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Introduction and Motivation

@ Neutrinos carry the lepton family numbers (Lo, = e, i, 7). They are
not conserved under the presence of mass terms.

@ Majorana mass case differes from the Dirac one. The difference is
manifested at low energies where p < m%.

@ Such low energy neutrinos are present as the cosmic background
neutrinos with ~ 2Kelvin.

@ To study their properties, In this work, we investigate how the lepton
family number densities evolute in spacetime.
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Lepton family numbers: definition

@ The Noether current for the lepton number L, (o = e, u, 7).

Noeth . E . . .
/Ho‘fe = EogYuEa i+ UauPrva

@ Noether current is associated with the following transformation:
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Lepton family numbers densities and lepton number
violation (Majorana case)

@ Lepton family number densities of Majorana neutrinos.

:1—’)’5

(X)) = TP PL >

) 1 -
M — VLoV O0uvia — 5 ((VLQ)CmangB + VLa(m(’;ﬁ)(ng)C> )

° iv, = mzﬁ(ym)c The equation of motion is not invariant under

the change of the phase vo; — eovy,.

= e = e TP m? 5 (v15) .

@ In the presence of Majorana mass terms m,g, the lepton family
number current is not a conserved current. d,/y, (x) # 0.
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@ The lepton family number densities in terms of creation and
annihilation operators for a flavor neutrino,

" dik T
/(2#)32\k| (277)32|p|><
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+al (k. )b (p. )TT(K)2 v (p)e <+P%]
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e Expansion with the massless spinors without zero mode (p # 0).

/ 3 . .
el ) = / (27:;3glp|(aa(P’t)UL(p)e""Hb&(p,t)w(p)e_'p'x),

w(®) = ) =Vl (, §) oo = —o-mn—
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From flavor operators to mass basis operators

@ One can relate the operators for mass basis (v;;) and flavor basis
(VL) through the diagonalization of the mass matrix mqsfor

Majorana type. :
m,6U = <VT) mag\/lgj
[Je%
Via = VaivLi-

Vi is a 3 x 3 unitary matrix (Lepton mixing matrix for Majorana
neutrinos). M. Doi, T. Kotani, H. Nishiura, K. Okuda and E.
Takasugi, Physics Letters 102B, 323-326 (1981)

@ The Majorana fields without zero mode (p # 0).

mi(x, t) = vii + (vii)© = Viivar(x, t) + Vai(var(x, t))°

/ d3p —ip-x . ip-x
- TGy o () + ol (B ()eP).

p-x=E(p)t —p-x, Ei(p) =1/p?+ m?. X denotes helicities +1
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Time evolution of flavor operators

Using the relation between the mass basis operator aM;,\(j:p)e_iEf(p)t and
the flavor operators (a,(£p, t), ba(£p, t)), one can relate the flavor
operators at different times: (a,(%p, t), bo(£p, t)) and

(aa(Ep, to), ba(£p, ). T =1t — to.

T 3
aulip.t) = 30~ (Vag Vi |coslE ) ] = i sl 1)1 (. )

B=e j=1
FV,i V=i E( ) - sin[E;(p) T]al,(+p. t0)>,
o(£P, ) ;;( o Vi [COS[EJ(P) T]— ’EJ’F()L) sin[E;(p) T]] b, (£p, to)
V;J VW*J E( ) Sm[E( )T]b];(IFp, t0)>-
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@ For Dirac case , in addition to v, with the replacement a, — a, .
b, — b,,,, we also have vr expanded with ag, and by, . (Ph.D.
thesis, N. J. Benoit: https://ir.lib.hiroshima-u.ac.jp/00053253.)

D . . _
L7 =Vqiv"Ouvia + VRaiV" OuVRa — VRaMagVLg — h.c.

m;d;; = (UT)ia mag Vi,  Via = VaivlisVRa = UaiVri,

@ V: PMNS matrix, U: physical with right-handed current
°

URa(X, t)

/ 3 i .
— [ Gy (amu um(e)e™ + b (o, velp)e )

ur(p) = —vr(p) = V/]2p| <¢+én)> 7

@ lepton family number densities for Dirac case
I9(x) = : 747 L4 : active neutrinos

IR(x) = :Trar’VRa : sterile neutrinos
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Time evolution of operators for flavor basis. Dirac case

aLa(:l:pv t):
. \ .
;::ezj:(vajvﬁj [cos[Ej(p)T] TEm sin[E;(p) T]] a,5(£p, to)
Vo Uiy g (s L6 8) el (. 1) ).
bLa(ipa ) =
505 (Vv [eolE0) 71 221 sl ) 1] 1, (0.0
y=e j sV ! Ej(p) ’ 7 ’

TV Usrg gy L6 ) Tlah, (7. 1))

Similar relations hold for ap (£p,t) and b, (Ep,t) with the replacement
of V.~ Uand U— V.
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The expectation value for the lepton family number density
operator for o family (Majorana case)
We choose the initial state of neutrino |1, t = tp) as follows:

@ The expectation value of lepton family number (L,(t = tp)) = 1.

@ We assume the momentum distribution in one dimensional direction
xp and the others components of momentum vanish.

0)2

o Zze3/4f\/7 al(q,t0)|0(to));
a=(0,q,0; A= /dxldX3, 20(p 10)]0(t0)) = 0, (a = e, 1, 7)

(4% o). ) = /

@ The Gaussian distribution with the mean value of the momentum g»
is go and its standard deviation is o4.

@ The wavepacket like discripition of neutrino oscillation in quantum
mechanics can be also described in this framework.
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From the expectation value of lepton number densitiy to

the linear density \M.,

@ The expectation value of the lepton family number density operator is
uniform in the plane perpendicular to the neutrino’s velocity, we
consider the linear density (lepton number density per unit length).

Aol T %) = /dX1dX3<¢a(q°:Uq), tol 1! (t, %) 10 (¢° 7). to).-

T=t—1.
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Expression for the linear density

)‘U—mz( T X2)
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O'q(271')3/2 / q dqe q
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—i(q'—q)x

sin E,-(q’)T)

; gl
Ei(q)

X (cos Ei(q)T — sin Ej(q) T) + 1st term
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The approximation for mometum integration

We expand the energy around the mean momentum g°,as

0
Ei(q) =~ Ei(°) + gz (a — 4°) = Ei(a°) + vio(q — ¢°). and perform the
Gaussian integration for the momentum g, q'.

o 1
ALo(T =t — 10, %) |16t term = (277;1/2 E : Vai Voi Vaj Vaj % 2
ij

(14 vjo)(1 + Vjo)e"(Ei(qo)*Ej(qo))Te*C’g[(Xzfvio T)2+(x2—vjo T)%
_|_(]_ _ ViO)(]- _ Vjo)e*"(Ei(qo)*Ej(qO))Tefag[(x2+vio7—)2+(x2+vjo )2
_|_(]_ 4 ViO)(]- _ \/jo)ei(Ef(qO)+15j(q°))Te*U?,[(Xzfv,-o T)2+(x2+vjo T)?

(1 = vio) (1 + vig)e MBI +EENT g=odlleatvio T +(—vio T
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Expression for the linear density for Majorana case

)‘g/l—m(T =t — t0,%)|2nd term

g,

= er z} Vi Vi Vg Vg /1 = /1=
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Dirac case

o The initial state |/5(q°; o4), to) which is a super- position of the
state from the active neutrino only (3za(to)!0(to)>)

@ The matrix element for the linear densities from left-handed and
right-handed densities .

Ao (Toxe) = / ey s (VL(q° o), 1ol OH( T x)10E (4% 7). t0)
N (T ) = / et s (U 0, 1ol R (T X0 (¢ 7). t0)

@ We added them to define the linear densities:
AP (8, x2) = AL (T, %) + AR (T, x2)|u=v for the Dirac Case.

L
Aa—)a(T X2) U—>a(t X2)1St term
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(T, X2)

@ The difference comes from the sign and the combinations of the
mixing matrices

A salTox)lu=v =
0

B 1 /d y e_(q’fqo)j;%(qfq )Q—i(q’—q)xg
= ognpn )]

Comparison A2, (T, x) and AM,

m
U;, ViU, V5 —2—sinE(¢) T =——sinEi(q)T
M
)‘oaa(T7X2)2nd term —
1 / _(q'*cro)2+2(qfq°)2_,-(q/_q)x2
= - dq’ d 4o
O'q(27T)3/2 // q qe q
m
(VEiVEVL V) =2~ sinEi(q) T ——sinEi(q) T
ZJ: s Ej(q) Ei(q)

A.S. Adaml, N. J. Benoit®, Y. Kawamura, Y Space time evolution of lepton number densit FPUA2024, 15.March.2024 17 /22



Numerical results for spacetime evolution: 2-D Spacetime

contour of the linear density: AL . (T, x;) Relativstic case
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Figure: 1.(¢° o4) = (0.2,0.00001)eV. Normal mass hierarchy with
Miightest = M1 = 0.01 eV. The figure is taken from Phys. Rev. D
108,056009(2023), A.S.Adam et al.
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Time evolution of the linear density AL (T, x,) with

Majorana mass (left) or Dirac mass (right). @x, = 2.5cm

(a) Majorana Expectation Value (b) Dirac Expectation Value
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Figure: 2. The parameters (q°, Ogq, Miightest)are the same as Fig.1. The figure is
taken from Phys. Rev. D 108,056009(2023), A.S.Adam et al.
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Time evolution of the linear density: AM:L (T x;) with

Majorana mass (left) or Dirac mass (right). @x, = 2.5cm,
Non-relativistic case
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Figure: 3. (q°, 04, Miightest) = (0.0002,0.00001,0.01)eV) Normal mass hierarchy.
The Majorana phases are taken as ap; = 7 and a3; = 0.57 The figure is taken
from Phys. Rev. D 108,056009(2023), A.S.Adam et al.
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.Distance evolution of the linear density for the expectation
value of a lepton family number.

(a) Majorana Expectation Value (b) Dirac Expectation Value
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Figure: 4. We have taken different time slices corresponding to when the peak of

the linear densities are near x, = 5.0cm. We choose the Majorana phases to be

arbitrary values of ap; = 7 and az; = 0.57. The figure is taken from Phys. Rev.
D 108,056009(2023), A.S.Adam et al.
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We have studied the spacetime evolution of the lepton number
densities of neutrinos.

@ The initial momentum distribution (Gaussian type, one dimension) is
considered for the first time in this approach.

@ We have considered both Dirac and Majorana case and also studied
the cases with the relativstic and non-relativstic mean momentum.

@ The decoherence effect due to different group velocities of the mass
eigenvalues is quantitatively studied.

@ Though the effect suppresses the peak value of the lepton family
number densities for non-relativsitic case, one can still distinguish
Majorana case from Dirac case.
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