, t) around s, t = 0

fmatch
+ (s, t) = fVFF

+ (s, t)− fVFF
+ (0, 0) + fχPT

+ (0, 0)

Interference with the TL:

dΓ

ds
=

∫
dt |MTL(s, t)|2 f+(s, t)
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τ
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Isospin-breaking corrections to τ− → π−π0ντ
GEM(s)

GEM(s) =

∫ tmax(s)

tmin(s)
dtD(s, t)∆(s, t)∫ tmax(s)

tmin(s)
dtD(s, t)
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τ

2

(
m2

τ − s
)
+ 2M2

π − 2t
(
m2

τ − s+ 2M2
π

)
+ 2t2

∆(0)(s, t) = 1 + 2fe2p2

+ (s, t) +
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π2ϵIR

m2
τ +M2

π − t

2
√
λ

log

(
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τ +M2
π − t+

√
λ

2mτMπ

)
with λ = λ(t,m2

τ ,M
2
π).
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Isospin-breaking corrections to τ− → π−π0ντ
Work in progress

Higher order corrections

τ

π−

π0

ντ

γ

⇓
π−

π0

π−

π0

τ

ντ

π−

π0τ

γ

→ see Monnard PhD thesis and Jacobo’s talk
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Conclusions & Outlooks

• model–independent approach for the O(e2p2) isospin-breaking
corrections to the τ–decay

• pion vector form factors: F V
π (s) vs f+(s)

▶ included: ρ′ and ρ′′

▶ work in progress: π±π0 mass difference and virtual photon corrections

• matching with χPT: decrease w.r.t. [Cirigliano et al., ’01]

• G
(0)
EM(s) → smaller value of RIB(s)

▶ work in progress: full photon-energy
spectrum → GEM(s)

2 A. Flores-Tlalpa, F. Flores-Baéz, G. López Castro and G. Toledo Sánchez

Figure 1. Virtual (a) and real (b) photon correc-
tions of O(α) to τ2π decays.

If we also add to the above expression the short-
distance corrections arising from the emission and
reabsorption of gauge and the Higgs bosons, we
get the fully radiative corrected expression:

dΓ(τ2π(γ))

dt
=

dΓ0

dt
SEW GEM (t) . (2)

The factor SEW = 1.026 ± 0.0003 in eq. (2)
summarizes the short-distance corrections and in-
cludes the effects of resummation of dominant
logarithms to all orders [9] and the remaining
electromagnetic corrections of order α [10]. SEW

includes also the resummation of sub-leading
strong interaction effects which were recently dis-
cussed in ref. [11]. Given that high energy vir-
tual corrections probes the quark level structure
in semileptonic decays (τ− → ūdντ ), SEW is be-
lieved to be independent of the specific ∆S = 0 τ
lepton decay.

The long-distance radiative corrections are in-
cluded in the factor GEM (t) and are model-
dependent. The couplings of photons to hadrons
are calculated on the basis of scalar QED and also
include the effects of model-dependent couplings
of the photon to hadrons in all possible ways. It
is defined from eq. (1) as follows:

GEM (t) = 1 +

dΓ1
v

dt
+

dΓ1,m.i.
r
dt

+
dΓ1,m.d.

r
dt

dΓ0

dt

≡ G0
EM (t) + Grest

EM (t) , (3)

where we have separated the real photon cor-
rections into its model-dependent (m.d.) and

its model-independent (m.i.) parts (see [5,8]
for details). The model-independent correction
G0

EM (t) includes the sum of virtual corrections
and m.i. piece of real photon emission neces-
sary to cancel infrared divergences; the remaining
piece Grest

EM (t) is regular and model-dependent.
Let us comment that to get the rates for real pho-
ton emission in eq. (3) we have integrated over all
the photon energies; thus, the GEM (t) correction
can be applied to photon inclusive τ2π measure-
ments only.

The correction factor GEM (t), was first calcu-
lated in refs. [4,5]. Both, virtual and real cor-
rections, were computed in the framework of the
chiral resonance theory [6] by considering the ex-
change of ρ [12] and a1 [13] resonances. The axial
couplings to the weak current in real photon cor-
rections were assumed in that model to include
the axial anomalous terms [14]. Figure 2 displays
the results obtained in ref. [5] for G0

EM (t) (short-
dashed line) and GEM (t) (long-dashed line). No-
tice that the contribution of model-dependent
corrections Grest

EM (t) are small and negative for
t ≥ 0.5 GeV2 and positive and rapidly increas-
ing as the threshold is approached.
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Figure 2. Energy dependence of the long-distance
correction GEM (t): model-independent correc-
tions G0

EM (t) (short-dashed), full corrections of
ref. [5] (long-dashed) and ref. [8] (solid) are
shown.

[Flores-Tlalpa et al, ’06]
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Numerical treatment of IR-divergent D0

f+(s, t) ⊃
∫ ∞

4M2
π

ds′′
{
ImFV

π (s′′)− ImFV
π (s)

}(p1(s, t) + p2(s, t)s

s′′ − s
+ p2(s, t)

)
×
[
2d0(t) log

s′′

s′′ − s
+Drest

0 (t, s′′)

]
+ ImFV

π (s)

{(
p1(s, t) + p2(s, t)s

) ∫ ∞

4M2
π

ds′′
Drest

0 (t, s′′)
s′′ − s

+ p2(s, t)

∫ ∞

4M2
π

ds′′ Drest
0 (t, s′′)

+ d0(t)

[
p2(s, t)Iℓ1(s,Λ

2) +
(
p1(s, t) + p2(s, t)s

)
Iℓ2(s)

]}
,



Endpoint singularity in e+e− → π+π− asymmetry

Result for the imaginary part including
D0(m

2
e,m

2
e,M

2
π ,M

2
π , s, t, 0,m

2
e, s

′′,M2
π) in the e+e− → π+π− asymmetry

δλ(s) =2

{
log

(
1− zβ

1 + zβ

)[
log

4λ2

s
+ 2 log

(
1− β2

β2

)]
+ log2 (1 + zβ)

+
log
(
1− β2

)
(1− z2)β2

[
2zβ log

(
1− z2β2

1− β2

)
+ z

(
1 + β2

)
log

(
1− β

1 + β

)
−
(
1 + z2β2

)
log

(
1− zβ

1 + zβ

)]
− log2 (1− zβ)− Li2

(
(z − 1)β

1− β

)
− Li2

(
(1 + z)β

1 + β

)
+ Li2

(
(1 + z)β

β − 1

)
+ Li2

(
(1− z)β

1 + β

)}



Endpoint singularities in the phase space

f
box,FV

π
+ (s, t) = ffin

+ (s, t) +
N(s, t)

s(t− tmin)(t− tmax)

→ endpoint singularity in the t phase space integral BUT numerically
showed that the two infinities cancel → finite result.
Analytically:

N(s, t) = (t− tmax)N+(s, t)

= (t− tmax)(N+(s, t)−N+(s, tmin)

= (t− tmax)(t− tmin)N̄(s, t) .

→ expand N̄(s, t) around t = tmax/min when the integration in t is close to
the boundaries tmax/min.



ρ− γ mixing

• Vector meson dominance approach [Jegerlehner and Szafron, ’11]:

D̂−1 =

(
q2 +Πγγ(q

2) Πγρ(q
2)

Πγρ(q
2) q2 −M2

ρ +Πρρ(q
2)

)
⇒ Dγγ , Dγρ, Dρρ

Fπ(s) =
e2Dγγ + e (gρππ − gρee)Dγρ − gρeegρππDρρ

e2Dγγ

• Dispersive approach:

Fπ(s)

s
=

1

s
+

1

π

∫ ∞

4M2
π

ds′
ImFπ(s

′)

s′(s′ − s)

→ γ and ρ poles with the right masses by construction



Seagull diagram

τ

ντ

π

π0

γ

W

Analogy with e+e− → π+π−:

+ = F V
π (q21)F

V
π (q22)×

 + +




