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LO hadronic vacuum polarization contribution

Leading order (LO) hadronic vacuum polarization contribution to muon g-2.

0 0

« dt _
— () ImK ) (t/m2) = 6931(40) x 107" (WP20)

HVP _ @ dS 2
a, " (LO)= - / ; K )(s/m JImlII(s) = 3
sozmio —0o0

K®(s/m2) : 1-loop QED g-2 contribution with a massive photon of mass /s

Re K2(s/nf)

K@) =12+ (% —z) Inz + ln&y(i)) z—2z2+§>

2 z— 22 —|— 2 ] . I . . . I . , . I __Im K2(SA"12)

2

ImK @ (2 + ie) = n0(—2) [% —z+ o=t

changing variable in the dispersive integral t — x(y(t/m>)) = 14 1/y(t/m?.)

HVP LO) r)A t(x
— Oéhad Lautrup, Peterman,deRafael 1972, Carloni Passera Trentadue Venanzoni2015
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e G(t) correlator of e.m.currents <« lattice

Lattice: Analytical LO time-kernel

oo

2 ~ ~
GEVP(LO) = <g> /dt G(t) Ka(t,m,) o Ks(t,m,) LO time-kernel

T
ot E)uclidean time

(Bernecker Meyer 2011

0
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i i ] t
Ra(t;my) = fo(t) = 872 | = [wztz ~ gsin? <%)]
w

0

(—w?/mj)
1

mi y(—=w?)(1 —y?(-w?))

1
7r —w
1

Analytical integration possible!: t=myt (t=1 — t=1.86fm)

Meijer G-function

3
2
< 0,1,5
Struve Bessel functions
N\
1

—mt? (L (20) Ko (2f) + Lo(20) K, (20)) + 5 + 5 (% - f) Ki(2t) +2(Int+~) — 1

~

£2> —|—% + 7%2 + 2(lnf+ ’)/) — %Kl (27?) — % (Della Morte et al 2017)

(E.Balzani, S.L, M.Passera 2023)

(120(In ++)—169 76 -
= 13300 P+ ... tk1
o 1 5%

2 i ° 1 1 T _of
Z—7+2(lnt+’y)—§+£—2+\/;€ [—1—645—‘—

~
exponentially suppressed
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NLO hadronic vacuum polarization contributions

PPN

4a 4b

e (Class 4a: 1 HVP insertion in one photon line of 2-loop QED vertex diagrams
e (Class 4b: 1 HVP insertion in the photon line of 2-loop QED vertex with electron or tau vacuum polarization

e Class 4c: 2 HVP insertion in the 1-loop QED vertex diagram
) =—209.0 x 107« dominant

ay, *¥(NLO; 4b) = +106.8 x 10~

ay, 'V (NLO;4c) = +3.5 x 107
)

CL,L}LIVP (NLO, tOtCLl — _98 7( ) X 10_11 Kurz Liu Marquard Steinhauser 2014

a, " (NLO; 4a

Hereafter we will consider the dominant (and most difficult) (4a) class

timelike and spacelike integral for (4a) class

0
HVP dS (4) a2 dt (4)
a, " (NLO;4a) = ; - 2K (s/m ) ImlII(s) = 3 tH( ) Im2K (t/m )
S0 — 0

2K ™ (s/ mi) 2-loop QED g¢-2 contribution from diagrams with one massive photon of mass /s and one massless

photon (factor 2 due to normalization chosen)
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NLO class 4a

) {—3Li3(—y) — 6Li3(y) + 2 (Li2(—y) + 2Li2(y)) Iny + % (ln2 Y+ 7r2) In(y 4+ 1) + In(1 — y) In? y}

4 13 . In? 2 723 1722 . 1 2
2o A ) (Lo B 5 ) (C T es) (i) - f 1 ytin(1-y) oy T
V(z—4)z Vi(z—4)z
2323 11522 1272 4) ( 723 1722 z)
— + —5 | In —— =+ Inylnz
_29Z2+53Z+ 9 —i—{-ﬁ 1n2 +(144 72 36 3 Y Y
96 48 >4 3z ' 24 Y

N 48 24 2
\/(z—4)z
2 2
we (B2 g) e (%

\/(z—4)z
7z 1 19 1152 _ 139
96 144 _%+z—4+ﬁ)lnz+ 2

T4d Barbieri Remiddi 1975

4 1 23In(z) 2 223
KW (2> 1) - L (-25E 4 28)

K@ (2 + ie) = 70(—2) F@ (1/y(2)) y(z) = %Eiii <-1
F®) (y) = =3ui=bul=Tul=5u=3 (91 j, (—y) + 4Lig(u) + In(—u) In ((1 — u)?(u + 1)))

ut1)(—ud+7u?4+8u+6
+(+)( +7u”+8u+6)

‘ ‘ i Im K4(s/mP),
_ 74 Q.3 L 2 4
s m(u+ 1) + (—7u 1821;2+8u+7) In(1 — u) ,

Re K4(s/m?)
+ 23u° —37u°+124u* —86u> —57u%+99u+78
72(u—1)2u(u+1)

+ 1208 —11u”

—78uS421u” +4u — 154> +13u+6
12(ui—1)3u(—;—|—1)2 S In(—u)
Balzani, S.L., Passera 2112.05704, Nesterenko 2112.05009.

o
aEVP (NLO; 4a) = (

2z —y — = Space-like NLO kernel x4 (z)
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NLO(4a) time-kernel

e G(t) correlator of e.m.currents < lattice
o Ku(t,m,) NLO(4a) time-kernel

e ¢ Fuclidean time

[w2t2 — 4 sin? (%t)]

: NLO(4a) space-like kernel

integral with (wt)? analytically easy; integral with sin(wt) difficult.

F®(1/y) contains logarithms and dilogarithms of +y(w):

analytical integration in w of logarithms feasible; contribution of the diagram with a muon vacuum polarization:

20 w2\ . 1 a% 49 1 12 —t1 1742 + 4
7 . S I L Sl S U K2t - — T K (2t
167r2f4‘() (24 6) o9 tae 18( T ) o(2t)- 18t 1(2)

-2t +1*

-2 (751&2]{0(215) - 1(1(275)) [t2 55 (Ll t2) + 2(log(t) + )] — (3 4t%) ¢ GQ}( 2

1 1 —2t" +7 -3
7(76752[0(215) + 35 (t* —18t* —12) + TM‘M) G (odolt. 3)

analytical integration in w of some dilogarithms and products of logarithms more complicated but feasible —

derivatives of Bessel functions, exponential integrals, generalized Meijer G-functions,

In? (% ( w2+4+a)) a5

example: [~ d — cos(@t) = 25 Ky (28)|n=o — $7° Ko(21)

on
e but still not able to integrate analytically all the integral with Lis(+y)

Alternative: Series expansions

ol INFN
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Expanding for small ¢

We split the interval of integration in a intermediate point @ (%):

@o(t)

t dA N N d f i; 1
(wt)? — 4sin? s fj Fi@®)g(ol) expand g Ior t <
A ~9
2 w change W — y(—w*)

O dA ) ) A
/ fj fa(@*)g(0t) + expand fy for &> 1
W
wo ()

integral independent of wy: convenient choice for calculation: @y =

The final result of expansion:

{g%ﬁl( ) = Z g(an + b + ey <ln(f) + 7) +d, (ln(f) 4+ 7)2>)

n>4
n éven

72 and (Int + )2 appear at NLO
Coefficients a,, by, ¢, d,, up to £3° were calculated (see next slide)

series converges for every ¢, but for £ > 5 terms grow fast, then change sign and start decreasing: huge

cancellations!

It needs other kind of expansions to cover the large-t region

ol INFN
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Coefficients of the expansion for small ¢

n>4
n even

(o 0+ (00 +2) + (0 409

Cn

dn

23

0

317
216

18
877

19
36

843829

259200

1080
_ 824603

141

412181237
5292000

25200

460711

20

961
20

6272504689
10584000

1680
1359283213

79342
315

404220031035193
121022748000

T T 873180
4138386457

28243
24

14790819716039431
890463974400

_ 142931
288

_ 12895145

540540

489120278261
13970880

2605993
504

38888413518277699
503454631680

6048

_ 4589675124823

23642359
1080

3950633085365067019
11462583132000

116506871
12960

29937600
_37593205363634911

44767436
495

364721869802634477577571
243865691961091200

__ 55559731
1485

57616158600
_26135521670035411

121188929
330

77392239282793945882249
12165635426630400

610873921
3960

9602693100

3789385597

27318770927965379913670522297
1024872666654481444800

19509636989
30888

_5138081420797732289
459392837904

_ 15810911801773817669

2574

151912159
26

449968490768168828714665100663
4076198106012142110000

_ 5618399257
2184

348024877200
_ 3787066553671821473

1495034796
65

251146293929498055156683549773
554584776328182600000

678234361

65

20715766500
_305996257628691658875533

64743309493

720

100792117463017684643555224178269168501

_ 2551294690547

60480

419236121304000

54680554570762463049907200000

Table 1:  Coeflicients of the expansion of 5

2
JYH,L - ~p
T;.zrﬂl(f) up to 3,

INFN
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(asymptotic) expansions for t — 0o, dominant part

fat) = ) + 117 (1)

K4(0) = % <1ZZ + I -1’2+ 4C(3)) easy

16772 adimensionalized fy(&?) = mi fa(@?)

Decomposition of fib) (t) according to the different behaviour for ¢ — oo,

:Eb) (1) = ~(b;1) (1) — dominant no exponential prefactors

+ f(b 2)(t) — exponentially suppressed e_2£prefactor see LO expansion

Expanding in series the dominant part (integrate formal expansion of f4(&2) in & =0 )

€¢(3) 7 12772 L 698 5(nt+~) 7« 209 277«

Fibi) Inf+~— 22 4 —72In(2) — - =
e BP0 () = 8+n LR L C A PV TT; 1242 2f T 18022 ' 36003

e series expansion is asymptotic, factorial growth of coefficients, example: —%

e asymptotic series needs truncation, almost useless numerically, error ~ e—2¢
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Asymptotic expansions for ¢{ — co, exponentially suppressed part fibsz) (1)

:Eb;z)(t): contour integral over C| J4 \") )2 cos (wt)

where D,,, F,, and Fj,, are constants.

e The exponential factor is due to the singularities of the integrand in w = 42¢, which come from the terms
containing V@2 + 4 in f4(&)

coefficient of these series not useful, the truncation error of the dominant series (~ e

—2t) is of the same order of

the exponentially suppressed series
the C contour is around the imaginary axis: Hourier integrals — Laplaee integrals

We need expansions around ﬁmte points £ = £ COTLU@Tg’éTLg for £ — oo.

ol INFN
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Further subdivisions of fib) (t)

e In order to obtain numerically efficient expansions around finite ¢, we have to introduce further splitting,
separating according the prefactors: even and odd powers in f, (& 1)( t) and integer and half-integer powers, and
logarithms in f(b )( t).

#(b;1 F(b;151 b;1;2 b;1;3
Oy = FOD @) 4+ FE () + FO (1)
(b2 7(b;2; b;2;2 b;2;3
U2 1y = IV @) 4 (1) + 70 (@)

16772 f(b’l’l)( t) ~ only odd powers (which have a factor )

ol f(b’l’z)( t) ~ only even powers

b7 b
1671'2 f( . 1)< )
b? b
T 02D () ~

b7 b
167T2f( 23)< )

:Eb;l;B) (t) contains the part not included in the above asymptotic expansions:

5\, 653 12772
122 216

it
oy () = = 4 (1nf +) (1
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Fourier — Laplace: w-Integral representation for Aib)

Fourier— Laplace: We decompose the cosine in exponentials and rotate
finite w—0

'\

oo

2 P -

m? = ~ A ~ A 1 - .

167!:2 ib) (t) =cCo+ ho(lf) + hg(t) + /dw 2 <F02(u)) + %> e~ Wt /dw 2F200(w)e_wt
0 2

Foa(w) = g5 + Towr— T TV4—w’ <16(w120_4)2 — gzt 4_78> + [V 4 —w? <_ Tl — TET 16(w52—4)

- g) (o GLw)]arcsm (2) 4 2B _ 3T 45 )

Faoo(w) = 555 + o0y + (& — a57) V2 —4In (w (w? = 4)) + Vo2 =4 (= gbe + 712 + B - )

4 7 w 29w 47 4 17 5 1 1) | In(y(w))
+ [_ 505 T Gws T 2(wZ—4) 24 + oo~ w? — 4<_ 3wt 48w?  16(w2—4)  4(w2—4)? + §>] y2

+ 3% — et opwn(w) — (g5 +w — 55) L{y(w))

3w

L(z) = Lis(—z) + 2Lis(z) + 3 Inz (In(1 + z) + 2In(1 — z))

oo

2
1 653 163 7
=2 F, — -2 Fooo(w) = — + — —In(2) — — 72 + —7?In(2) —
Co /dw(og(w) 2w) /dw oo (W) 216+16 n(2) " —|—67r n(2)
0

asl INFN
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w-Integral representation for for exponentially suppressed contribution f(b 2)( t)

A

167r2f(b 2)( t) = dw 2 cos(wt)

where we added and subtracted the pole term hs(w) = — ST

ho(t) = /ddj 2 cos(Wt) ho (&)
0

We decompose the cosine and make the suitable change of variables
We take the difference between the values of g5 between the two cuts, and on the left and the right of each cut:

Fs(w) = " | lim g5(e +iw) — lim gs(e + iw) — lim gs5(e —iw) + lim g5(e — iw)

2 e—0t e—0— e—0t e—0—

Finally

0o
2 - .

1?%2 f4b 2)( ) hg(tA) + /dw F5(w)2€_wt ,

2

_ —23w54230w* —508w?4+192  —29w54222w° —348w* —144w>+128
F5(w> - 144w/ w2 —4 48w5(w2 4) 1n( (W))

R (L<y<w>> + —) o
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w-integral representations for the subdivisions of asymptotic contributions f, Fbil) (t) a

nd " (t)

Perusing the asymptotic expansions due to each term of the integrands, we can isolate and regroup the terms with

same asymptotic behaviour. We found

In(y(w?))

2

)

(w) =5 (VI— e (4

24

(0 o) arsin (3) )

L+ w—34)

3w
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H~>
e}

Final expansion of f4(t) around a finite point ¢ =

We define the series removing any leading
factor

fib;Q;l)(t) — f’ib;%l)(t) o2t
fib;2;2)(t) _ :Eb;2;2)(t) 6275\/%/ Ini
fib;2;3)(t) _ fib;2;3)(t) eQ’E\/ZA

mi 7(b;2;2)

AU ) = F0 @) ¢ 16m= /4

#(b;1;2 7(b;1;2 ) ~
GRS IS OF m2 2 (_fo
167w274

Convenient change of variable t — v: t = /(1 4+ v)™ (n =1 or 1/2) and expand in v
These particular substitutions improve the convergence of the series in v for £ — oo, corresponding to v — —1.
The series converge if |v| < 1 corresponding to ¢t > £y /2

The coefficients a( %Y) can be obtained from the w-integral representations by expanding the integrands in v and integrating

numerically term by term in w.

The whole timekernel fy(t) is worked out adding fia)(t) and all the 6 contributions,

m2 oz 2 1er 22 1 o 5 nt . 5 653  1277*  7¢(3) T
_16:2f4(t)—t7(m 7 — 27 In2+ 5¢(3) —g—l—(lnt%—'y) 1—121?2 +216_ Tl T4 —|—67T In(2)

1 - (b;151) tA(Q) " 1 - (b;1;2) 1’% " —2f - (b;2;1) tAO
+;Zan 21 +£—QZ% » L) te > an =~
n=0 n=0

n=0
(b;252) (tA_O )
" t
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Final expansion of f4(t) in # = £

m?  (a) m?  z(b;1;3)
- 16172f4a (f')+161'rﬁ 4 Y

e We can use the expansions for small and

for large { to obtain the values of fu(t)

for any value of .

We choose a point of separation t = t.
In the region t < fc we compute f4(t)

from the small-t expansion

In the region t> fc, we choose a suitable
value of o and we use the expansion in
t = to to obtain fi(t)

The choice of the optimal fc, fo, and the
numbers of terms of the expansions de-
pend on the level of precision required.
Using the small-f expansion up to t*° we
choose f. = 3.82 and ip = 5 We calcu-
lated the coefficients of the expansion up
to n = 12 (see table)

These values allow to obtain f4(t) with
an error A f4(1) < 3% 10~® for any value
of t > 0. See figure —

Checked with G(t) from R(s) data,

AQSVP(NLO;4CL) 10_13
CLEVP (NLO;4a) ~

- n oo i
_ J.) +e—2t a',(qb:Q:l) (_9
n=0

t

o0

n=0

af oo

n -2t n _ai

€ -~ 9. fn . e - )

—-1) +—1In(t) alb%2) (7 — l) + — ab:%:3) (T
) VDD i D :

© n=0

Ly

(6;1,1)
an -

(5:1,2)
an7 b

®:2,1)
a’n 1<

(5:2,2)
an7 b

(5;2,3)
a,n <

— =
PEEocowo e wne- o

—
N

—1.4724671380
0.1002442629
0.0021557710
0.0001282655
—0.0001467432
9.35581 x 10~
0.0000260037
—0.0000189910
6.93309 x 10~
3.18779 x 10~ 7
—2.93399 x 10~
2.98580 x 1076
—2.08433 x 106

1.1589872337
—0.0022459376
0.0008279191
0.0007999410
—0.0006094594
7.37693 x 1076
0.0002711371
—0.0002551246
0.0001291619
—0.0000121615
—0.0000553459
0.0000760414
—0.0000669985

—4.8942765691
—2.9475017651
—0.5075497783
0.0115794503
—0.0013940058
0.0001421294
7.67679 x 1076
—0.00001492424
8.61706 x 1076
—4.20065 x 10~
1.95419 x 10~6
—9.00478 x 10~7
4.17032 x 1077

0.2973718753
0.4127862149
0.1109534688
—0.0040980259
0.0003899989
—0.0000133805
—0.00001764961
.000011742325
—5.92454 x 10~
2.78837 x 1076
—1.29025 x 10~6
5.98351 x 1077
—2.80343 x 1077

2.1170734478
1.0364595246
0.1101698869
0.0167667530
—0.0035236970
0.0008586372
—0.0002257379
0.0000612688
—0.0000164422
4.04750 x 10~
—7.17744 x 1077
—7.67136 x 1078

1.94188 x 10~7

(m216/7)| AF (1)

Table 2: Coefficients of the expansions in v of I

m2

6

=

/

/

—_

o
IN
o

—_

o
N
N

0g10((ftilde(NLO)(t)-filde(approx:)()])

.
"
B
‘
18 |

o fa(t) up to v'2 with £y = 5,
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Plots the integrands of G(t)fy(mt) for x and 7

expansion around ¢t = 0

I L
1 2 3

10" 4(a/r)® m,3G(t) Fa(m,t)

aEVP(NLOAa) = —207x10

Aagvp (NLO;4a)
aplVP (NLOs4a)

~ 10713 our approximation

10" 4(a/m)® m,°G(t) Fa(myt) aBVP(NLO;4a) = —3150x 10!

AaVP(NLOjda) 1010

aBVP(NLO;4a) our approximation

INFN

Stefano Laporta, Time-kernel for lattice determinations of NLO HVP... 7th Plenary Workshop ...



NLO class 4b and 4c¢

A

4b

Both spacelike integrals contain the LO kernel ky(z):

VP (NLO; 4b) = = [ da ) () Acaa(t(w)) 2 (Aa§>(t(x)) + Aa

alVF(NLO; 4c) = dz € (2) (Aanad(t(z)))?

A (t) = —Hl(z) (1) IT; renormalized one-loop QED vacuum polarization function

@), () [8 B} 1 B pr—1 ]
Hl ()—(;) [§—é+ﬁl(§_é>lnm] , ﬁl— 1—4ml2/t

e The method applied to (4a) can be applied also to (4b) and (4c) classes of diagrams to get the corresponding
time-kernels, see the poster of A. Beltran Martinez and H. Wittig

asl INFN
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Conclusions

We have obtained analytical coefficients of the series expansion of the NLO time-kernel for class (4a) valid for
small £

We have found representations of all the components of the NLO(4a) time-kernel as Laplace integrals.

From these representations we have worked out compact and fast numerical expansions of all the components of

the NLO(4a) time-kernel, centered in finite values o of time ¢, and converging for ¢ > #4/2.

The combination of these expansions, with a suitable choice of numbers of terms, of the expansion point £y and
of the separation point ; between regimes, allows to determine the NLO(4a) time-kernel with an error
Af < 3 x 1078 for every value of i.

The method can be applied to (4b) and (4c) classes of diagrams.

ol INFN
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THE END

Thank You
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