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Extraction of the TFF PRD100 (2019) 034520

The transition form factor is extracted from matrix elements
Myv(p, ql) = Z.'/‘d4xeiql'x<0|T{J,u(x)Jv(O)Hﬂo(p)} = Eyvnﬁ‘]?qlngoy*y* (6]%, C]g),

where J,, is the electromagnetic current. g1 and g2 are the four-momenta
associated with the two currents, and p is the four-momentum of the pion.

The Euclidean matrix elements read

My = (i")ME,, ME, = - / dre™ [ d3xe™ (0| T{J,, (%, 7)J,(0,0)}|7°(p)),

(o)

and defining Zﬂv(r), the matrix elements can be obtained by integration

2F ® ~
M pan) = 5= [ dre A (o)
T —00

where 7 is the time separation between the two EM currents.
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Lattice correlators

A~”V(T) is connected to a 3-point correlator calculated on the lattice by
Ci (1,10) = a® " (Ju (1) 0, (0, 1) P (2, 10) e P o9
X.Z

IIV(T)E lim eEx(r to)C(3)( i),

tr—+00

where 1, is the time separation between the pion and the closest EM
current.

For convenience we define a scalar funtion Z(l)(r):

Zok(T) =(q1 % ﬁ)g(l)(T)

dA(l)(T)

XA == i(€ %) |GLE- AP (1) + p 1
T

In the moving frame (p. #0) we also define A1o(7)=—iEp.A? (7).
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= 2+ 1 ensembles PRD100 (2019) 034520

@ non-perturbatively

. L3xT a/fm M;/MeV ML N,
O(a)-improved H101 :fto 322x96 0 0<3636 ﬂ4/16 55 106)55
Wilson fermions H102 322 x 96 354 50 1900

. H105* 322 x 96 281 3.9 2800
o tree-level improved 4, 482 x 128 280 59 1600
Lischer-Weisz C101 482 x 96 224 4.7 2200
. 2
gauge action m(;(; 3.46 zii) x gzz 0.07634 ggg gg 1700
~ >< - (V . —
o four lattice D450 642 x 128 218 5.4 -
. N401 482 x 128 286 5.3 950
Spacings H200° 3.55 432 %06 0.06426 419 4.4 2000
) multiple pion N202 482 x 128 411 6.4 900
N203 482 x 128 346 5.4 1500
masses N200 482 x 128 284 44 1700
2
o large volumes D200 642 x 128 200 42 1100
E250 962 x 192 129 4.0 800
(MzL > 4) N300 370 482x 128 004981 342 51 1200
2
o TrM = const. J303 647 x 192 258 42 650
trajectory E300 962 x 192 176 4.2 -
rajec
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= 2+ 1 ensembles Disconnected diagrams

@ non-perturbatively

. L3xT a/fm M,/MeV MyL N,

O(a)-improved H101 3i0 322 % 96 0 013636 ”4/16 5n8 =

. . . Y 90 . . -

Wilson fermions H102 322 x 96 354 5.0 -

) H105 322 x 96 281 3.9 -
o tree-level improved 4, 482 x 128 280 59 1503
Lischer-Weisz C101 482 x 96 224 47 1998

. 202 G
gauge action Nast o s e 83 1om
X .

o four lattice D450 642 x 128 218 54 1498

. N401 482 x 128 286 53 -

spacings H200 355 487 x 96  0.06426 419 4.4 —

o mu|t|p|e pion N202 482 x 128 411 6.4 —
N203 482 x 128 346 5.4 1543
masses N200 482 x 128 284 44 1712

2

o large volumes D200 642 x 128 200 42 2000
E250 962 x 192 129 4.0 993

(MzL > 4) N300 370 157 <123 004981 342 51 -

2
o TrM = const. J303 642 x 192 258 42 1072
traiect E300 962 x 192 176 42 1039
rajectory
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Disconnected contribution

Juldisti

)
e HE Pt <> I@ts)  Pt) Q T 1)

In addition to the quark-line connected diagram, there are contributions
from two quark-line disconnected diagrams that have to be calculated.

@ The quark loops are computed
using stochastic all-to-all
methods, while the two-point
functions are computed using
point sources.

@ The dependence of the
disconnected piece on the pion
mass is clearly visible
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Modeling the tail (connected contribution)

2 2 o A
Recall that 0., (97, 5) oc/_oodrewlTAW(T).
We want to model gyy(r) at large |7| to get the tail contribution.

@ Lowest Meson Dominance (LMD)

o Za /oo ) (P,,VE@+Q5V) (oM +B(g3+qD)
124 ~ ~
4nE (w w(+))( ! )) (a)—a);”) ((D_J); ))

with  PE, =ie,0ip', B\ = £i M2+ 2

This gives an explicit expression for ALMD which we use to

fit our data using @, 8 and My as fit parameters.

@ Vector Meson Dominance (VMD): Set 8 =0 in the LMD model
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Modeling the tail (connected contribution)

2 2 o0 Ww1T A
Recall that 0., (97, q5) oc/_oodre TA (7).
We want to model gﬂv(r) at large |7| to get the tail contribution.

o Lowest Meson Dominance (LMD)
@ Vector Meson Dominance (VMD)

= LMD 0.064 = LMD
0.010 4 VMD A VMD
H ¢ datag?=29,g3=26 | ¢ datag2=29,g3=26
| [ 4
0.008 - r‘ \ 0.044 */’
[ * ‘
0006 ) \ T 0024 [
3 ) g o ¢
< | =
0.004 4

\
1
14 .
0.002 X .
j -0.02 [
-.——-'—"'".. q.."‘l-—---——-- /‘k
0.000 /

=20 -10 [ 10 20 =20 -10 0 10 20
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Parameterizing the disconnected contribution

We parameterize the disconnected piece using double VMD
with two VMD masses

@ First mass is fixed to 775 MeV

@ Both masses as well as the coefficients are allowed to
depend on pion mass and lattice spacing

@ Gives good description of data across several ensembles

o @y, -o() -6 @) -5y
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g I nNas1
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Disconnected contribution

@ We find the disconnected

contribution
Fdise, . (-0%,-03)
AF (=02, -02) = =
(O 70 = e 07 0%

is at most at a few percent level.
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Parameterizing the form factor: dispersion-theory Ansatz

@ Based on dispersive representation of the form factor [pRL 121 (2018),
1120021, we consider a simplified Ansatz

F(q3,q3) = Cl + 2
(et (r—aaimd] (1= azg) (- aze)
* ds
o3 / o

2
e = )
where the masses and the coefficients c¢; are fit parameters. The last
term guarantees the correct asymptotic behaviour at large virtualities.
@ This can be further improved by replacing the first term by
Fus(q2,q2) + Fus(g2. %), where the first photon virtuality is isovector
(v) and the second virtuality is isoscalar (s) [EPJ ¢ 74 (2014), 3180].

@ At fixed isoscalar virtuality, one can write [PRD 86 (2012), 116009]

1 /‘”d q%(s) (Fi ()" fi(s.43)

2 2y _
Fus(qi.q3) = 1922 i s \/E(s — q%)
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Parameterizing the form factor: dispersion-theory Ansatz

@ Need numerical integration to get
/"" q5(s) (FY (5))" fi(s,43)
ds 5
am3 Vs (s - q7)
e s = invariant mass of the n*7n~ system, and ¢ (s) = v/s/4 — m%

o FY(s) is the pion vector form factor — use Gounaris—Sakurai model
o fi(s,q?) is the amplitude for the process y: — ntn~ 7" — use

Fes(a1:93) = T35

2 Cw Co \/E i01(8) o3
s = + h6
Jis.a9 (1—q2/Ma 1—q2/M;)q§;(s)e b o)

e Combining FY (s) and fi(s,q?), and dropping cy term, we have

2
Foolq?, q2) = 1 ( Co )/mds—qi(S) |F7‘T/(S)|
VST A7 T qon2 1—-g3/MZ2 ] Jamz  fos (s —¢?)

o Gounaris—Sakurai parametrization for the p resonance: two free
parameters, the mass M,, and the width I', [PRL 21 (1968), 244]
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Continuum and chiral extrapolation

@ The dispersion-theory Ansatz can be used to parametrize the FF on a
single ensemble

@ Free fit parameters: M,,, Ma, k, = 1/M/g/él—M,Q,, and ¢y, c2, c3

@ Do continuum and chiral extrapolation by adding terms proportional
to y = M2/(16x%f2), 32, and a?, to the coefficients

@ Fix the coupling g, for given M, a, from a spectroscopy study on
CLS ensembles and use I', = gg,mkf;/(&ng) [PRD 100 (2019), 014510]

8.0 8.0

4 LQCD spectroscopy € LQCD spectroscopy
7.5 0 fi .5 fit
7.0 7.0

oo I oy
t

5.0
0.00 0.02  0.04 0-062 0.08 010 012 0.0000  0.0015  0.0030  0.0045 0.0060 0.0075
M: a®
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Pion mass and lattice spacing dependence
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Pion pole contribution to a/I}LbL

The pion-pole contribution to hadronic light-by-light scattering is

oo o 1
a/I;ILbL;no :/ dQ1/ sz/ dcos @ (Fy + Fa)
0 0 -1

with
Fi = f1(Q1, Q2,08 0)Froyey- (=07, =(Q1 + Q2)*) Froyey (03, 0)
Fz = f2(Q1, 02, €08 0) Froyy (~0F, =03) Froyry (=(Q1 + 02)°, 0)
® § = angle between the two o B o
momenta Q1, Qs sa] F ManerrELMMAN
@ f1 and f; are known, L
dimensionless weight functions P }
o Need to know the transition e
form factor at all virtualities :
(-01.-09) |
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Partial decay width I'(7? — yv)

Recall the relation between the
partial decay width I'(7% — yy) L

and the transition form factor: ”5%
2. 3 0.20 | |

rasm

7 Tty (0.0)

[(n - yy) =

Fuoyry+ [GeV1]

0.10 X PrimEx I+l
95 ) ¥ data E250 F(-Q?,0)
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0.05 _o?
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o b i mm fit F(-Q?% - Q?)
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© 85 [ 4
—~ 12
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Thank you!
Any questions?
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Backup slides
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Ph virtualities

@ Use both the rest frame of the pion,
p =(0,0,0), and a moving frame
p =1(0,0,1) (in units of 27/L)
@ The four-momenta associated with
the EM currents are
q1 :(wla é)l)
g2 =(Ex — w1, P = G1)
@ Each curve in the plot represents a
fixed value of g1 and p

@ w is a free parameter (this tracks
the curve from one end to another)

Juldisti)

P(p, to) TG tf)

p=10,0,0)
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Parameterizing the form factor: z-expansion

After obtaining the transition form factor at several virtualities
(9%, 43) = (—03%,-0%), we parameterize it using a conformal mapping

\/tcut + Qi - \/tcut —1Io . 2

7k = , With feuy = 4m2, 1o = teus [ 1 - 1+% .
Jtcut + Qi + \/tcut — [O cut

The form factor is then written as an expansion in z; and zs:

P(Q7,03)Froyiy (—07,-03) =

N

n m
2+ (=N N+1)(m _1)N+m N+1)
Com (2 (DN E ) (4 ()N,

n,m=0

where the coefficients ¢, = ¢;un, the fit parameters, are symmetric.

2
P(0%2,03) =1+ % M2Q2 is the vector meson pole with My = 775 MeV.
v
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The Gounaris—Sakurai model of FY

@ Gounaris—Sakurai parametrization for the p resonance: two free
parameters, the mass M,, and the width I', [PRL 21 (1968), 244]

@ Define k,, via M, = 2,/1{3 +m?% and k = +/s/4 —m?%

k3
o The phase shift is — cot 61(s) = k*h(s) — kZh(M,) + b(k* - k2),
Vs
: 2 | 2k 1 5, L N5+ 2%k
with b = —Vp Mprp + EMph(Mp) + kph (Mp) h(S) 7 om .

k3 -
@ The form factor is then given by FY (s) = fo (7(cot(61(s)) - i))
s
m> M2
. _ 2 P
with f() = _771' - kph(Mp) - bT

e Note that |FY(0)| =1
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