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Source of dominant uncertainties in SM | \/é\t

Hadronic vacuum polarisation Hadronic light-by-light scattering
HVP: O(a?), about 700 - 10710 HLbL: O(a?), about 10-1071°
WP20 precision: 0.6% WP20 precision: 20%.
Desirable precision: 0.2% Desirable precision: 10%.

Exchanges of
+...+ other resonances + +...

(fo, a1, fa,...)

Harvey Meyer
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Coordinate-space approach to a;/"""

QED kernel L, o} (s 2, y)

HLbL _ me’ 4 dz L i
a, 3 d y[ € [p,a];ul/%(pvxvy) ? P;#VAU(x7y)]'

QED =QCD blob

iMnees) = = [ ' 2 (5,(0)3u0) 32 () 12 0)).

» on-shell muon momentum realized as p = (iEp, p). Simplest choice p = (im, 0).
> ll[p’(,]muA(p,m,y) computed in the continuum & infinite-volume

» no power-law finite-volume effects.

), from Lattice QCD



HLbL.

Coordinate-space approach to a;,~"": version used by Mainz

QED kernel ll[p 0] wn (2, Y)

HLbL me® 4 4 = e
ap =73 /d Y [/d T Lip o] uor (T, Y) ZHP;WAG(%?J)}-

" QED =QCD blob
=2m2|y|3d|y|

> only a 1d integral to sample the integrand in |y| thanks to analytic average
over muon momentum.

[Asmussen, Gérardin, Green, HM, Nyffeler 1510.08384.]

from Lattice QCD



Notation: connection between RBC/UKQCD and Mainz

14+ 1470

K}:/f/a)inz(p: (im,0)7m—z,y—z) 2

BN (2,1, 2) = (—i)

i ainz .
Z ’I‘I‘{[’yp, ’}/0—165?/\0($, Y, O)} = L:R/J[,o'];yu)\(p = (Zm7 0)7 x, y)

6i/d4mop (mop - xref)j HkR,Bp,Co,A(xOp: z,Y, Z) = ﬁ;\/[;;])\zk(x —ZY— Z)

This should make it possible to describe the various lattice calculations in a
single notation in the White Paper.

RBC/UKQCD 2304.04423 vs. Mainz 2210.12263
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Isospin decomposition vs. quark-level Wick contractions
vem =v3 4 Ve V3 = L(ayu—dyd), V®= L(uyu+ dyd— 25ys)

HHLbL — <‘/)e;1m‘/v)e(2m‘/)(23rn‘/v;é4m>7
H{3333} = <V)§1 V§2V§3V§4>7
s = <V§1 V§2V§3V§4>
{3838} __ 1 8 3 8 3
II 91921 Z <VX7>(1)VX79(2)VX7>(3) VXP(4)>’
PESy

[HIbL _ {3333} yp{ssss} | pp{ssss)

VAo

Wick-contraction topologies in HLbL amplitude (0|T'{j% j; 72 46 }10)

RIEIE 0%

(4) (3.1) (2,1,1 (1,1,1,1)

A
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Charge factors of the quark-level diagrams

In the (u,d) quark sector, the five diagram classes appear
with the following the charge factors:

o4 o2 ey sy il

IT(8833) 3 : 0 0 0
[7{s88s} 1 1 1 1 1
648 324 324 162 &1

(3838} 1 1 1 1
1 12 18 12 18 0
. pHLbL 17 25 7 5 1
Total: II 81 81 81 81 81

e.g. the set of fully connected diagrams I1“) appears with charge factor

((2)* + (= 1)*) = 1T in the HLbL amplitude.
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Exchange of an isovector meson (77, ...)

The 7° exchange (or of any other isovector meson) appears only in T13358,
The fact that it vanishes in 113333 implies the ratio

25 (227T0)j| 25 [17 (4 7(0):|
m== = . 1
[81 34 (1)
Neglecting the diagrams containing three quark loops or more, the contribution
LR 4o HIbL amplitude is partitioned according to
17 (4570 34 = HLbL;xO
i ] e L
[81 9
25 (2,2;x° ] 25 _HLbL;xO0
I = ——1II .
[81 9

First derived by J. Bijnens, 1608.01454.
Similarly, for an isoscalar meson exchange (say, (f2)): if you assume that the
meson couples equally to a pair (V;’, V;2) as to the pair (3Vf,3V§), then you

find that its entire contribution to II'"P" is contained in [%H(Q’Q”“ )].

See 1712.00421.
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The charged pion loop

At leading order in ChPT, the charged pion loop appears only in 13333},

From this observation, neglecting the diagrams containing three quark loops or
more, one finds that the charged pion loop contribution TTHIPL™™ 6 HLbL
amplitude is partitioned across II¥), [I>?) and 1Y diagrams according to

[L?H(4;Ww)] _ % HHLbL;T\'T\'
81 81 ’
25 . 75 .
7H(2,2,ww):| — /O qHLbLimr
[81 81 ’
7 . 28 .
71-[(3,1,7”0] —  _ S qHLbLimr
[81 81

See 2104.02632 apdx A for a partially quenched ChPT derivation.
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Integrand of connected contribution at m, = 200 MeV

200 :
D200 Conn +—=—
(m,, my, f,)/MeV = (200, 782, 96.0) 0 .
- (weight 34/9) ——
° finite vol. ——
150 Quark loop mg=320 MeV. —— ]
— Total ——+—
g Pion loop (weight 34/81) --------
= .« vox
= 100 . -y 1
[=} . L
2 S .
oy 0
=
=50 . L ]
]
.
0 ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
0 0.5 1 15 2 25
Iyl [fm]

» Semi-quantitative description of the integrand;

» Cutoff effects at short distances.

2104.02632
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Chiral & continuum limit linear in m2 and a2 for the
(QL +QHI™ + (Q% + Q2)?T1*? contribution.

2104.02632
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Pion-pole subtraction
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Figure 8: Red lines: original tail-reconstructed data. Black lines: with 7°-exchange computed on each
ensemble individually subtracted and the continuum value added back at the physical pion mass. The dotted
lines and dashed lines correspond to finite m , L (see Fig. 3) and infinite m . L at fixed 8 = 3.4 respectively
and the plain lines are the results in the continuum and infinite-volume limit. The data point at the top left
corner corresponds to our quoted final estimate for ali®".

E.-H. Chao, LAT21.




Overview table

Contribution Valuex10*!
Light-quark fully-connected and (2 + 2) 107.4(11.3)(9.2)(6.0)
Strange-quark fully-connected and (2 + 2) —0.6(2.0)
3+1) 0.0(0.6)
(24+1+4+1) 0.0(0.3)
(I1+141+41) 0.0(0.1)
Total 106.8(15.9)

» error dominated by the statistical error and the continuum limit.

» all subleading contributions have been tightly constrained and shown to be
negligible.

[Chao et al, 2104.02632]

Result for charm: a,(charm) = (2.8 & 0.5) x 107"
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Compilation of ;""" determinations

< Blum et al. '20

-—0—- Chao etal. '21

(charm from Chao et al. '22)

—_— Blum et al. 23
-—0—- Data-driven, White Paper 20
8 10 12 14 16 18

HLbL contribution [ 10710 ]
Good consistency of different determinations.
Lattice'24: aff""" = 12.6(1.2)(3) - 10~'° (Ch. Zimmermann, BMW).

Results from the Bern dispersive framework and from three independent lattice
QCD calculations since 2021 are in agreement with comparable uncertainties.

HLbL in (g . from Lattice QCD



HLbL

How best to combine the lattice results for a;,

The statistical errors of different calculations are uncorrelated (except e.g. for
the charm contribution if it is taken from the Mainz calculation).
Dominant systematic errors:

» Continuum limit needs to be consolidated; how strongly does the slope in
a? depend on the quark mass?

» Treatment of long-distances is based on the same idea that the 7°
exchange dominates.

» Fit ansatze for the m, dependence related to the same physics.

Thus it is not clear that one can do better than treating the systematic error as
being 100% correlated across different calculations.

HLbL in (g — 2),, from Lattice QCD



Backup slides
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The charm contribution at the SU(3); point

3.5e-10
,"‘“!
3e-10 o R
‘ o0 K =0.135551620350
2510 - m-m K =0.134901430525
- oK = 0.134251240700
2e-10 o A--a K =0.133601050870
v-v K_=0.132960861040
= L
22 1.5e-10 |
=
le-10
o4
Se-11 ‘ ‘ ‘

Integrand for the connected charm contribution (J500, a = 0.039 fm)
» direct calculation at physical charm mass difficult due to lattice artefacts
> ~ perform a combined extrapolation in 1/m?2 and the lattice spacing.

Chao, Hudspith, Gérardin, Green, HM arXiv:2204.08844
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Extrapolation in charm mass and lattice spacing

conn.,c 11
ay x 10

0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 0.55
1My, % [GeV2]

This particular fit:

2 2
au(a,my,) = Aa + w + Da® + EaT
M. My,

Final result (average of several fits): a,(charm) = (2.8 £ 0.5) x 107"

HLDbLL in (
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Truncated integral for a), """

Connected

(2+2) Disconnected

110 am = 221 MeV

e m = 280 MeV

120 = m =356 MeV

o m =415MeV

-

1

11

20
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80—

Ve /2) X 10

(Il /2) X 10
T

@42
a
W
L

20+

o m_=415MeV
= m =356 MeV
« m =280 MeV
+ m_ =221 MeV

» Extend reach of the sig

infinite volume.

nal by two-param. fit f(y) = Aly|® exp(—Mly
> provides an excellent description of the 7° exchange contribution in

Wh /2

)i

» We see a clear increase of the magnitude of both connected and

disconnected contributions.

HLbL in
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Chiral, continuum, volume extrapolation

Connected contribution disconnected contribution
% Cont. & Inf. Vol.
v B=370 3
. 25
: 50—
0 - X Cont. & Inf. Vol.
R v B=370
P s B=355
ol + B=346
St = B=340
 mL=o 125 e p=334
-~ mL=5818
o7 m L =4.642 150
mL=3917
1754
O.lYZ O.‘Dd D‘Oﬁ D.‘UK 0‘.| 0.‘IZ D.‘IA 0. ‘16 0.18 0.172 O.‘Od 0.‘06 D.‘UR D‘J 0.‘|Z 0.‘I4 0. ‘16 0.18
m?[GeV’] m?[GeV’]
! X Cont, & Inf. Vol.
120 v B=3.70
10 4 Bp=355
« p=346
Total light-quark contribution: _ i oy
» vol. dependence: &
x exp(—mxL/2)
E.
x

» pion-mass dependence
fairly mild (!)




HLbL
a’/l,

[Chao, Gérardin, Green, Hudspith, HM 2006.16224 (EPJC)]

hibl 11
a x10

100

80

60

40

20

-20

40

-60

at m,; = mg ~ 415 MeV: continuum limit

* Connected
¢ Conn. + Disc.
= Disconnected

R R

hlbl
GRIPLSUE)e

0.050° 0.064>
2.2
a [fm’]

HLbL in (

0.076°

0086

= (65.44+4.9+6.6) x 10",
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Rearrangement of integrals: ‘method 2’

For the fully-connected calculation we use the following master equation for the
integrand:

(Conn.) _ 4’/7’1,“66 2 3
Feyh) == > ZvQ; 27 [y| x

JjEu,d,s
L (z ) H( ),d (1’ ) ﬁ( ) (.r T — ) H( ),J (:E Z)
i [pyo]pur A Y nro Y, 2 [psolsavp 0 y)x nro 5 Y, ’
with hadronic contribution

I (@, 2) = —2Re (T [57(0,2)78” (@,9)787 (4, 207087 (2. 0m | )

> S9(z,y) is the flavour j-quark propagator from source y to sink x;

> Q; is the charge factor (Q. = % Qaq = —%, Qs = —%);
» (-)u denotes the ensemble average.

A A A
‘Cip,o'];,u,u)\(xay) ‘C(pl- ‘uy/)\( ) ‘C’(pl- yu)\( ) ‘C’(pl- AV“(.’L’,Q?*ZJ).
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HLbL & the projection formula

—< < < <+
—1 . .
aELbL = I2(0) = —— Tr{[v,, %](—Z? +m)lpo (p:p)(_llij +m)}
48m p2=—m?2
The HLbL contribution to the vertex function reads
1 1 1
Lo (p,p) = 766/
po (P P) aiae GB(@+ a2 — k) (¢ —q1)? +m? (p/ — q1 — g2)* +m?
< (i — id, —m) (i —ig, —ig, —m)n)
19}
—1II vao ’ 7k - - ’
X Bk, T (q1, 2 @ — q2)
(g1, 42, 3) = /x’y’z e_i(q1~z+q2<y+q3~Z)<ju(1:)ju(y)j,\(z)jp(O)>QCD.
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Transition to a Euclidean coordinate-space representation

» Interchange the integrals over momenta and positions:

-~

Lorpp) = =€ [ Kpua0r,9) Tpra (o),
z,y
with the QED kernel
Ko zy) =  vulip+ 37 —myy(ip+ 3 + 3% —m)va I, 2, )i res. »

1 1 1 )
Z(p, T, YR reg. = / e—iaztky)
e ok k2 (q+K)?2 (p—q9)?2+m? (p—q—k)2+m?

and

~

Upspre(@,y) = [ 120 (Gu(2)ju(y)jo (2)j2(0)
XS )

An infrared divergence in the scalar function Z cancels out upon evaluating the
Dirac trace and the derivatives.

QCD
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Simplifying the trace. ..

Heon _ me’ I
a, - T/ Lip,oliuwr (0, 2, y) Ml pvre (2,y),
z,y

with the QED kernel given by

1 . .
Lip,oluvr (D, T, y) = WTr{(—m +m)[¥p, Vol (—ip + m)Kpwa(p, z, y)}

But what about p, the muon momentum, in Euclidean space?
On-shell muon: p = (iEp, p).

Simplest choice: p = (im,0), or more generally p = imé, € a unit vector.

Harvey Meyer HLbL in (g — 2),, from Lattice QCD



Nf =2+ 1 CLS ensembles used towards physical quark masses

(4) (22)  (31)  (211)  (1111) 8 (@62 (&%)? RO ] marL Zyv
A653 1,5 I, 0 0 0 231 0.2532 0.171 0.171 531 0.70351
A6S4 1,5 1 l : 0.2532 0.107 0.204 4.03 0.69789
U103 1,5 I, 0 0 0 0.1915 0172 0172 435 0.71562
HI01  1,s I, 0 0 0 0.1915 0173 0173 5.82 0.71562
U102 1 1 l 3.40 0.1915 0.127 0.194 3.74 071226
H105 1,5 l,s U s 0.1915 0.0782 0213 3.92 0.70908
1 s lLs s l lLs 0.1915 0.0488 0237 4.64 0.70717
B450 1,5 I, s 0 0 0 346 0.1497 0.173 0.173 515 0.72647
D450 l l l : 0.1497 0.0465 0.226 5.38 0.71921
F200 1,5 I, 0 0 0 0.1061 0175 0175 436 0.74028
N202  1,s  Ls 0 0 0 0.1061 0.168 0.168 6.41 0.74028
N203 l i 355 0.1061 0.120 0.194 5.40 0.73792
N200 1 1 1 0.1061 0.0798 0214 4.42 0.73614
D200 ! l ! 0.1061 0.0397 0.230 415 0.73429
N300 1,5 I 0 0 0 370 0.06372 0178 0178 511 0.75909

En-Hung Chao, Renwick Hudspith, Antoine Gérardin, Jeremy Green, HM, Konstantin Ottnad
2104.02632 (EPJC)
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Tests of the framework and adjustments to the kernel

11111
>>>>>

v/ m,
Integrands (Lepton loop, method 2) Correspondings integrals

» The QED kernel E[pya]m,,x(at,y) is parametrized by six ‘weight’ functions
of the variables (2%, z - y,3?).
>
_ ~ » CAm222/2. =
LN @) =Ly (@,3) — O @ae MR ) 2 1 (0.1)

[p,o

- 815?/) (yae_Am‘iy2/2)£[p,o];ua>\(xﬁ 0)5
> Using this kernel, we have reproduced (at the 1% level) known results for
a range of masses for:
1. the lepton loop (spinor QED, shown in the two plots);

2. the charged pion loop (scalar QED);
3. the w0 exchange with a VMD-parametrized transition form factor.
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Averaging over the direction of the muon momentum

We arrive at

6
me 5 T
GELbL - T/ Lipolsuwr(@,y) illpuwne (2, 1),
xy
with
Lipops(@y) = Ghpoluavin <658g1)(aéz)+8éy>)z)e

+m Gl olpavsr(€sts 05 T)e
+m gtlsl[;,a]uau,ﬁk <éa€5 (6[(;:) + 8;;"))1>g,

where we have defined

1
1 _
Gslp,oluavBr = gTr{("/a Vs vol +2(8s07p — 55/;%))7,1,%%73%\}7

1
II

Gs(p,olparvBr fZTr{('m Vo, Yol + 2085070 — 5<sp~/a))'m'mw} 8>
111

Gs(p,olpavBA

1
fZTr{("/a Vpsvol + 285070 — 65,ﬂa))w(6amw;3 —S8aprvYA + 5awmx)}<

The tensors Q?[  are sums of products of Kronecker deltas.

p,olpavp

), from Lattice QCD



The scalar function 7

Recall:

1 1 1 v ‘
Z(p, . — ,—i(q-etkey)
(P, Y)1m xeg. /z;k PR (k)2 (p—q)? +m? (p—q—k2+m2

In terms of position-space propagators, we can write it as

IZ(p =imé,x,y) = /Go(y—u).](é,u)](é,a:—u),
J(E,u) = ﬁGo(ufﬁ)eMéﬂGm(ﬁ).

The function J (€, u) represents the amplitude for a scalar particle to start from
the origin, emit a photon that reaches spacetime-point u, and emerge on-shell.

Propagators in Euclidean:

ik (z—y) 1
e
Golx — — — ,
olw v R
ik (z—y)
e m
G (z — = = K —y),
(@-v) /]ck?2+m2 Am2|z — y| 1(mlz —y))

HLbL in (g ,, from Lat



The function J(é,u)

Its expansion in A = 1 Gegenbauer polynomials
(analogue for d = 4 of Legendre polynomials for d = 3):

~ o teu L&
J(€,u) = 82 m|u| / Ko E zn(u”) Ch(€- 0),

Ki(m|u)) KO(WIUD)]’

Ko(m|ul)
n+1 m|u|

n+1

() = g Tnsa(mlul) + 1n+1<m|u|>(

472

The average of the scalar, vector, tensor components of J (¢, u) J(é, x —u) over
€ is done analytically before the u integral.

The final u integral is reduced to one angular, one radial integral, which were
done numerically.

Harvey Meyer HLbL in (g — 2),, from Lattice QCD



Integrand at m, = mg ~ 415 MeV

120 ‘ ‘ ‘ ‘ 120 ‘ ‘ ‘ ‘ ‘
Lattice: N202 pt-split —— —
100F & & Quark loop my=350MeV —— | 100- E§:;2>—< 1
. . 2%+ (in finite-vol) —— 2 (L =21 fm)
~ &f . (K) loop —=— ] 70 (L =3.1 fm)
ﬁg wl NG, Tol —— | 4y (L=00)---
Hg * s kernel L"), method 1, A=0.16 1
*x wf : ]
= . :
s 2] - E
. T
0 N )
-20 : ‘ ‘ ‘ 40 ‘ ‘ ‘ ‘ ‘
0 05 1 15 2 0 05 1 15 2 25 3
Iyl [fm] [y] [fm]
» Partial success in understanding > Reasonable understanding of
the integrand in terms of familiar magnitude of finite-size effects.
hadronic contributions. (Luz200 = 2.1fm, Ln2o2 = 3.1fm)

2006.16224 Chao et al. (EPJC)
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Separate extrapolation of conn. & disconn.

m2Log | - ol -
Log2+ - i o+
«
Eg ® Fully-connected
5  (2+2)
Log - 0 g:.ldT of fitresults  § 44, .
— Stat. + Syst.
Poleq +—=— b 1 o
T T T
200 300

-200 -100 0 100
(Conn +242)-1 1
a x 10

Ansatz :  Ae ™ %/? 4 Ba® + CS(m2) 4+ D + Em2

» chirally singular behaviour cancels in sum of connected and disconnected.

HLbL in (




Extrapolation to the sum of conn. & disconn.

2 <02Gev” |
mL> 4

m <0.165 GeV’ —
All Data -

2 <02Gev” |
mLs4 ]

m <0.165 GeV’ —

All Data —

= Linearin a
. .2

® Linearina

- Stat.

— Stat. + Syst.

70

Ansatz :

T T T T T T T
80 90 100 110 120 130 140 150
(Conn +242)-1 11
N x 10

Ae ™ L2 L Ba? 4 D+ Em2

» results very stable with respects to cuts in a, mx or m,L.

v

largest systematic comes from choice of continuum limit ansatz.

» final result: central value from fitting these results with a constant;

systematic error set to \/(1/N) SN (y: — §)? as a measure of the spread

of the results.
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Strange contribution

Ensemble C101 (48° x 96, a = 0.086 fm, m, = 220 MeV)

% T w ee @ eeeee seesesece o
-
se1 ] : @ . f o mmm amsEam
S0
. ; ) .
6e-11 = *
= . =
= del1-| s
= < k3
: 2 0]
S 2e11] . = 3
s = . SS IEE
. P = ls 23
o-e - e
o 35x Strange Connected N i o 11 EE{H
et d + Light Connected 50
de-11—7 T T T T T - T T T T T T T T
0 5 1 5 20 2 25 s s 0 oms 15 onms n 2s
Iyt W fa

NB. Strange integrand has a factor 17

. (2,2) disconnected contributions.
suppression due to charge factor.
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Extrapolation of strange contributions

=
f I
S } ont. & nf. Vol

[¢
B

B 355
B=346
p=
p=

o ax

3.40
3.34

T T T T T T
o6 o1 ol ol 02 ou  ox o3 on  oos

mg [GeV’]
Sum of connected-strange + (2,2) topology with ss and sl quark-line content.

Final strange contribution is very small as a result of cancellations.
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Compilation of ;""" determinations

This Work ——
RBC 2019 e
‘WP 2020 -
J2017 P
N/NJ 2009 ' ] |
PdRV 2009 P
[ T T T T T 1
25 50 75 100 125 150 175
HIbl 11
a, X 10

Good consistency of different determinations (not including charm here).
Fig from Chao et al, 2104.02632 (EPJC).
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