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History of Casimir force research

T. Gong, M. R. Corrado, A. R. Mahbub, C. Shelden, and J. N. Munday, Nanophotonics 10, 523 (2021).
J. N. Munday, KEK IPNS-IMSS-QUP joint workshop Feb. 8-10, 2022.

Past few years

Active control, many-body 
in liquid
[Nature, 597, 214 (2021)]

Levitation in liquid
[Science 364, 984 (2019）]
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𝐺: Gravitational constant
𝐾𝑠, 𝐾𝑝: Terms relating to densities of the sphere and the plate 
𝑅: Radius of the sphere

Hypothetical force difference
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Note: The plates consist of reciprocal materials.

Equilibrium and non-equilibrium Casimir forces

Non-equilibrium Casimir force
(Can be repulsive in vacuum)

𝑇2

𝑒. 𝑔. , 𝑇2 > 𝑇1 > 𝑇3

𝑇1

𝑇3

Photons

Repulsive force

Discrete number 
of waves

Arbitrary 
wave

Energy level
High Low High

Attractive force

Less than a 
few microns

Equilibrium Casimir force
(Attractive in vacuum)

𝑇1 = 𝑇2 = 𝑇3

𝑇2 𝑇1

𝑇3
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Stable and unstable Casimir force systems

Zero-force position

2

When attractive and repulsive force components acting 
on body 1 are balanced, zero-force position can exist.

Attractive force

1

Repulsive force

𝑧0

2

Attractive force is enhanced.

1

𝑧0 + ∆𝑧

Stable

2

Repulsive force is enhanced.

1

𝑧0 + ∆𝑧

Unstable
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Note: The plates consist of reciprocal materials.

Examples of stable and unstable systems

Non-equilibrium Casimir force in vacuum
(Unstable)

𝑇2

𝑒. 𝑔. , 𝑇2 > 𝑇1 > 𝑇3

𝑇1

𝑇3VacuumLiquid

𝑇2 𝑇1

𝑇3

𝑇1 = 𝑇2 = 𝑇3

Equilibrium Casimir force in liquid
(Can be stable)

[See Science 364, 984 (2019)]
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Propagation and evanescent waves

Propagation wave 
(Far-field)

Source of 
electromagnetic 

waves

Evanescent wave
(Near-field)

The propagation wave goes away from the electromagnetic source.
The evanescent wave stays around the electromagnetic source.

The Casimir force dominantly 
arises from the evanescent 
wave contribution.

Second body
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Casimir force calculation

𝑇2 𝑇1 𝑇3
𝑧

𝑥

2 1

Casimir force acting on body 1 in the two-body system (isotropic materials)

𝐹𝑧 = න

𝑆

𝑇𝑧𝑧 𝑑𝑧 , 2

𝑇𝑖𝑗 = 𝜖0𝐸𝑖𝐸𝑗 + 𝜇0𝐻𝑖𝐻𝑗 − 𝛿𝑖𝑗
1

2
𝜖0𝐸

2 + 𝜇0𝐻
2 , 1

Maxwell stress tensor

Exterior
boundary

Interior
boundary

+ 𝑛 𝜔, 𝑇2 +
1

2
൦ න

𝑘0

∞

𝑘ǁ𝑑𝑘ǁ𝜅0
𝐼𝑚 ǁ𝑟02 𝑅𝑒 ǁ𝑟01 𝑒−2𝜅0𝑑

1 − ǁ𝑟01 ǁ𝑟02𝑒
−2𝜅0𝑑 2 ++න

0

𝑘0

𝑘ǁ𝑑𝑘ǁ𝑘𝑧0
1

4
൭−

1 − ǁ𝑟02
2 − ǁ𝑡02

2 1 + ǁ𝑟01
2

1 − ǁ𝑟01 ǁ𝑟02𝑒
𝑖2𝑘𝑧0𝑑 2

൩ቇ+
ǁ𝑡01

2 1 − ǁ𝑟02
2 − ǁ𝑡02

2

1 − ǁ𝑟01 ǁ𝑟02𝑒
𝑖2𝑘𝑧0𝑑 2

2a 2b 2c

𝑇2
𝑧

+
2a

2b

2c

+ 𝑛 𝜔, 𝑇3 +
1

2
න

0

𝑘0

𝑘ǁ𝑑𝑘ǁ𝑘𝑧0
1

4
ቌ1 + ǁ𝑟31 +

ǁ𝑟02 ǁ𝑡01
2 𝑒𝑖2𝑘𝑧0𝑑

1 − ǁ𝑟01 ǁ𝑟02𝑒
𝑖2𝑘𝑧0𝑑

2

+
ǁ𝑡01

2 ǁ𝑡02
2

1 − ǁ𝑟01 ǁ𝑟02𝑒
𝑖2𝑘𝑧0𝑑 2

−
ǁ𝑡01

2 1 + ǁ𝑟02
2

1 − ǁ𝑟01 ǁ𝑟02𝑒
𝑖2𝑘𝑧0𝑑 2

ൡቇ−
ǁ𝑡02

2 1 + ǁ𝑟01
2

1 − ǁ𝑟01 ǁ𝑟02𝑒
𝑖2𝑘𝑧0𝑑 2

3

3a 3b 3d3c

𝑇3
𝑧

+

3a

3b

3d

3c

𝑑

=

= −෍
𝑝,𝑠

ħ

𝜋2
න

0

∞

𝑑𝜔 𝑛 𝜔, 𝑇1 +
1

2
൦ න

𝑘0

∞

𝑘ǁ𝑑𝑘ǁ𝜅0
𝐼𝑚 ǁ𝑟01 𝑅𝑒 ǁ𝑟02 𝑒−2𝜅0𝑑

1 − ǁ𝑟01 ǁ𝑟02𝑒
−2𝜅0𝑑 2 +න

0

𝑘0

𝑘ǁ𝑑𝑘ǁ𝑘𝑧0
1

4
൭−

1 − ǁ𝑟01
2 − ǁ𝑡01

2 1 + ǁ𝑟02
2

1 − ǁ𝑟01 ǁ𝑟02𝑒
𝑖2𝑘𝑧0𝑑 2

቏൱+1 − ǁ𝑟31 +
ǁ𝑟02 ǁ𝑡01

2 𝑒𝑖2𝑘𝑧0𝑑

1 − ǁ𝑟01 ǁ𝑟02𝑒
𝑖2𝑘𝑧0𝑑

2

−
ǁ𝑡01

2 1 − ǁ𝑟02
2

1 − ǁ𝑟01 ǁ𝑟02𝑒
𝑖2𝑘𝑧0𝑑 2

1a 1b 1c

Evanescent waves Propagation waves

ǁ𝑟0𝑗: reflection coefficient

ǁ𝑡0𝑗: reflection coefficient

𝑇1
𝑧

Multiple 
reflection

1a

1b 1c
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Casimir force calculation in equilibrium

𝑇 ≡ 𝑇1 = 𝑇2 = 𝑇3

𝑧

Interior
boundary

2 1

Calculations of equilibrium Casimir 
forces can be simplified since 
photon exchange is balanced at the 
exterior boundary. (The interior 
boundary is only considered.)

𝑑0

· Understanding the mechanism
· Long calculation time

Casimir force formula, integration along the real frequency axis

𝑃𝑡 = − ෍

𝑗=𝑝,𝑠

න

0

∞
𝑘ǁ𝑑𝑘ǁ
2𝜋

න

0

∞
𝑑𝜔

2𝜋
4ℏ 𝑛 𝜔, 𝑇 +

1

2
𝑅𝑒 𝑘𝑧𝑍 𝜔, 𝛽 , 11𝑎

𝑍 𝜔, 𝛽 =
𝑅1 𝜔, 𝛽 𝑅2 𝜔, 𝛽 𝑒𝑖2𝑘𝑧𝑑

1 − 𝑅1 𝜔, 𝛽 𝑅2 𝜔, 𝛽 𝑒𝑖2𝑘𝑧𝑑
, 11𝑏

𝑅1

𝑅2

· Significantly reduced calculation time
· Little observation of the mechanism

𝑃𝑡 = ෍

𝑗=𝑝,𝑠

න

0

∞
𝑘ǁ𝑑𝑘ǁ
2𝜋

2𝑘𝐵𝑇෍

𝑛=0

∞′

𝑞0,𝑛 𝑍 𝑖ξ𝑛 , 𝛽 , 12𝑎

Wick rotation approach, integration along the imaginary frequency axis
(E.M. Lifshitz, Sov. Phys. 1956)

𝑍 𝑖ξ𝑛 , 𝛽 =
𝑅1 𝑖ξ𝑛 , 𝛽 𝑅2 𝑖ξ𝑛 , 𝛽 𝑒−2𝑞0,𝑛𝑑

1 − 𝑅1 𝑖ξ𝑛 , 𝛽 𝑅2 𝑖ξ𝑛 , 𝛽 𝑒−2𝑞0,𝑛𝑑
, 12𝑏 ,

𝑖ξ

0 𝜔
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Reciprocal and non-reciprocal materials

Reflection matrix

Vacuum

Incident 
wave

෠𝑅 𝒌∥ =
𝑅𝑠→𝑠 𝒌∥ 𝑅𝑝→𝑠 𝒌∥
𝑅𝑠→𝑝 𝒌∥ 𝑅𝑝→𝑝 𝒌∥

, 21
𝒌∥

෠𝑅 𝒌∥ ෠𝑅 −𝒌∥
𝑬

S-polarization

𝑯

𝒌

𝑯
P-polarization

𝑬

𝒌

Reciprocal or non-reciprocal 
material

Non-reciprocal materials

Ƹ𝜖𝐴 =

𝜖𝑑 𝑖𝜖𝑓
𝜖𝑝

−𝑖𝜖𝑓 𝜖𝑑

, 25

InSb
Magnetic Weyl 

semimetals

𝑩

Eq. (22) can be violated.

Reciprocal materials
෠𝑅 −𝒌∥ = ො𝜎𝑧 ෠𝑅

𝑇 𝒌∥ ො𝜎𝑧, 22  

Ƹ𝜖𝑆 =

𝜖𝑑 𝜖𝑓
𝜖𝑝

𝜖𝑓 𝜖𝑑

, 24

𝑝𝑛𝑤 ≪ 𝜆

Inclined nanowires
(Anisotropic)

Bulk
(Isotropic)

Ƹ𝜖𝑖 =

𝜖𝑝
𝜖𝑝

𝜖𝑝

, 23

ො𝜎𝑧 = 1
−1
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Our Casimir force research

Particle physics

New force search via zero 
Casimir force[1]

New force Zero Casimir force

[1] Y. Ema, M. Hazumi, H. Iizuka, K. 
Mukaida, and K. Nakayama, Phys. Rev. 
D 108, 016009 (2023).

Toward industry
Dynamic control of Casimir forces in vacuum

Trajectory tracking[6]

Dynamic control of Casimir 
forces in liquid[7]

Control theory[5]

[5] H. Iizuka and S. Fan, Applied Physics Letters 118, 144001 (2021).
[6] H. Iizuka and S. Fan, J. Quantitative Spectroscopy Radiative 
Transfer 289, 108281 (2022).
[7] H. Toyama, T. Ikeda, and H. Iizuka, Phys. Rev. B 108, 245402 
(2023).

Weyl semimetal

Fundamental understanding

[3]Casimir force 
is insensitive to 

material loss

[4]Exterior control 
of non-equilibrium 

Casimir force

[2] Symmetry argument 
in Casimir forces

Non-reciprocal

[2] H. Iizuka and S. Fan, Phys. Rev. B 108, 075429 (2023).
[3] H. Iizuka and S. Fan, J. Optical Society of America B 
36, 2981 (2019). 
[4] H. Iizuka and S. Fan, J. Optical Society America B 38, 
151-158 (2021). 

Show 
details
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Casimir force to Industries

Control theory has been widely used in industries.

We introduce control theory to manipulate Casimir forces for the first time.

𝑧

𝑓 𝑧

Equilibrium point 

(fixed point)

A nonlinear function can be well 

approximated by the linear function 

around the equilibrium point.

We show that a linear controller enables a nonlinear system 

interacting through non-equilibrium Casimir forces to be stable 

around the equilibrium point with a limited number of sensors.

Nonlinear 

System

Linear 

controller

Measurement of at 

least one of positions, 

temperatures, etc.

Control input

zero force, zero net heat transfer
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Linear control system (1/2)

The system is stable if all eigenvalues meet  

𝑅𝑒 λ𝑖 < 0, 52

Eigenvalues (unstable)

Re

Im

Stable Unstable

λ𝑖

System

Regulator

𝑢 𝑦 = 𝑥

𝑢 = −𝐾𝑟𝑥

ሶ𝑥 = 𝐴𝑥

The controller changes the dynamics.
𝑑𝑥

𝑑𝑡
= 𝐴𝑥 + 𝐵𝑢, 53

Control input

𝑢 = −𝐾𝑟𝑥, 54

Gain matrix of the regulator

Eigenvalues (stable)

Re

Im

Stable Unstable

λ𝑖

Eqs. (53),(54) give
𝑑𝑥

𝑑𝑡
= 𝐴 − 𝐵𝐾𝑟 𝑥, 55

If the controllability matrix is full 

ranked, the system is “controllable”. 

(All λ𝑖 can have negative real parts.)

𝑄 = 𝐴, 𝐴𝐵,…𝐴𝐵𝑛−1 , 56

Dynamics of a linear system is given by

𝑑𝑥

𝑑𝑡
= 𝐴𝑥, 51

System

ሶ𝑥 = 𝐴𝑥
State vector

𝑛 × 𝑛 matrix
𝑥 =

𝑥1
⋮
𝑥𝑛

Steve Brunton, Control bootcamp, YouTube.

B. Friedland, Control System Design: An Introduction to State-Space Methods (McGraw-Hill, New York, 1986).
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Linear control system (2/2)

Steve Brunton, Control bootcamp, YouTube.

B. Friedland, Control System Design: An Introduction to State-Space Methods (McGraw-Hill, New York, 1986).

The estimator (Kalman filter) enables the system to be stable 

with limited measurement results.

EstimatorRegulator
ො𝑥

𝑢 𝑦 = 𝐶𝑥System

ሶ𝑥 = 𝐴𝑥𝑑𝑥

𝑑𝑡
= 𝐴𝑥 + 𝐵𝑢, 61

𝑢 = −𝐾𝑟 ො𝑥, 64

𝑑 ො𝑥

𝑑𝑡
= 𝐴 − 𝐾𝑓𝐶 ො𝑥 + 𝐵 𝐾𝑓

𝑢
𝑦 , 63

Estimated state vector

𝑦 = 𝐶𝑥, 62

Observation vector Gain matrix of the estimator

If the observability matrix is full ranked, the system is “observable”. 

(The system is stable with limited measurement results.)

𝑁 = 𝐶, 𝐶𝐴,…𝐶𝐴𝑛−1 , 65

𝐶 = 0 1 0…
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Control of non-equilibrium Casimir force

H. Iizuka and S. Fan, “Control of non-equilibrium Casimir force,” Applied Physics Letters 118, 144001 (2021).

Consider a system consisting of a silicon plate and a SiO2 plate in a low-temperature environment. 

The silicon plate is fixed and the temperature can be adjusted while the SiO2 plate is moved and the 

temperature is determined through the thermal emission exchange. 

𝑇3 = 100𝐾
𝑧0

2 1

𝑧1

Si SiO2

𝑇2 ≈
350𝐾

𝑇1 ≈
290𝐾

Equilibrium point

with control

without control

∆𝑧1

Controller 𝑇1𝑇2
Nonlinear
system

EstimatorRegulator
ො𝑥

𝑢 𝑦 = 𝐶𝑥

State vector 𝑥 =

𝑧1
𝑣1
𝑇1

Position

Velocity
Temperature

𝐶 = 0 0 1

𝑇1 is measured.

Controllability & observability matrices: full ranked

We theoretically prove that the SiO2 plate can stay at a distance away from the silicon plate indefinitely by 

monitoring the temperature of the SiO2 plate and adjusting the temperature of the silicon plate. 
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Trajectory tracking through the control of Casimir force

H. Iizuka and S. Fan, “Trajectory tracking through the control of non-equilibrium Casimir force,” Journal of Quantitative Spectroscopy and 

Radiative Transfer 289, 108281 (2022).

The position of the middle SiO2 plate (blue line) 

follows a prescribed trajectory (pink dashed line) by 

adjusting the temperature of the left silicon plate 

(single parameter) while the right silicon plate is kept 

around the equilibrium position.

Trajectory

Prescribed

An autonomous vehicle 

can follow a path as we set 

by control theory, which is 

called trajectory tracking. 

Controller 𝑧2𝑇3

Nonlinear
system

EstimatorRegulator
ො𝑥

𝑢 𝑦 = 𝐶𝑥

𝑥 = 𝑧1 𝑣1 𝑇1 𝑧2 𝑣2 𝑇2
𝑇

𝑧2 is measured.

𝐶 = 0 0 0 1 0 0

Controllability & observability matrices: full ranked

Quantum world

𝑇4 = 100𝐾
𝑧0

3 2

𝑧2

Si SiO2

𝑇3 ≈
380𝐾

𝑇2 ≈
350𝐾

1

Si

𝑇1 ≈
300𝐾
𝑧1Trajectory tracking is applied to a three-body system 

interacting through non-equilibrium Casimir forces. 
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[2] H. Iizuka and S. Fan, Phys. Rev. B 108, 075429 (2023).

[2] Symmetry argument 
in Casimir forces
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𝑑

𝑦

𝑥

𝑧

𝑇2Ƹ𝜖2𝐵𝑜𝑑𝑦 2

𝑇1𝜖1𝑝𝐵𝑜𝑑𝑦 1

𝑇3𝜖0𝐸𝑛𝑣𝑖𝑟𝑜𝑛𝑚𝑒𝑛𝑡

𝑇1 = 𝑇2 = 𝑇3 = 𝑇 (Equilibrium)

𝑇1 ≠ 𝑇2 (Non-equilibrium)

No photon exchange between 
the two-body system and the 
environment.

(Isotropic)

non-reciprocal material

𝜖2
𝐴 =

𝜖𝑑 𝑖𝜖𝑓
𝜖𝑝

−𝑖𝜖𝑓 𝜖𝑑

, 25𝜖2
𝑆 =

𝜖𝑑 𝜖𝑓
𝜖𝑝

𝜖𝑓 𝜖𝑑

, 24

Anisotropic reciprocal material

InSb/Weyl

or

𝑭1→2
ǁ 𝜔, 𝒌ǁ, 𝑇1 = 𝑛 𝜔, 𝑇1 +

1

2

ħ𝒌ǁ
8𝜋3

෨𝐹1→2
ǁ 𝜔, 𝒌ǁ , 43

෨𝐹𝑙→𝑚
ǁ 𝜔, 𝒌ǁ = ൞

𝑇𝑟 −1 𝑙 መ𝐼 − ෠𝑅𝑚
ϯ ෠𝑅𝑚 ෡𝐷𝑙𝑚 መ𝐼 − ෠𝑅𝑙 ෠𝑅𝑙

ϯ ෡𝐷𝑙𝑚
ϯ

, 𝑘ǁ < 𝑘0

𝑇𝑟 −1 𝑙 ෠𝑅𝑚
ϯ
− ෠𝑅𝑚 ෡𝐷𝑙𝑚 ෠𝑅𝑙 − ෠𝑅𝑙

ϯ ෡𝐷𝑙𝑚
ϯ
𝑒−2𝜅𝑧0𝑑 , 𝑘ǁ > 𝑘0

, 44

Exchange 
function

Casimir lateral force acting on body 2

𝑭2
ǁ 𝑇1, 𝑇2 = න

0

∞

𝑑𝜔 න

−∞

∞

𝑑𝒌ǁ𝑭2
ǁ 𝜔, 𝒌ǁ, 𝑇1, 𝑇2 , 41

𝑭2
ǁ 𝜔, 𝒌ǁ, 𝑇1, 𝑇2 = −𝑭1→2

ǁ 𝜔, 𝒌ǁ, 𝑇1 − 𝑭2→1
ǁ 𝜔, 𝒌ǁ, 𝑇2 , 42

Perfect electric 
conductor
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෨𝐹1→2
ǁ 𝜔, 𝒌ǁ

N
o
rm

al
iz

ed
 f

re
q
u
en

cy

Normalized lateral wavevector

Casimir lateral force, reciprocal

Lateral force does not occur in 

equilibrium and nonequilibrium 

for reciprocal systems.

𝑇1

𝑇2

𝑇3

𝐹2
ǁ 𝜔, 𝒌ǁ, 𝑇1, 𝑇2, 𝑇3

Casimir lateral force 
in 𝜔, 𝒌ǁ space

෨𝐹𝑙→𝑚
ǁ 𝜔, 𝒌ǁ

Exchange function

White lines: 

Dispersion curves

෨𝐹2→1
ǁ 𝜔, 𝒌ǁ

N
o
rm

al
iz

ed
 f

re
q
u
en

cy

Normalized lateral wavevector

Symmetric for 𝒌ǁ

𝐹2
ǁ 𝜔, 𝒌ǁ, 𝑇1, 𝑇2 = −𝐹2

ǁ 𝜔,−𝒌ǁ, 𝑇1, 𝑇2 , 45

Casimir lateral force is symmetric for reciprocal systems in equilibrium and non-equilibrium.

𝑎 ෨𝐹1→2
ǁ + 𝑏 ෨𝐹2→1

ǁ෨𝐹1→2
ǁ + ෨𝐹2→1

ǁ
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෨𝐹1→2
ǁ 𝜔, 𝒌ǁ

𝑇1

𝑇2

𝑇3

N
o
rm

al
iz

ed
 f

re
q
u

en
cy

Normalized lateral wavevector

Lateral force can occur in non-equilibrium 

for non-reciprocal systems.

InSb/Weyl

Cancelled out

𝐹2
ǁ 𝜔, 𝒌ǁ, 𝑇1, 𝑇2, 𝑇3

Casimir lateral force 
in 𝜔, 𝒌ǁ space

෨𝐹𝑙→𝑚
ǁ 𝜔, 𝒌ǁ

Exchange function

White lines: 

Dispersion curves
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Normalized lateral wavevector

Asymmetric for 𝒌ǁ

Symmetry of the Casimir lateral force is broken for non-reciprocal systems 

in equilibrium and non-equilibrium.
𝑎 ෨𝐹1→2

ǁ + 𝑏 ෨𝐹2→1
ǁ෨𝐹1→2

ǁ + ෨𝐹2→1
ǁ
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Newton’s third law holds for every frequency and wavevector, as long as no exchange 

of photons occurs between the two-body system and the environment.

The above is true for both reciprocal Ƹ𝜖2= Ƹ𝜖2
𝑆 and non-reciprocal Ƹ𝜖2= Ƹ𝜖2

𝐴 materials. 

Exchange of photonsNo exchange of photons

Perfect electric 
conductor 𝑇2Ƹ𝜖2

𝑇1𝜖1𝑝

𝐵𝑜𝑑𝑦 2

𝐵𝑜𝑑𝑦 1

𝑇3

Equilibrium (𝑇1 = 𝑇2 = 𝑇3) and 
non-equilibrium (𝑇1 ≠ 𝑇2) 

𝐹1
ǁ 𝜔, 𝒌ǁ, 𝑇1, 𝑇2 = −𝐹2

ǁ 𝜔, 𝒌ǁ, 𝑇1, 𝑇2Casimir lateral force:

Casimir pressure: 𝐹1
𝑧 𝜔, 𝒌ǁ, 𝑇1, 𝑇2, 𝑇3 = −𝐹2

𝑧 𝜔, 𝒌ǁ, 𝑇1, 𝑇2, 𝑇3

𝑇2Ƹ𝜖2

𝑇1𝜖1𝑝

𝐵𝑜𝑑𝑦 2

𝐵𝑜𝑑𝑦 1

Equilibrium (𝑇1 = 𝑇2 = 𝑇3)

𝑇3

Non-equilibrium 
(𝑇1 ≠ 𝑇3 or 𝑇2 ≠ 𝑇3) 

𝑇2Ƹ𝜖2

𝑇1𝜖1𝑝

𝐵𝑜𝑑𝑦 2

𝐵𝑜𝑑𝑦 1

𝑇3

Newton’s third law does 

not hold.
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Conclusions

A brief overview of Casimir forces was presented.

Parallel-plate systems for non-equilibrium Casimir forces are controllable and observable by introducing 

a linear controller. 

Symmetry of Casimir forces in wavevector space was discussed. This understanding is helpful for 

investigating Casimir forces using Weyl semimetals.
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Research scope of QUP quantum sensor cluster

Industry/Social implementation
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QUP Internship program
https://www2.kek.jp/qup/en/jobs/qupip.html
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