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Toichiro Tom Kinoshita (1925-2023)

木下 東一郎 (Japan→ U.S.A.)
under a tree,    the No.1 man in the East

1952          Ph. D.     University of Tokyo
1952                          Institute of Advanced Study
1954                          Columbia University
1955 Cornell University

Goldwin-Smith Professor, 
Cornell University

1995          Retirement
~2019        active in physics research

Known for his QED calculations of the lepton g-2



Personality

• arrived at the office at 9:00 a.m. sharp and left at 5:00 p.m. sharp.

• kept the regular schedule from Monday to Friday.

• maintained this habit until his mid-80s.

• had an exceptional ability to remain calm and warm.

• never became emotionally angry.

• had been skeptical of others' results until he achieved the same results.

• never bragged about his accomplishments.

• always looked forward and remained curious about new things.

Toichiro “Tom” Kinoshita



His works for 70 years

• Mass singularity                                           1950 – 1962

• Helium atom                                                 1954 – 1957

• Muon decay 1957 – 1959

• Muon g-2:  6th-order contribution             1967

• Muon g-2:  6th-order light-by-light            1967 – 1969

• Electron g-2: 6th-order                                 1970 – 1995

• Cornell Potential for Charmonium             1978 – 1979 

• Electron g-2: 8th-order                                 1975 – 2015

• Muon g-2: hadronic light-by-light              1984 – 2002

• Lepton g-2: 10th-order                                  1995 – 2020

I focus only on QED-related works.



Mass singularity 

Progress of Theoretical Physics, Volume 5, 
Issue 6, December 1950, Pages 1045–1047

A Feynman amplitude often contains a divergent term 

IR divergence disappears when all processes are summed up   

Why?  How?

K. Kodaira
1954 Fields Medalist

S. Tomonaga
1965 Nobel laureate

in Physics

Tom Kinoshita’s supervisors



Infrared finite theorem
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It is found that, although partial transition probabilities may 
have divergences associated with the vanishing of masses 

of particles in the final state, they always cancel each other 
in the calculation of total probability.

Need to analyze complex Feynman diagrams 

Momentum representation     → Feynman parameters
The systematic description was invented.

Kinoshita  and  Lee–Nauenberg theorem 

T. D. Lee M. Nauenberg



Helium atom 

Kinoshita and Nambu went to the U.S.
as postdocs at IAS, Princeton (1952-1954).

Einstein asked Kinoshita what he(Kinoshita) was studying.
“Helium atom,”  Kinoshita answered.

Einstein lost interest in Kinoshita.    
(When I asked him about it, Kinoshita was smiling and amused.)

The ionization energy of the ground state He atom 
Sizeable discrepancy b/w theory and measurement
Fermi conjectured “new force” b/w electron and nucleus

A. EinsteinT.  Nambu



Numerical calculation of Helium atom

3-body non-relativistic Coulomb-Schroedinger calculation
Variation with 39 basis  + Relativistic corrections + Lamb-shift corrections  ( by others )

Use the 1st commercial mainframe computer  UNIVAC
FORTRAN    (1954, manual available 1956 )

Fermi’s conjecture, “new force” is denied

e

e

He



Muon Life 

tree 1 loop
IR divergent

Bremsstrahlung
Phase space integration
IR divergent

Possibility of a large enhancement factor ?

finite small photon mass λ for IR 
regularization

cancel
Wikipedia 
Fermi Interaction

Fine-structure constant



Muon Life discussion w/ Feynman

No. No dependence of 

arXiv:hep-ph/0101197

Photon polarization
massless λ =0    transverse only                       degrees of freedom 2

massive λ transverse + longitudinal      degrees of freedom 3 

The additional freedom does not vanish even if  λ -> 0 limit is taken



Muon g-2: 6th order contribution 1

Kinoshita visited CERN in 1967

A funny plot was on the wall

Muon g-2 expt. precision in 1966

F. J. M. Farley and E. Picasso, 
Ann.Rev.Nucl.Part.Sci. 29 (1979) 243

(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

Three loop (6th-order) contribution  is needed…

2nd

4th

6th



Muon g-2: 6th order contribution 2

Mass singularity!   

The enhancement factor                              arises  

Vacuum polarization 

(a) (b) (c) (d) (e)

q

q→mμ

(a) (b) (c) (d) (e)
(a) (b) (c) (d) (e)

mμ
X= +   non-logarithmic terms

e

e

in any order

Quick Estimate,  No calculation is needed

known known



Muon g-2: 6th order contribution 3

(a) (b) (c) (d) (e)

Hou about a new type of the 6th-order diagrams?

An estimate using  the vp functions is now called 
an estimate using the “renormalization group” of QED

Efficient to pick up LO terms in the higher-order QED contributions to muon g-2

(a) (b) (c) (d) (e)

6 diagrams including a light-by-light scattering diagrams
Euler–Heisenberg Lagrangian can approximate the off-shell photons?

The coefficient of the double log term is small 
The coefficient of the single log term has an opposite and relatively large coefficient.
None of the above gives the leading contribution.



Muon g-2: 6th-order light-by-light 1

(a) (b) (c) (d) (e)

Too lengthy and Too complicated to analyze by hand
mμ

e

Kinoshita had experience in

⚫ Numerical calculations on a computer in his He-atom study
⚫ Expressing a complicated Feynman diagram suitable for numerical 

integration in his mass-singularity study

momentum space integration                                3 loop x 4dim = 12 dim
Feynman parameter space integration                 9 lines – 1 constraint   = 8 dim 

Ready to go to the numerical evaluation



Muon g-2: 6th-order light-by-light 2

The sum of them  is THE leading order term of the 6th order 

(a) (b) (c) (d) (e)

Coulomb photon 
exchange

+   non-logarithmic terms 

The leading term of the 6th order



Electron g-2: 6th-order diagram w/o f-loop

(a) (b) (c) (d) (e)

All 6th-order vertex diagrams     72

Diagrams w/o a fermion loop    50
independent diagrams            28    by time-reversal symmetry

Ultraviolet (UV) divergence   Loop momentum goes to infinity   

Infrared (IR) divergence  Outer photon loop can go infinitely far from the vertex

(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

=

On-shell 



Electron g-2: UV and IR subtractions

How to treat UV and IR  divergence?

pointwise subtraction

(a) (b) (c) (d) (e)

Unrenormalized amplitude from Feynman rules

(a) (b) (c) (d) (e)

K-operation for UV pointwise subtraction

1    2      3    4   
5

a
b

c

(a) (b) (c) (d) (e)

I-operation for IR pointwise subtraction

Finite integral
Numerically calculable



Electron g-2: two step renormalization

On-shell renormalization must be realized
s.t. e is an elementary charge

m is an observed fermion mass

Two Step renormalization=
numerical subtraction + finite renormalization 

:  2nd-order vertex renormalization constant w/ on-shell scheme



Electron g-2: 6th-order 4

Numerical calculation of the 6th-order continued until 1995. 
In 1996, the analytic result was obtained by S. Laporta and E. Remiddi. 



Electron g-2: 8th-order 1

H. G. Dehmelt
From the Nobel 
Foundation archive

H. G. Dehmelt in mid 1970’s
• a single electron measurement  w/  a Penning Trap he had invented
• Electron g-2 can be measured 100 or  1000 times precisely  

ppm   (10^-6)    → ppb   (10^-9),    1989 Nobel Prize in Physics

T. Kinoshita in mid 1970’s 
• A feeling of accomplishment from the 6th-order g-2 calculation
• Looking for something new and interesting
• 8th-order g-2 was out of his scope, too difficult

T. Kinoshita
• Decided to work for the 891 diagrams of the 8th-order 



Electron g-2: 8th-order 2
891 diagrams are classified into 13 gauge-invariant subsets 

IV(d)   internal light-by-light vertex diagrams
need a new way to handle UV divergences 

4 vertex diagrams out of  518 vertex diagrams of  V
need a new way to handle IR divergences



Electron g-2: 8th-order 3

Aoyama, Hayakawa,
Kinoshita, Nio

S. Laporta
1,100 digits are 
known



Kinoshita retired from teaching in 1995

He began to try the tenth-order terms around 1995-1996? 

Lepton g-2: 10th-order 1

12,672 diagrams, 32 subsets 

Until 2002, he calculated
14 subsets

I  joined in 2002 and worked 
on 3 more subsets w/ him

10th-order LO term for
muon g-2  is obtained in 2006



X072   representing  9 vertex diagrams
to make it finite,  we need 134 UV and IR subtraction terms
the  integrand consists of about 100,000 lines

Lepton g-2: 10th-order 2

Kinoshita insists necessity of automation of code-generation

M. Hayakawa and T. Aoyama joined the project

Set V       6,354 diagrams 



Lepton g-2: 10th-order 3

2017 value of Electron g-2 and derived α
is used to determine 
the defined value  of the Planck Constant h
in the SI unit.



Summary 

• Numerical means to theoretical studies of particle physics

K. Wilson’s speech at Kinoshita’s retirement party

• Precision tests b/w theory and experiment to explore new physics

• Determining the value of the fine-structure constant and other 
derived physical constants

to the foundation of fundamental physics 

T. Kinoshita pioneered 

His contributions 



Toichiro and Masako Kinoshita rest here

Master of loop
Calculation
Upper diagram

Master of loop
Braiding
Lower diagram 
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Pleasant Grove Cemetery



Thank you, Tom,  
from all of us,

all researchers involved in the lepton g-2 in the past, the present, and the future.



back up



Muon g-2: hadronic light-by-light 1

Muon g-2 expt:  

CERN final precision  7 ppm in 1979

BNL took over in 1984

New type of hadronic correction,  light-by-light

(a) (b) (c) (d) (e)

Chiral Anomaly coupling

T. Izubuchi, talk 2016



Muon g-2: hadronic light-by-light 2

The vector-Meson-dominance model by J. J. Sakurai was used
The model does not satisfy the Ward Identity of QED 
breaking the gauge symmetry of QED. 



Muon g-2: hadronic light-by-light 3

Nambu–Jona-Lasinio model,   Hidden Local Chiral symmetry



Muon g-2: hadronic light-by-light 4

CLEO @ Cornell Univ
Measurement of the pion form factor

* off-shell photon



Muon g-2: hadronic light-by-light 5

Muon g-2 result from BNL in 1999 –

aimed uncertainty    40 x 10-11

In 2001, Knecht and  Nyffeler wrote  Kinoshita and Hayakawa

“ Is the sign of a pion pole contribution correct? ”

Hayakawa found an algebraic manipulation system FORM 
cannot correctly handle the antisymmetric tensors in the 
Minkowski space.
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December 2001

K EK -T H -793

hep-ph/ 0112102

Comment on t he sign

of t he pseudoscalar pole cont r ibut ion

t o t he muon g− 2

M asashi H ayakawa ∗ and Toichiro K inoshit a †

∗Theory Division, KEK, Tsukuba, Ibaraki 305-0801, Japan
†Newman Laboratory, Cornell University, I thaca, New York 14853

A bst ract

We correct the error in the sign of the pseudoscalar pole contri-

but ion to the muon g − 2, which dominates the O(α3) hadronic

light-by-light scat tering effect . The error originates from our over-

sight of a feature of the algebraic manipulat ion program FORM

which defines the -tensor in such a way that it sat isfies the rela-

t ion µ1µ2µ3 µ4 ν1ν2ν3ν4
ηµ1ν1ηµ2ν2ηµ3ν3ηµ4ν4 = 24, irrespect ive of space-

t ime metric. To circumvent this problem, we replaced the prod-

uct µ1µ2µ3µ4 ν1ν2ν3ν4
by − ηµ1ν1

ηµ2ν2
ηµ3ν3

ηµ4ν4
± · · · in the FORM-

formatted program, and obtained a posit ive value for the pseu-

doscalar pole contribut ion, in agreement with the recent result ob-

tained by Knecht et al.

∗e-mail address : haya@post .kek.jp
†e-mail address : tk@mail.lns.cornell.edu

Worldwide consensus in the White Paper on muon g-2 2020
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