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LO hadronic vacuum polarization contribution

Leading order (LO) hadronic vacuum polarization contribution to muon g-2.

timelike dispersive integral spacelike dispersive integral

aHVP
µ (LO) =

α

π2

∞∫

s0=m2
π0

ds

s
K(2)(s/m2

µ)ImΠ(s) = − α

π2

0∫

−∞

dt

t
Π(t)ImK(2)(t/m2

µ) = 6931(40)× 10−11
(WP20)

K(2)(s/m2
µ) : 1-loop QED g-2 contribution with a massive photon of mass

√
s

K(2)(z) = 1
2
− z +

(
z2

2
− z

)

ln z + ln y(z)√
z(z−4)

(

z − 2z2 + z3

2

)

ImK(2)(z + iǫ) = πθ(−z)
[

z2

2
− z +

z−2z2+
z3

2√
z(z−4)

]

y(z) =
z−

√

z(z−4)

z+
√

z(z−4)

changing variable in the dispersive integral t→ x(y(t/m2
µ)) = 1 + 1/y(t/m2

µ)

aHVP
µ (LO) =

α

π

1∫

0

dx κ(2)(x)∆αhad(t(x)) Lautrup, Peterman,deRafael 1972, Carloni Passera Trentadue Venanzoni 2015

κ(2)(x) = 1− x ∆αhad(t) = −Π(t) t(x) = m2
µ

x2

x−1
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Lattice: Analytical LO time-kernel

aHVP
µ (LO) =

(α

π

)2
∞∫

0

dt G(t) K̃2(t,mµ)

• G(t) correlator of e.m.currents ← lattice

• K̃2(t,mµ) LO time-kernel

• t Euclidean time
(Bernecker Meyer 2011)

K̃2(t,mµ) = f̃2(t) = 8π2

∞∫

0

dω

ω
f2(ω

2)

[

ω2t2 − 4 sin2
(
ωt

2

)]

f2(ω
2) =

1

π

ImK(2)(−ω2/m2
µ)

−ω2
ImK(2)(q2) LO space-like kernel

=
1

m2
µ

1

y(−ω̂2)(1 − y2(−ω̂2))
y(z) ≡ z−

√
z(z−4)

z+
√

z(z−4)
ω̂ = ω/mµ

Analytical integration possible!: t̂ = mµt (t̂ = 1 → t = 1.86fm)

m2
µ

8π2 f̃2(t) =
1
4

Meijer G-function
︷ ︸︸ ︷

G 2,1
1,3

(
3
2

0,1, 12

∣
∣
∣ t̂2

)

+ t̂2

4
+ 1

t̂2
+ 2(ln t̂+ γ)− 2

t̂
K1(2t̂)− 1

2
(Della Morte et al 2017)

= −πt2(
Struve Bessel functions

︷ ︸︸ ︷

L−1(2t̂)K0(2t̂) + L0(2t̂)K1(2t̂))+
t̂2

4 + 1
t̂2
−
(

2
t̂
+ t̂

)

K1(2t̂) + 2(ln t̂+ γ)− 1
2

(E.Balzani, S.L, M.Passera 2023)

m2
µ

8π2 f̃2(t) =







t̂4

72
+ (120(ln t̂+γ)−169

43200
t̂6 + . . . t̂≪ 1

t2

4 −
πt̂
2 + 2(ln t̂+ γ)− 1

2 + 1
t̂2
+

√
π

t̂
e−2t̂

[

−1

4
− 55

64t̂
+ . . .

]

︸ ︷︷ ︸

exponentially suppressed

t̂≫ 1
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NLO hadronic vacuum polarization contributions

• Class 4a: 1 HVP insertion in one photon line of 2-loop QED vertex diagrams

• Class 4b: 1 HVP insertion in the photon line of 2-loop QED vertex with electron or tau vacuum polarization

• Class 4c: 2 HVP insertion in the 1-loop QED vertex diagram

aHVP
µ (NLO; 4a) = −209.0× 10−11 ← dominant

aHVP
µ (NLO; 4b) = +106.8× 10−11

aHVP
µ (NLO; 4c) = +3.5× 10−11

aHVP
µ (NLO; total) = −98.7(9)× 10−11

Kurz Liu Marquard Steinhauser 2014

Hereafter we will consider the dominant (and most difficult) (4a) class

timelike and spacelike integral for (4a) class

aHVP
µ (NLO; 4a) =

α2

π3

∞∫

s0

ds

s
2K(4)(s/m2

µ) ImΠ(s) = −α2

π3

0∫

−∞

dt

t
Π(t) Im2K(4)(t/m2

µ)

2K(4)(s/m2
µ): 2-loop QED g-2 contribution from diagrams with one massive photon of mass

√
s and one massless

photon (factor 2 due to normalization chosen)
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NLO class 4a

K(4)(z) =
(

z2

2
− 7z

6
+ 1

2

)

[

−3Li3(−y)− 6Li3(y) + 2 (Li2(−y) + 2Li2(y)) ln y + 1
2

(

ln2 y + π2
)

ln(y + 1) + ln(1− y) ln2 y

]

+

(

−
z3

6
+

z2

4
−

7z
6

−
4

z−4
+

13
3

)(

Li2(−y)+
ln2 y
4

+
π2

12

)

√
(z−4)z

+

(

−
7z3

12
+

17z2

6
−2z

)(

Li2(y)−
1
4

ln2 y+ln(1−y) ln y−
π2

6

)

√
(z−4)z

+
(

− 29z2

96
+ 53z

48
+ 2

z−4
− 1

3z
+ 19

24

)

ln2 y +

(

23z3

144
−

115z2

72
+

127z
36

−
4
3

)

ln y

√
(z−4)z

+

(

−
7z3

48
+

17z2

24
−

z
2

)

ln y ln z

√
(z−4)z

+ 1
6
π2

(

− z2

2
+ 5z

24
− 2

z
+ 9

4

)

+ 5
96

z2 ln2 z +
(

23z2

144
− 7z

36
+ 1

z−4
+ 19

12

)

ln z + 115z
72

− 139
144

Barbieri Remiddi 1975

K(4)(0) = 197
144

+ 1
12

π2 − 1
2
π2 ln 2 + 3

4
ζ(3) = −0.328479 2-loop g-2 K(4)(z ≫ 1) → 1

z

(

− 23ln(z)
36

− π2

3
+ 223

54

)

ImK(4)(z + iǫ) = πθ(−z)F (4)(1/y(z)) y(z) =
z−
√

z(z−4)

z+
√

z(z−4)
< −1

F (4)(u) = −3u4−5u3−7u2−5u−3
6u2

(
2Li2(−u) + 4Li2(u) + ln(−u) ln

(
(1− u)2(u+ 1)

))

+
(u+1)(−u3+7u2+8u+6)

12u2 ln(u+ 1) +
(−7u4−8u3+8u+7)

12u2 ln(1− u)

+ 23u6−37u5+124u4−86u3−57u2+99u+78
72(u−1)2u(u+1)

+ 12u8−11u7−78u6+21u5+4u4−15u3+13u+6
12(u−1)3u(u+1)2

ln(−u)
Balzani, S.L., Passera 2112.05704, Nesterenko 2112.05009.

aHVP
µ (NLO; 4a) =

(α

π

)2
1∫

0

dx κ(4)(x)∆αhad(t(x))

z → y → x Space-like NLO kernel κ(4)(x) κ(4)(x) =
2(2− x)

x(x− 1)
F (4)(x− 1)
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NLO(4a) time-kernel

aHVP
µ (NLO;4a) =

(α

π

)3
∞∫

0

dt G(t) K̃4(t,mµ)

• G(t) correlator of e.m.currents ← lattice

• K̃4(t,mµ) NLO(4a) time-kernel

• t Euclidean time

K̃4(t,mµ) = f̃4(t) = 8π2

∞∫

0

dω

ω
f4(ω

2)

[

ω2t2 − 4 sin2
(
ωt

2

)]

f̂4(ω̂
2) = m2

µf4(ω̂
2) =

2 F (4)(1/y(−ω̂2))

−ω2
F (4)(y): NLO(4a) space-like kernel

• integral with (ωt)2 analytically easy; integral with sin(ωt) difficult.

• F (4)(1/y) contains logarithms and dilogarithms of ±y(ω):

• analytical integration in ω of logarithms feasible; contribution of the diagram with a muon vacuum polarization:

• analytical integration in ω of some dilogarithms and products of logarithms more complicated but feasible →
derivatives of Bessel functions, exponential integrals, generalized Meijer G-functions,

example:
∫

∞

0
dω̂

ln2
(

1
2

(√
ω̂2+4+ω̂

)

)

√
ω̂2+4

cos(ω̂t̂) = ∂2

∂n2Kn(2t̂)|n=0 − 1
4
π2K0(2t̂)

• but still not able to integrate analytically all the integral with Li2(±y)

Alternative: Series expansions
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Expanding for small t

We split the interval of integration in a intermediate point ω̂0(t̂):

∞∫

0

dω̂

ω̂
f̂4(ω

2)

[

(ω̂t)2 − 4 sin2
(
ωt

2

)]

=

∞∫

0

dω̂

ω̂
f̂4(ω̂

2)g(ω̂t̂) =

ω̂0(t̂)∫

0

dω̂

ω̂
f̂4(ω̂

2)g(ω̂t̂) ← expand g for t̂≪ 1

change ω̂ → y(−ω̂2)

+

∞∫

ω̂0(t̂)

dω̂

ω̂
f̂4(ω̂

2)g(ω̂t̂) ← expand f̂4 for ω̂ ≫ 1

integral independent of ω̂0: convenient choice for calculation: ω̂0 = 1−t̂√
t̂
≫ 1 ⇒ y

(
−ω̂2

0

)
= −t̂.

The final result of expansion:

m2
µ

16π2 f̃4(t) =
∑

n≥4
n even

t̂n

n!

(

an + bnπ
2 + cn

(
ln(t̂) + γ

)
+ dn

(
ln(t̂) + γ)2

)
)

• π2 and (ln t̂+ γ)2 appear at NLO

• Coefficients an, bn, cn, dn up to t̂30 were calculated (see next slide)

• series converges for every t̂, but for t̂ & 5 terms grow fast, then change sign and start decreasing: huge

cancellations!

• It needs other kind of expansions to cover the large-t̂ region
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Coefficients of the expansion for small t
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(asymptotic) expansions for t̂→∞, dominant part

f̃4(t) = 8π2

∞∫

0

dω

ω
f4(ω

2)

[

ω2t2−4 sin2
(
ωt

2

)]

f̃4(t) = f̃
(a)
4 (t) + f̃

(b)
4 (t)

m2
µ

8π2 f̃
(a)
4 (t) =

∞∫

0

dω̂

ω̂
f̂4(ω̂

2)
(
ω̂2 t̂2

)
= t̂2

2

0∫

−∞

dz

z

1

π
ImK4(z) =

t̂2

2 K4(0) =
t̂2

2

(

197
144 + π2

12 −
1
2π

2 ln 2 + 3
4ζ(3)

)

easy

m2
µ

16π2 f̃
(b)
4 (t) =

∞∫

0

dω̂

ω̂
f̂4(ω̂

2)
(

−4 sin2
(

ω̂t̂
2

))

adimensionalized f̂4(ω̂
2) ≡ m2

µf4(ω̂
2)

Decomposition of f̃
(b)
4 (t) according to the different behaviour for t→∞.

f̃
(b)
4 (t) = f̃

(b;1)
4 (t) → dominant no exponential prefactors new to NLO

+ f̃
(b;2)
4 (t) → exponentially suppressed e−2t̂prefactor see LO expansion

Expanding in series the dominant part (integrate formal expansion of f̂4(ω̂
2) in ω̂ = 0 )

m2
µ

16π2 f̃
(b;1)
4 (t) = −πt̂

8
+ ln t̂+ γ − 7ζ(3)

4
+

7

6
π2 ln(2)− 127π2

144
+

653

216
−

5
(
ln t̂+ γ

)

12t̂2
− π

2t̂
+

209

180t̂2
+

277π

360t̂3
+O

(
1

t̂4

)

• series expansion is asymptotic, factorial growth of coefficients, example: −12510892800
19t̂18

• asymptotic series needs truncation, almost useless numerically, error ∼ e−2t̂
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Asymptotic expansions for t̂→∞, exponentially suppressed part f̃
(b;2)
4 (t)

f̃
(b;2)
4 (t): contour integral over C f̃

(b;2)
4 (t)

8π2
=

∫

C

dω̂

ω̂
f̂4(ω̂

2)2 cos
(
ω̂t̂

)

Its asymptotic expansion contains the factor e−2t̂:

f̃
(b;2)
4 (t) = e−2t̂

∞∑

n=0

(

Dn +
En ln t̂+ Fn√

t̂

)
1

t̂n

where Dn, En and Fn are constants.

• The exponential factor is due to the singularities of the integrand in ω̂ = ±2i, which come from the terms

containing
√
ω̂2 + 4 in f̂4(ω̂)

• coefficient of these series not useful, the truncation error of the dominant series (∼ e−2t̂) is of the same order of

the exponentially suppressed series

• the C contour is around the imaginary axis: Fourier integrals → Laplace integrals

• We need expansions around finite points t̂ = t̂0 converging for t̂→∞.
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Further subdivisions of f
(b)
4 (t)

• In order to obtain numerically efficient expansions around finite t̂, we have to introduce further splitting,

separating according the prefactors: even and odd powers in f
(b;1)
4 (t) and integer and half-integer powers, and

logarithms in f
(b;2)
4 (t).

f̃
(b;1)
4 (t) = f̃

(b;1;1)
4 (t) + f̃

(b;1;2)
4 (t) + f̃

(b;1;3)
4 (t)

f̃
(b;2)
4 (t) = f̃

(b;2;1)
4 (t) + f̃

(b;2;2)
4 (t) + f̃

(b;2;3)
4 (t)

where

m2
µ

16π2 f̃
(b;1;1)
4 (t) ∼ 1

t̂
+O

(
1

t̂3

)

, only odd powers (which have a factor π)

m2
µ

16π2 f̃
(b;1;2)
4 (t) ∼ 1

t̂2
+O

(
1

t̂4

)

, only even powers

m2
µ

16π2 f̃
(b;2;1)
4 (t) ∼ e−2t̂

[

1 +O

(
1

t̂2

)]

,

m2
µ

16π2 f̃
(b;2;2)
4 (t) ∼ e−2t̂ ln(t̂)√

t̂

[

1 +O

(
1

t̂

)]

,

m2
µ

16π2 f̃
(b;2;3)
4 (t) ∼ e−2t̂ 1√

t̂

[

1 +O

(
1

t̂

)]

,

f̃
(b;1;3)
4 (t) contains the part not included in the above asymptotic expansions:

m2
µ

16π2 f̃
(b;1;3)
4 (t) = −πt̂

8
+
(
ln t̂+ γ

)
(

1− 5

12t̂2

)

+
653

216
− 127π2

144
− 7ζ(3)

4
+

7

6
π2 ln(2)
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Fourier → Laplace: w-Integral representation for f̂
(b)
4

Fourier→Laplace: We decompose the cosine in exponentials and rotate

m2
µ

16π2 f̃
(b)
4 (t) = c0 + h̃0(t̂) + h̃3(t̂) +

2∫

0

dw 2

finite w→0
︷ ︸︸ ︷
(

F02(w) +
1

2w

)

e−wt̂ +

∞∫

2

dw 2F2∞(w)e−wt̂

F02(w) =
4

3w3 + w
16(w2−4) + π

√

4− w2
(

w

16(w2−4)2
− 1

8w2 + 7
48

)

+

[
√

4− w2

(

− 4
3w4 − 17

48w2 − 5
16(w2−4)

− 1
4(w2−4)2

+ 1
8

)

+ π
(

1
2w3 + w

2
− 7

6w

)
]

arcsin
(
w
2

)
+ 23w

144
− 37

144w
+ 5

24
w ln(w)

F2∞(w) = 4
3w3 + w

16(w2−4) +
(

7
24 −

1
4w2

)√

w2 − 4 ln
(
w
(
w2 − 4

))
+
√

w2 − 4
(

− 1
3w4 + 115

144w2 + 23
144(w2−4) −

23
144

)

+

[

− 4
3w5 + 7

6w3 + w
2(w2−4)

− 29w
24

+ 47
12w
−
√

w2 − 4

(

− 4
3w4 − 17

48w2 − 5
16(w2−4)

− 1
4(w2−4)2

+ 1
8

)]

ln(y(w))
2

+ 23w
144 −

37
144w + 5

24w ln(w)−
(

1
w3 + w − 7

3w

)
L(y(w))

L(x) = Li2(−x) + 2Li2(x) +
1
2 ln x (ln(1 + x) + 2 ln(1− x))

c0 = −2
2∫

0

dw

(

F02(w) +
1

2w

)

− 2

∞∫

2

dw F2∞(w) =
653

216
+

π

16
− ln(2)− 163

144
π2 +

7

6
π2 ln(2)− 7ζ(3)

4

h̃3(t̂) =

2∫

0

dw
1− e−wt̂

w
= −Ei(−2t̂) + ln(2t̂) + γ

h̃0(t̂) =

∞∫

0

2
(
cos(ω̂t̂)− 1

)
h0(ω̂) dω̂ =

πt̂

16
+

π2

8

(

e−2t̂ − 1
)

+
1

32
π2t̂

(
K0(2t̂)− L0(2t̂)

)
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w-Integral representation for for exponentially suppressed contribution f̃
(b;2)
4 (t)

m2
µ

16π2 f̃
(b;2)
4 (t) = h̃2(t̂)+

∫

C

dω̂ 2 cos(ω̂t̂)

g5(ω̂)
︷ ︸︸ ︷
[

f̂4(ω̂
2)

ω̂
− h2(ω̂)

]

where we added and subtracted the pole term h2(ω̂) = − π
2(4+ω̂2)

h̃2(t̂) =

∞∫

0

dω̂ 2 cos(ω̂t̂)h2(ω̂) = −
π2

4
e−2t̂

We decompose the cosine and make the suitable change of variables

We take the difference between the values of g5 between the two cuts, and on the left and the right of each cut:

F5(w) =
i

2

[

lim
ǫ→0+

g5(ǫ+ iw)− lim
ǫ→0−

g5(ǫ+ iw)− lim
ǫ→0+

g5(ǫ− iw) + lim
ǫ→0−

g5(ǫ− iw)

]

Finally

m2
µ

16π2 f̃
(b;2)
4 (t) = h̃2(t̂) +

∞∫

2

dw F5(w)2e
−wt̂ ,

F5(w) =
−23w6+230w4−508w2+192

144w4
√
w2−4

− −29w8+222w6−348w4−144w2+128
48w5(w2−4) ln(y(w))

−
(

1
w3 + w − 7

3w

)
(

L(y(w)) + π2

4

)

+
(

7
24 −

1
4w2

)√

w2 − 4 ln
(
w(w2 − 4)

)
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w-integral representations for the subdivisions of asymptotic contributions f̃
(b;1)
4 (t) and f̃

(b;2)
4 (t)

Perusing the asymptotic expansions due to each term of the integrands, we can isolate and regroup the terms with

same asymptotic behaviour. We found

m2
µ

16π2 f̃
(b;2;1)
4 (t) = h̃2(t̂) +

∞∫

2

dw 2F
(1)
5 (w)e−wt̂

m2
µ

16π2 f̃
(b;2;2)
4 (t) = ln(t̂)

∞∫

2

dw 2F
(2)
5 (w)e−wt̂

m2
µ

16π2 f̃
(b;2;3)
4 (t) =

∞∫

2

dw 2F
(3)
5 (w)e−wt̂

F
(1)
5 (w) = π2

4

(
7
3w − w − 1

w3

)

F
(2)
5 (w) = 1

2

(
√

w2 − 4
(

1
4w2 − 7

24

)
−
(

1
w3 + w − 7

3w

) ln(y(w2))
2

)

F
(3)
5 (w) = F5(w)− F

(1)
5 (w)− F

(2)
5 (w) ln t̂

m2
µ

16π2 f̃
(b;1;1)
4 (t) =

2∫

0

dw 2F odd
02 (w)e−wt̂ +

∞∫

2

dw 2F odd
2∞ (w)e−wt̂

m2
µ

16π2 f̃
(b;1;2)
4 (t) =c0 − f̂

(b;1;3)
4 (t)− h̃2(t̂) + h̃0(t̂) + h̃3(t̂)

+

2∫

0

dw 2
(
F02(w) +

1
2w − F odd

02 (w)
)
e−wt̂

+

∞∫

2

dw 2
(
F2∞(w)− F5(w)− F odd

2∞ (w)
)
e−wt̂

F odd
02 (w) =π

2

(
√

4− w2
(

7
24 −

1
4w2

)

+
(

1
w3 + w − 7

3w

)
arcsin

(
w
2

)
)

F odd
2∞ (w) =π2

4

(
1
w3 + w − 7

3w

)
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Final expansion of f̃4(t) around a finite point t̂ = t̂0

We define the series removing any leading

factor

f̄
(b;2;1)
4 (t) = f̃

(b;2;1)
4 (t) e2t̂

f̄
(b;2;2)
4 (t) = f̃

(b;2;2)
4 (t) e2t̂

√

t̂/ ln t̂

f̄
(b;2;3)
4 (t) = f̃

(b;2;3)
4 (t) e2t̂

√

t̂

f̄
(b;1;1)
4 (t) = f̃

(b;1;1)
4 (t) t̂

f̄
(b;1;2)
4 (t) = f̃

(b;1;2)
4 (t) t̂2

→

m2
µ

16π2 f̄
(b;1;1)
4

(

t̂0√
1 + v

)

=

∞
∑

n=0

a
(b;1;1)
n vn

m2
µ

16π2 f̄
(b;1;2)
4

(

t̂0√
1 + v

)

=
∞
∑

n=0

a
(b;1;2)
n vn

m2
µ

16π2 f̄
(b;2;1)
4

(

t̂0

1 + v

)

=

∞
∑

n=0

a
(b;2;1)
n vn

m2
µ

16π2 f̄
(b;2;2)
4

(

t̂0

1 + v

)

=

∞
∑

n=0

a
(b;2;2)
n vn

m2
µ

16π2 f̄
(b;2;3)
4

(

t̂0

1 + v

)

=
∞
∑

n=0

a
(b;2;3)
n vn

• Convenient change of variable t → v: t = t̂0/(1 + v)n (n = 1 or 1/2) and expand in v

• These particular substitutions improve the convergence of the series in v for t̂ → ∞, corresponding to v → −1.

• The series converge if |v| ≤ 1 corresponding to t̂ ≥ t̂0/2

• The coefficients a
(b;x;y)
n can be obtained from the w-integral representations by expanding the integrands in v and integrating

numerically term by term in w.

• The whole timekernel f̃4(t) is worked out adding f̃
(a)
4 (t) and all the 6 contributions,

m2
µ

16π2 f̃4(t) =
t̂2

2

(

197
144

+ π2

12
− 1

2
π
2 ln 2 + 3

4
ζ(3)

)

− πt̂

8
+

(

ln t̂+ γ
)

(

1− 5

12t̂2

)

+
653

216
− 127π2

144
− 7ζ(3)

4
+

7

6
π
2 ln(2)

+
1

t̂

∞
∑

n=0

a
(b;1;1)
n

(

t̂20

t̂2
− 1

)n

+
1

t̂2

∞
∑

n=0

a
(b;1;2)
n

(

t̂20

t̂2
− 1

)n

+ e
−2t̂

∞
∑

n=0

a
(b;2;1)
n

(

t̂0

t̂
− 1

)n

+
e−2t̂

√
t̂

ln(t̂)
∞
∑

n=0

a
(b;2;2)
n

(

t̂0

t̂
− 1

)n

+
e−2t̂

√
t̂

∞
∑

n=0

a
(b;2;3)
n

(

t̂0

t̂
− 1

)n
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Final expansion of f̃4(t) in t̂ = t̂0

• We can use the expansions for small and

for large t̂ to obtain the values of f̃4(t)

for any value of t̂.

• We choose a point of separation t̂ = t̂c

• In the region t̂ ≤ t̂c we compute f̃4(t)

from the small-t expansion

• In the region t̂ > t̂c, we choose a suitable

value of t̂0 and we use the expansion in

t̂ = t̂0 to obtain f̃4(t)

• The choice of the optimal t̂c, t̂0, and the

numbers of terms of the expansions de-

pend on the level of precision required.

Using the small-t̂ expansion up to t̂30 we

choose t̂c = 3.82 and t̂0 = 5 We calcu-

lated the coefficients of the expansion up

to n = 12 (see table)

• These values allow to obtain f̃4(t) with

an error ∆f̃4(t̂) < 3×10−8 for any value

of t̂ ≥ 0. See figure →
• Checked with G(t) from R(s) data,

∆aHVP
µ (NLO;4a)

aHVP
µ (NLO;4a)

∼ 10−13

t̂0 = 3, 4, 5 ↑
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Plots the integrands of G(t)f̃4(mt) for µ and τ

expansion around t = 0 expansion around t = t0

→ aHVP
µ (NLO;4a) = −207×10−11

∆aHVP
µ (NLO;4a)

aHVP
µ (NLO;4a)

∼ 10−13 our approximation

→ aHVP
τ (NLO;4a) = −3150×10−11

∆aHVP
τ (NLO;4a)

aHVP
τ (NLO;4a)

∼ 10−10 our approximation

G(t) =

∞
∫

0

dω 1
3
R(ω2)ω2

e
−ωt

G(t) from R(s) data
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NLO class 4b and 4c

Both spacelike integrals contain the LO kernel κ2(x):

aHVP
µ (NLO; 4b) =

α

π

1∫

0

dx κ(2)(x)∆αhad(t(x)) 2
(

∆α(2)
e (t(x)) + ∆α(2)

τ (t(x))
)

aHVP
µ (NLO; 4c) =

α

π

1∫

0

dx κ(2)(x) (∆αhad(t(x)))
2

∆αl(t) = −Π(2)
l (t) Πl renormalized one-loop QED vacuum polarization function

Π
(2)
l (t) =

(α

π

)[
8

9
− β2

l

3
+ βl

(
1

2
− β2

l

6

)

ln
βl − 1

βl + 1

]

, βl =
√

1− 4m2
l /t

• The method applied to (4a) can be applied also to (4b) and (4c) classes of diagrams to get the corresponding

time-kernels, see the poster of A. Beltran Martinez and H. Wittig
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Conclusions

• We have obtained analytical coefficients of the series expansion of the NLO time-kernel for class (4a) valid for

small t̂

• We have found representations of all the components of the NLO(4a) time-kernel as Laplace integrals.

• From these representations we have worked out compact and fast numerical expansions of all the components of

the NLO(4a) time-kernel, centered in finite values t̂0 of time t̂, and converging for t̂ > t̂0/2.

• The combination of these expansions, with a suitable choice of numbers of terms, of the expansion point t̂0 and

of the separation point t̂s between regimes, allows to determine the NLO(4a) time-kernel with an error

∆f̃ < 3× 10−8 for every value of t̂.

• The method can be applied to (4b) and (4c) classes of diagrams.
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THE END

Thank You
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