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Talk Outline

New experimental results
– Rb atom-recoil measurement  

– Electron g-2 measurement

Updates on input values for the theory of muon g-2
– The fine-structure constant α

– The electron-muon mass ratio me/mμ

Status of the QED g-2 calculation
– QED 10th-order mass-independent universal  term A1

(10)



A New result of h/M

Rb(rubidium) atom interferometer    h/M_{Rb}

Since 2019, the Planck constant h is the defined

constant, this is the most precise direct atomic mass 

measurement.

New atom recoil measurement of Rb

splitters for the matter waves; these processes

increase the recoil energy by a factor of 25 rela-

tiveto standard two-photon Raman processes(11).

To accelerate the atomsby up to another 800ℏk
(400ℏk up, 400ℏk down), we applied a matter-

wave accelerator: Atoms were loaded into an

optical lattice, a standing wavegenerated by two

laser beams, which was accelerated by ramping

the frequency of the lasers (Bloch oscillations)

(7, 12). Coriolis force compensation suppressed

the effect of Earth’s rotation. In addition, we ap-

plied acStark shift compensation (13,14) and dem-

onstrated a spatial-filtering technique to reduce

sourcesof decoherence, further enhance thesen-

sitivity, and suppresssystematic phase shifts. An

end-to-end simulation of theexperiment wasrun

(12) to help us identify and reduce systematic

errors and confirm the error budget. To avoid

possiblebias, weadopted ablind measurement

protocol , which was unblinded only at the end.

Combining with precise measurements of the

cesium (15) and electron (16) mass, we found

a−1 = 137.035999046(27)

with a statistical uncertainty of 0.16 ppb and a

systematic uncertainty of 0.12 ppb (0.20 ppb total).

Our result is a more than threefold improve-

ment over previous direct measurements of a

(7). The measurement of h/mCs = 3.0023694721

(12) × 10−9 m2/s also provides an absolute mass

standard in the context of the proposed new defi-

nition of the kilogram (10). This proposed defini-

tion will assign a fixed numerical value to Planck’s

constant, to which massmeasurementscould then

be linked through measurements of h/mAt, such

as this one, via Avogadro spheres. Our result

agrees with previous recoil measurements (7)

within 1s uncertainty and has a 2.5s tension with

measurements (4–6) based on the gyromagnetic

moment.

Our matter-wave interferometer is based on

theonedescribed in (12), in which cesium atoms

are loaded in a magneto-optical trap, launched

upward in an atomic fountain, and detected as

they fall back down—the interferometer sequence

occursduring theparabolic flight. Figure2 shows

the trajectories of an atom wave packet in our

experiment, formed by impulses from pairs of

vertical, counterpropagating laser pulseson the

atoms. Each pulse transfers the momentum of

2n = 10 photons (where n is the order of Bragg

diffraction) with near 50% probability by multi-

photon Braggdiffraction,actingasabeam splitter

for matter waves. Bragg diffraction allows for

large momentum transfer at each beam splitter,

creating a pair of atom wave packets that sep-

arate with a velocity of ~35 mm/s. After a time

interval T,asimilar pulsesplits the wavepackets

again, creating one pair that moves upward and

one that moves down.

The third and fourth pulses recombine the

respective paths to form two interferometers.

Between the second and the third pulses, we

accelerated the atom groups further from one

another, using Bloch oscillations in accelerated

optical latt ices, to increase the sensitivity and

suppress systematic effects. This transfers þ 2Nℏk
of momentum to the upper interferometer and

2Nℏk to the lower interferometer (N, num-

ber of Bloch oscillations) (13).

The phase difference between the interferom-

eter arms arises as a result of the kinetic energy

ðℏkÞ
2
=ð2mCsÞthat theatomsgain from therecoil

momentum of thephoton-atom interactionsand

from thephase transferred during the atoms’ in-

teraction with the laser beams. Taking the phase

differencebetween thetwo interferometerscancels

effectsduetogravity and vibrations. In theabsence

of systematic effects, the overall phase F of the in-

terferometer geometry shown in Fig. 2 is given by

(12, 17)

F ¼ Df 1 Df 2 ¼ 16nðn þ NÞwrT 2nwmT

where Df 1;2 are the measured phases of the two

interferometers individually, wr ¼ ℏk2=ð2mCsÞ

is the photon recoil frequency, T is the time be-

tween the laser pulses, and wm is the laser fre-

quency difference we choose to apply between

Parker et al., Science 360 , 191–195 (2018) 13 April 2018 2 of 5

Fig. 2. Simult aneous

conjugat e at om interfer-

ometers. Solid lines

denote the atoms’ trajec-

tories; dashed lines repre-

sent laser pulses with

their frequencies indi-

cated. jni denotes a

momentum eigenstate

with momentum 2nℏk. BO,

Bloch oscillations. In this

figure, gravity is

neglected. A to D repre-

sent interferometer

outputs.

Table 1. Error budget . For each systematic effect, more discussion can be found in the listed

section of the supplementary materials. N/ A, not applicable.

Ef fect Sect ion da/ a (ppb)

This study
.....................................................................................................................................................................................................................

Laser frequency 1 –0.24 ± 0.03
.....................................................................................................................................................................................................................

Acceleration gradient 4A –1.79 ± 0.02
.....................................................................................................................................................................................................................

Gouy phase 3 –2.60 ± 0.03
.....................................................................................................................................................................................................................

Beam alignment 5 0.05 ± 0.03
.....................................................................................................................................................................................................................

Bloch oscillation light shift 6 0 ± 0.002
.....................................................................................................................................................................................................................

Density shift 7 0 ± 0.003
.....................................................................................................................................................................................................................

Index of refraction 8 0 ± 0.03
.....................................................................................................................................................................................................................

Speckle phase shift 4B 0 ± 0.04
.....................................................................................................................................................................................................................

Sagnac effect 9 0 ± 0.001
.....................................................................................................................................................................................................................

Modulation frequency wave number 10 0 ± 0.001
.....................................................................................................................................................................................................................

Thermal motion of atoms 11 0 ± 0.08
.....................................................................................................................................................................................................................

Non-Gaussian waveform 13 0 ± 0.03
.....................................................................................................................................................................................................................

Parasit ic interferometers 14 0 ± 0.03
.....................................................................................................................................................................................................................

Total systemat ic error All previous –4.58 ± 0.12
.....................................................................................................................................................................................................................

Statist ical error N/ A ±0.16
.....................................................................................................................................................................................................................

Other studies
.....................................................................................................................................................................................................................

Electron mass (16) N/ A ±0.02
.....................................................................................................................................................................................................................

Cesium mass (6, 15) N/ A ±0.03
.....................................................................................................................................................................................................................

Rydberg constant (6) N/ A ±0.003
.....................................................................................................................................................................................................................

Combined result
.....................................................................................................................................................................................................................

Total uncertainty in a N/ A ±0.20
.....................................................................................................................................................................................................................
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Atom interferometers  
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Raman beams (εR = ±1). The shot -to-shot  parameters of the interferom-

eter (δωR, εR, εB) are applied randomly to avoid drifts. We record four 

spectra (Fig. 3a) that  yield

ħ

m

ωεε

Nkk
=

1

4

∑ δ ( , )

4
. (3)

εε, R,0 R B

B B R

R B

Data analysis

For the condit ions of Fig. 3a, the typical uncertainty on δωR,0 is 55 mHz. 

This leads to a stat ist ical uncertainty on h/m of less than 2 ppb in 5 min. 

The behaviour of the Allan deviat ion calculated with a set  of h/m meas-

urements over 56 h (Fig. 3b) shows that  the data are independent (no 

correlat ions or long-term drift ). It  also indicates that  the sensit ivity of 

our setup on α is 8 × 10 −11 in 14 h.

Table 1 presents our error budget . Several systemat ic effects ident i-

f ied in our previous measurement 18 have been reduced by at  least  one 

order of magnitude. By controlling the experimental parameters of the 

atomic elevator, we are able to adjust  precisely the alt itude of atomic 

t rajectories within 100  µm in such way that  the gravity gradient  can-

cels out  between the conf igurat ions εB = 1 and εB = −1 (see Fig. 2c). The 

effect  of Earth’s rotat ion is suppressed by cont inuously rotat ing one 

of the Raman beams during the interferometric pulse sequence19. The 

long-term drift  of the beam alignment  is corrected with an accuracy 

bet ter than 4 µrad every 45 min by controlling the retro-reflect ion of 

the laser beams via a single-mode opt ical f ibre. Our lasers are locked 

on a stabilized Fabry–Pérot  cavity and their frequencies are regularly 

measured using a frequency comb with an accuracy of less than 4 kHz. 

The low density of our atomic sample implies a reduct ion of the effects 

of the refract ion index and atom–atom interact ion20 to less than 1 ppt . 

Effects related to the geometrical parameters of the laser beams (Gouy 

phase and wave front  curvature) are mit igated by using a 4.9-mm-waist  

beam passing through an apodizing f ilter and by adjust ing the curva-

ture with a shearing interferometer.

Among the recent ly ident if ied systemat ic effects, the most subt le one 

is related to correlat ions between the eff iciency of the Bloch oscillat ions 

and short -scale spat ial fluctuat ions in laser intensity. This effect  raises 

the quest ion of how to calculate the photon momentum in a distorted 

opt ical f ield. Relying on our previous work21, we reduce the contribu-

t ion of this effect  to the error budget to less than 0.02 ppb. Because of 

the expansion of the atomic cloud, there is a residual phase shift  that  is 

due to the variat ion of the intensity perceived by the atoms. This phase 

shift  depends on the velocity distribut ion22,23. We implement  a method 

to compensate for the mean intensity variat ion and use a Monte Carlo 

simulat ion to evaluate the residual bias due to this Raman phase shift .

During the interferometer sequence, we apply a frequency ramp to 

compensate the Doppler shift  induced by gravity. Nonlinearity in the 

delay of the opt ical phase-lock loop induces a residual phase shift  that  

is measured and corrected for each spectrum. These systemat ic effects 

were not considered in our previous measurement18 (see Fig. 1), which 

could explain the 2.4σ discrepancy between that measurement and the 

present one. Unfortunately, we do not have available data to evaluate ret -

rospect ively the contribut ions of the phase shift  in the Raman phase-lock 

loop and of short -scale fluctuat ions in the laser intensity to the 2011 

measurement. Thus, we cannot f irmly state that  these two effects are 

the cause of the 2.4σ discrepancy between our two measurements.

Overall systemat ic errors contribute an uncertainty of 6.8 × 10 −11. 

Figure 3c shows the data used for the determinat ion of α. Each point  

represents about  10  h of data. We took advantage of the sensit ivity and 

reproducibility of our setup to study systemat ic effects by varying the 

experimental parameters (such as pulse-separat ion t ime, number of 

Bloch oscillat ions, durat ion of Bloch pulse, laser intensity and atomic 

t rajectories). In parallel, we performed theoret ical modelling and 

numerical simulat ions to interpret  the experimental observat ions. 

The measurement campaign lasted one year and ended when consistent  

values were obtained for the different  conf igurat ions.

Using our  measurement  of  t he f ine-st ruct ure constant , t he 

standard-model predict ion of the anomalous magnet ic moment  of 

the electron becomes

aα
g

( ) =
− 2

2
= 1,159,652, 180.252(95) × 10 .e LKB2020

e −12

The relat ive uncertainty on ge is below 0.1 ppt, which is the most  accu-

rate predict ion of the standard model. Comparison with the direct  
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Fig. 2 | Experimental setup. a, Design of the vacuum chamber; the atom 

inter ferometer—a 70 -cm-long magnet ically shielded tube—is located in the 

upper area. b, Sequence of Bloch oscillat ions (B.O., red) and Raman pulses 

(yellow) used to cont rol the t rajectory of atoms before star t ing the atom 

inter ferometer. c, Atom inter ferometer light  pulse sequence. The atomic 

t rajector ies for upward (blue) and downward (purple) accelerat ions are 

previously calculated to mit igate the gravit y gradient  ef fect . The separat ion 

bet ween the two paths of each inter ferometer is exaggerated for clar it y.
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1 まえがき

Peskin ２ 章で用いた鞍点法による積分の評価方法について、 簡単にまとめます。（ 数学

的厳密さには欠けています。）

量子化には交換関係に基づく 正準量子化のほかに、 経路積分による量子化という 手法が

あります。 経路積分量子化で、 摂動論では拾い上げることができない非摂動論的な効果を

見る近似法に、 鞍点法を用いることがあります。 量子力学での非摂動論的効果で最も知ら

れているのはト ンネル効果です。指数減衰する透過確率は摂動計算では再現できず、WKB

近似（ 半古典近似） などで評価します。 WKB 近似は、 さんすう と しては鞍点法に他なり

ません。 量子場の理論ですと 、 が 0での極限での Coleman-Weinbergの有効ポテンシャ

ルの導出、 ２ 次元量子重量理論での物質場の個数が負の無限大での極限などの評価などで

使われました。
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atom mass = ion mass + electron mass − ionization energy 
Penning Trap Optical expt.

Leo Morel, Zhibin Yao, Pierre Clade, Saida Guellati-Khelifa,
Laboratoire Kastler Brossel (LKB),
Nature 588, 61-65 (2020)



New Electron g-2 measurement

arXiv: 2209.13084, PRL130,071801(2023)
X. Fan, T. G. Mayers, B.A.D. Sukra, and G. Gabrielse,   Northwestern U

2.2 times better than before
different values of Magnetic fields
less systematic uncertainty

3

the excitat ion persist long enough so that self-excitat ion

feedback [57] can be turned on in the next 1 s to detect

the 1.3 Hz shift that signals a cyclot ron quantum jump.

Anomaly quantum jumps are driven by an oscillatory

potent ial applied to t rap elect rodes for 30 s to drive an

o↵-resonance axial oscillat ion of the elect ron through the

radial magnet ic gradient B2z⇢. A cyclot ron drive re-

mains applied but is o↵ resonance. The elect ron sees the

oscillat ing magnet ic field perpendicular to ẑ as needed to

flip its spin, with a radial gradient that allows a simulta-

neous cyclot ron transit ion [47]. A spontaneous decay to

the spin-down ground state, |n = 0, ms = − 1/ 2i , would

be detected during the 60 s (more than 10 cyclot ron de-

cay t imes) after the drives are turned o↵. A maximum

jump rate of 40% suggests a slight power broadening, but

⌫̄a is st ill determined far more precisely than f̄ c.
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FIG. 3. Quantum jump cyclot ron (a) and anomaly (b) line
shapes that are measured (points), predicted (dashed) and

fit (solid) vs fract ional drive detunings from f̄ c(1 + ✏) and
⌫̄a (1 + ✏) (defined later in the text ). (c) A dip in Johnson

noise reveals ⌫̄z .

Well-understood, asymmetric cyclot ron and symmet-

ric anomaly line shapes are predicted [58] for thermal

axial mot ion at temperature Tz within a magnet ic gradi-

ent B2z2. To this, the e↵ect of cyclot ron decay has been

added [59]. The average oscillat ion amplitude squared is

z2 = kB Tz / (4⇡ 2⌫̄2
z m), where kB is the Boltzmann con-

stant . The average field for the elect ron is shifted by

✏B = B2z2 and broadened by the same amount . The cy-

clot ron bandwidth ✏̄⌫c corresponds to a t ime (✏̄⌫c)− 1 =

1.3 ms needed to establish ⌫̄c. This is much faster than

the γ− 1
z = 32 ms scale on which the axial amplitude fluc-

tuates, so the predicted cyclot ron line shape (dashed in

Fig. 3a) approximates an exponent ial Boltzmann shape,

centered at frequency ⌫̄c(1 + ✏). The anomaly t ransi-

t ion t ime (✏̄⌫a )− 1 = 1.1 s is much slower than the axial

amplitudefluctuat ions, whereupon thepredicted thermal

anomaly line is essent ially symmetric about ⌫̄a(1+ ✏) and

is negligibly narrow. The observed anomaly linewidth of

0.06 Hz (0.35 ppb) in Fig. 3b is from other sources. Half

is from the cyclot ron decay lifet ime and half is from ap-

plying the anomaly drive for only 30 s.

The anomaly line shape is consistent with what is pre-

dicted but the cyclot ron line shape is not . Presumably

this is due to unwanted magnet ic field fluctuat ions that

are averaged di↵erent ly in the anomaly and cyclot ron

line shapes. Such fluctuat ions, with a 200 Hz band-

width, were observed with a superconduct ing solenoid

being jost led by its environment [60]. The anomaly line

shape would average away such fluctuat ions to yield the

narrow line observed (e.g. Fig. 3b). The cyclot ron line

shape would not , giving a possible explanat ion for the

observed 0.5–0.8 ppb broadening (e.g. Fig. 3a).

Both ⌫̄a and f̄ c are extracted from such line shapes.

Cyclot ron line shapes are fit to the predicted line shape

(dashed in Fig. 3a), convoluted with a Gaussian func-

t ion to accommodate the broadening. Such a fit , illus-

t rated by the solid curve in Fig. 3a, typically gives a 2

ppb cyclot ron linewidth, a Gaussian broadening width of

about 0.5 ppb, Tz = 0.55± 0.11 K, and f̄ c with an uncer-

tainty of about 0.08 ppb. For anomaly line shapes (e.g.

Fig. 3b), nearly symmetric and fract ionally narrower by

about a factor of 4, the uncertainty in ⌫̄a is thus not

very significant for the final uncertainty. Fit t ing with or

without Gaussian broadening makes lit t le di↵erence (e.g.

solid curve in Fig. 3b).
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FIG. 4. (a) Measured g/ 2− 1.00115965218059 before (white)

and after (red) cavity-shift correct ion. (b) Measurements take
place in valleys of the cyclot ron damping rate where sponta-

neous emission is inhibited.

The cavity-shift ∆ gcav / 2 in Eq. (5), the only correct ion

to what is direct ly measured, arises because thecyclot ron

oscillator couples to radiat ion modes of the t rap cavity

and shifts ⌫̄c [54, 55]. It is the downside of the cavity-

inhibited spontaneous emission that desirably narrows

resonance lines, and makes it possible to observe a cy-

clot ron excitat ion before it decays. The cylindrical t rap

was invented [48] to allow cavity modes and shifts to be

understood and calculated. Nonetheless, the mode fre-

quencies and Q values must st ill be measured because

of energy losses in induced surface currents, imperfect

cavity machining, slits that make cavity sect ions into

separately-biased trap elect rodes, and dimension changes

as the cavity cools below 100 mK from 300 K. Three

consistent methods are used: (1) parametrically-pumped

elect rons [59, 61, 62], (2) measuring how long oneelect ron

stays in its first excited cyclot ron state [37, 59], and (3)



the fine-structure constant α

• Atomic Recoil h/M of Cs or Rb

• Electron g-2 

WP2022 α values 

CODATA2022, May2024 

QED19, Hadron VP, HV08

h/M_Cs18

Expt theory

least precise



Values of α for WP2025

Updates

Cs02  (not shown)→ Cs18

Rb11 (not shown)→ Rb20

ae08x19                 → ae22x19  



Effects on lepton g-2 values from Δα

The leading theory term of g-2 

value relative to the        w/

any of the three α’s can be used for the theory of muon g-2

If                   is used,         shifts     

If                   is used,         shifts     

Muon g-2 World exp average in 2023 future uncertainty will be of order



Electron g-2 Theory v.s. Experiment

α   QED  hadron  total

Improvement of Hadron contribution due to  
A. Keshavarzi, D. Nomura, T. Teubner, arXiv:1911.00367, PRD101, 014029 (2020)



Effects of two QED results of the 10th-order term

X. Fan, et. al. arXiv: 2209.13084,PRL130,071801(2023)

QED 10th-order term from AHKN 2019

QED 10th-order term from S. Volkov 2019

Different is Not crucial right now, but must be resolved.  Discuss later



Electron-Muon mass ratio CODATA values

Electron-muon mass ratio

determined from Muonium 1S HFS (μ+e-) no update since 1999

w/  α (~0.1 ppb) and the Rydberg constant (~1 ppt)

Used for WP2020

Effect of

Effect of

CODATA years are deadlines. Publications are 1 or 2 years later.



Further improvement of Electron g-2

G. Gabrielse @ Northwestern U   keeps working
• positron g-2 measurement 2
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FIG. 2. (a) Cryogenic system supports a 50 mK elect ron t rap

upon a 4.2 K solenoid to provide a very stable B . (b) Silver
elect rodes of a cylindrical Penning t rap. (c) Quantum spin

and cyclot ron energy levels used for measurement .

⇢= x x̂ + yŷ [47]. Cylindrical Penning t rap elect rodes

[48, 49] (Fig. 2b) with appropriately chosen relat ive di-

mensions and potent ials produce such a potent ial for a

centered elect ron, which then oscillates nearly harmoni-

cally along ẑ at the axial frequency ⌫̄z ⇡ 114 MHz. For

B = 5.3 T, the t rap-modified cyclot ron and anomaly fre-

quencies are ⌫̄c ⇡ 149 GHz and ⌫̄a ⇡ 173 MHz [47]. A

circular magnet ron mot ion at ⌫̄m = 43 kHz is cooled by

axial sideband cooling [47, 50] and its e↵ect is negligi-

ble during the measurement . Figure 2c shows the low-

est cyclot ron and spin energy levels and the frequency

spacings, including a relat ivist ic mass shift , δ, given by

δ/⌫c ⌘ h⌫c/ (mc2) ⇡ 10− 9 [47, 51].

The lowest cyclot ron states for each spin are e↵ect ively

stable because the spin is so nearly uncoupled from its

environment [47]. Without a t rap, the cyclot ron state

n = 1 has a lifet ime γ− 1
c = 0.1 s. With a trap that is also

a low-loss microwave cavity, this rate for the spontaneous

emission of synchrot ron radiat ion is inhibited by a factor

of 50 to 70. Cyclot ron excitat ions can then be detected

before decay, when B is chosen so ⌫̄c is far from resonance

with cavity radiat ion modes [52]. The cyclot ron damp-

ing cont ributes 0.03 Hz to the cyclot ron and anomaly

linewidths (to be discussed), a negligible 0.2 ppt and a

very important 0.2 ppb, respect ively. Blackbody photons

that excite n = 0 to n = 1 are eliminated by cooling the

t rap cavity below 100 mK [42].

The Brown-Gabrielse invariance theorem [53],

⌫c =
p
⌫̄2

c + ⌫̄2
z + ⌫̄2

m (4)

provides the ⌫c and ⌫a = ⌫s − ⌫c needed in Eq. (3) to

determine µ/ µB . I t is crit ical that Eq. (4) is invariant

under unavoidable misalignments of B and the axis of

V , and under ellipt ic distort ions of V . The hierarchy

⌫̄c ⌫̄z ⌫̄m δ allows an expansion of Eq. (4) that

suffices for our precision to be inserted in Eq. (3), so

−
µ

µB

=
g

2
' 1 +

⌫̄a − ⌫̄
2
z / (2f̄ c)

f̄ c + 3δ/ 2 + ⌫̄2
z / (2f̄ c)

+
∆ gcav

2
, (5)

with ⌫̄a and f̄ c (defined in Fig. 2c) to be deduced with

⌫̄z from measured line shapes. The added cavity-shift

∆ gcav / 2 arises because the cyclot ron frequency couples

to radiat ion modes of the t rap cavity, shift ing both ⌫̄c

and ⌫̄a [54, 55]. This g/ 2 measurement correct ion and its

uncertainty are not reduced or evaded by a g − 2 mea-

surement . They must be determined and corrected at

the full 10− 13 precision of µ/ µB .

To measure the ⌫̄z needed in Eq. (5), the current in-

duced in the elect rodes by the axial oscillat ion is sent

through a resonant circuit that is the input of a cryo-

genic HEMT amplifier. The 1-minute Fourier t ransform

of the amplifier output in Fig. 3c illust rates the Johnson

noise and elect ron signal canceling to make a dip that re-

veals ⌫̄z [56]. Energy loss in the circuit damps the axial

mot ion with a t ime constant γ− 1
z = 32 ms. The amplifier

heats the elect ron axial mot ion to Tz = 0.5 K.

Small shifts in ⌫̄z provide quantum nondemolit ion de-

tect ion (QND) of one-quantum spin and cyclot ron jumps,

without the detect ion changing the cyclot ron or spin

state. Saturated nickel rings (Fig. 2b) produce a mag-

net ic bot t le gradient , ∆ B = B2

⇥
(z2 − ⇢2/ 2)ẑ − z⇢̂⇢

⇤

with B2 = 300 T / m2. This couples spin and cyclot ron

energies to ⌫̄z , which then shifts by ∆ ⌫̄z ⇡ 1.3 (n + ms)

Hz. (The B2 and ∆ ⌫̄z are 5 and 3 t imes smaller than

used previously [37].) To rapidly detect jumps after the

cyclot ron and anomaly drives are turned o↵, the ampli-

fied signal is immediately fed back to the elect ron. This

self-excited oscillator (SEO) [57] resonant ly and rapidly

drives itself to a largeamplitudeeven if ⌫̄z shiftswith am-

plitude, whereupon the gain is adjusted to maintain the

amplitude. A Fourier t ransform of the largesignal reveals

the small ∆ ⌫̄z that signals cyclot ron and spin jumps.

Quantum jump spect roscopy produces anomaly and

cyclot ron resonances (Fig. 3a-b) from which to ext ract

⌫̄a and f̄ c to use in Eq. (5). Cyclot ron and anomaly

quantum jump trials are alternated. The magnet ic field

drift of 0.2 ppb/ hr in thenew apparatus isslow enough to

correct using a quadrat ic fit to the lowest cyclot ron drive

frequencies that produce excitat ions. Each cyclot ron

and anomaly quantum jump trial starts with resonant

anomaly and cyclot ron drives that prepare the elect ron

in the spin-up ground state, |n = 0, ms = 1/ 2i , followed

by 1 s of axial magnetron sideband cooling [47, 50].

Cyclot ron jumps to n = 1 are driven by a 5 s mi-

crowave drive injected between t rap elect rodes (Fig. 2b),

with an o↵-resonance anomaly drive also applied. Jumps

occur in less than 20% of the trials to avoid saturat ion ef-

fects. Cavity-inhibited spontaneous emission [52] makes

Cyclotron motion is in the ground state

Axial motion is NOT in the ground state

→ Source of the systematic error

• cooling of axial motion, quantum measurement

A factor 10 ~ 20 improvement are expected

X. Fan and G. Gabrielse
arXiv:2008.01898



Improvement of Atomic Recoil Measurements

• H. Mueller@UC Berkeley

Cs    a factor  of 20 improvement is aimed

• S. Guellati-Khélifa@LKB

Rb new result in a few years?

New challenge w/  Yb (ytterbium)

• C. J. Foot@Oxford new!
new proposal   arXiv:2403.10225 

Sr (strontium)  or  Yb 

an atom interferometer of height 3m

a factor of 10 improvement in α is possible

3

−
1

~

Z

mẍ ·∆ x + ∆ U dt

= −
1

2

Z X

i

χ i ki

h
⌘1,i δ(t − t1,i ) + ⌘2,i δ(t − t2,i )

i
∆ z(t)dt

+ ∆ φpot ent ial (11)

where we follow Overst reet et al. [36] in defining

∆ φpot ent ial =
1

~

Z ✓
@U(z1, t)

@z
+

@U(z2, t)

@z

◆
∆ z(t)

2

− U(z1, t) + U(z2, t) dt. (12)

Theother term in (11) can besimplified using the integral

property of the Dirac delta funct ion that

Z

δ(t − t j i )∆ z(t)dt = z1(t j i ) − z2(t j i ). (13)

The di↵erence in laser phase imprinted on the clouds

is given by

∆ φlaser =
X

i

h
⌘1,i (χ i ki z1(t1,i ) − ! i t1,i − φi )

− ⌘2,i (χ i ki z2(t2,i ) − ! i t2,i − φi )
i
. (14)

A number of terms in these expressions are similar and

can be grouped together, result ing in a total phase shift

of

∆ φt ot al =
X

i

χ i ki [⌘1,i z(t1,i ) − ⌘2,i z(t2,i )]

+
X

i

(! 0 − ! i ) [⌘1,i t1,i − ⌘2,i t2,i ]

+ ∆ φpot ent ial −
X

i

φi [⌘1,i − ⌘2,i ] . (15)

As in Ref. [36], this expression contains a potent ial term

and the midpoint phase shift . We have included the

phase from internal evolut ion and made explicit that the

laser pulses will reach the arms at di↵erent t imes — to

first order, t1,i − t2,i ⇡ χ i∆ z(t1,i )/ c (see Appendix A.4).

I I I . EX P ER I M EN TA L SCH EM E

The standard Ramsey-Bordé atom interferometer con-

sists of four ⇡ / 2-pulses, as shown in Fig. 1. The t ime

interval between the first two ⇡ / 2-pulses must be equal

to that between the final two for the trajectories to close,

and the final two ⇡ / 2-pulses must be in the opposite di-

rect ion to the first two. This scheme leads to two sets of

t rajectories that close [37] and hence interfere due to the

final ⇡ / 2-pulse, as is evident in Fig. 1.

The phase di↵erencedue to atomic photon-recoil scales

as the di↵erence in recoil energy between the arms of

FIG. 1. Schemat ic spacet ime diagram of a Ramsey-Bordé

atom interferometer in the absence of external accelerat ion.

The ground (excited) state is indicated by a solid (dashed)

line with thickness indicat ive of the probability density. The

t imings of the laser pulses are such that t4 − t3 = t2 − t1 , t hus

two pairs of t rajectories result in interference.

each interferometer [38]. The sensit ivity of a Ramsey-

Bordé interferometer can, thus, be enhanced via addi-

t ional atom-light interact ions in two ways. First ly, using

a sequence of 2N ⇡ -pulses between the first two and be-

tween the final two ⇡ / 2-pulses [38] to increase the mo-

mentum separat ion from ~k to (N + 1)~k (and then to

decrease it again). This type of scheme has been adopted

for large area/ large momentum transfer Mach-Zehnder

atom interferometry [39, 40]; however, for Ramsey-Bordé

interferometry, we wish to t ransfer momentum to only

one arm of each interferometer. Secondly, the two inter-

ferometers can be deflected away from each other using

a sequence of M ⇡ -pulses between the second and third

⇡ / 2-pulses while the arms of each interferometer are in

the same atomic state but these states di↵er between the

interferometers [10]. Such a scheme is a single-photon

transit ion analogue to the Bragg di↵ract ion and Bloch

oscillat ion scheme used in [18].

The di↵erent ial recoil phase shift between the two in-

terferometers is dependent upon the sequence of atom-

light interact ions and will persist if the interferometers

are compared from two independent cold atom clouds.

The ability to cont rol the trajectories of independent ly-

launched interferometers o↵ers the prospect of nullifying

the phase arising from first -order spat ial variat ion of the

gravitat ional accelerat ion, akin to the o↵set simultaneous

conjugate scheme of Zhong et al. [33].

Let us consider an idealised 1-D set -up in which all

of the laser pulses have perfect fidelity for all atomic

wavepackets, have frequency ! i ⌘ ki c = ! 0 ⌘ kc that is

on resonance with the atoms (neglect ing Doppler shifts),

and are infiniteplanewavesso that themomentum trans-

ferred to the atoms is equal to the wavevector [41]. We

arXiv:2403.10225
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QED contribution to g-2

QED contribution to the lepton g-2

QED perturbation 

l=e, μ,   and  n=1, 2, 3, and 4 ,               well established

We focus on the tenth-order terms,  n=5 



10th-order QED g-2 A1

• arXiv:1909.08015 Phys. Rev. D 100, 096004 (2019) 

Diagrams of Set V  w/o fermion loop

discrepancy 4.8 σ from the AHKN 2019 result

• arXiv:2404.00649 Phys. Rev. D 110, 036001 – Published 2 August 2024

Diagrams w/ fermion loop    agree with the AHKN 2012 results  
Set V  discrepancy 4.6 σ from the AHKN 2019 result

S. Volkov’s calculation of the 10th-order  mass-independent A1 term  

Details will be described by S. Volkov’s talk  in this session

https://arxiv.org/abs/1909.08015
https://arxiv.org/abs/2404.00649


10th-order diagrams

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

• 12,672 vertex diagrams over 32 Sets

• 31 Sets w/ fermion loop (6,318 diagrams)

I(a-j), II(a,b) were already confirmed

agreement between AHKN and Volkov

• Set V w/o fermion loop (6,354 diagrams)

AHKN        Volkov

AHKN           Volkov

Confirmed the first time

S. Lapota (1994)
P. A. Baikov, A. Maier, and P. Marquard (2013) 



Set V:  Ward-Takahashi sum v.s. Vertices
AHKN:    389 Ward-Takahashi sums of v-diagrams.

Volkov:   3,213 vertex diagrams.
4th-order 

2 numerical data

(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

Ward-Takahashi 
Sums used by AHKN

Gauge Invariant subsets 

Every vertices are calculated by Volkov
4 numerical data 

2 x

2 x

Volkov                       AHKN



Different renormalization scheme

On-shell renormalization constants for a self-energy diagram G:

for  vertex renormalization

for  wave-function renormalization

Volkov used IR-free and  Ward-Takahashi identity holds:   

AHKN used IR free, easy-to-determine, but breaking WT-identity: 

Finite renormalization 
Restore the gauge invariance



Connection bw Volkov and AHKN

(a) (b) (c) (d) (e)
(a) (b) (c) (d) (e)

Volkov AHKN

Numerical and finite numbers  

The same physical contribution, but IR divergent

where

AHKN’ s integral             Volkov’s integral                       Gap equation     



What to do

To compare AHKN and Volkov’s numerical results of integrals,

• Obtain the symbolic expressions of the gap equations
expressed by                                  of  the 2nd ~ 8th order quantities

• Calculate the values of         .                    
are known from AHKN’s old publications.

• The difference of numerical integrals is compared to the numerical 
values of the gap equation.



New calculation of  

Difference of vertex renormalization constants

numerically calculated for n=1, 2, 3, 4 loops

(#)  # of independent diagrams

269 x  1 hour x 40 core ~ 10,000 core x hours

easy calculation compared to the 10th-order g-2

Order  2n 2 4 6 8

# of vertex  
diagrams 1 6  (4) 50 (38) 518 (269)

(a) (b) (c) (d) (e)

I(a) I(b) I(c) I(d) II(a) II(c)II(b)

III IV(a) IV(b) IV(c) IV(d) V(a) (b) (c) (d) (e)

A. Hirayama, JPS 2021 spring meeting

UV subtraction w/ AHKN’s K-operation



X001 as an example 

X001  safely passes the numerical check.
Nothing wrong in AHKN and in Volkov

AHKN Volkov2019

Numerical 
integrals

Symbolic expression

Substitute numerical values 
for lower-order symbols 

A. Hirayama, JPS 2021 spring meeting

gap equation
abacbdcede



All X001 – X389 pass the check

Both AHKN and Volkov correctly formulated the Set V integrals.

almost 0



Why discrepancy arise? 

• The differences range   from   −0.03 to + 0.03  

• Not randomly distributed → Bias in numerical integration

# of negative differences   <<     # of positive differences

• We divided 389 self-energy diagrams into 4 classes 

Diagrams w/o a self-energy subdiagram XL           135

Diagrams w/ one 2nd-order self-energy subd.    XB1B2     98

Diagrams w/ two 2nd-order self-energy subd     XB2B2      33

Others                                                                           others    123



XB1B2   98 S.E. diagrams
X005

2nd-order s.e. subdiagram

Differences  are positive for 90 diagrams
negative for 8 diagrams 

This accounts for the discrepancy between AHKN and Volkov of Set V 

AHKN is bigger  than the answer
OR

Volkov is smaller than the answer



Re-evaluation of the 98  integrals of AHKN

Numerical calculations since December 2023     @RIKEN

We used the same integration program VEGAS used for previous works.

• Quasi double-double-precision calculation   

• Double-precision calculation

old new

old new

shift



Updated Set V result

If XB1B2 is replaced by the quasi-double-double result ,

The discrepancy may be resolved

AHKN                         Volkov

The 98 integrals of XB1B2 are relatively easy to evaluate
Calculated around 2008 ~ 2012, more than 10 years ago
The # of samplings for Monte Carlo integration is not sufficient



Summary & Prospectives

• Input values of QED

α   from 0.1 ppb to  0.01 ppb in 10 years   

me/mμ    Muonium H.F.S.   J-PARC MUSEUM

1S-2S   J-PARC Okayama U and PSI Mu-MASS

• 10th-order QED 

the discrepancy on the universal term A1  is almost resolved

further independent checks are needed for the mass-dependent term A2 

preparation of the 12th-order QED is in progress

• No significant change in the QED contribution to the muon g-2, 

but the uncertainty is halved due to the improvement of α



Thank you for your patience
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