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Introduction and Motivation

Neutrinos carry the lepton family numbers (Lα, α = e, µ, τ). They are
not conserved under the presence of mass terms.

Majorana mass case differes from the Dirac one. The difference is
manifested at low energies where p ≪ mM

αβ .

Such low energy neutrinos are present as the cosmic background
neutrinos with ∼ 2Kelvin.

To study their properties, In this work, we investigate how the lepton
family number densities evolute in spacetime.
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Lepton family numbers: definition

The Noether current for the lepton number Lα(α = e, µ, τ).

lNoetherµα =: EαγµEα : + : ναγµPLνα :

Noether current is associated with the following transformation:(
ν ′αL
E ′
αL

)
= e iθα

(
ναL
EαL

)
, E ′

αR = e iθαEαR .

Lα = 1 lαL =

(
ναL
EαL

)
EαR

Le = 1 leL =

(
νeL
eL

)
eR

Lµ = 1 lµL =

(
νµL
µL

)
µR

Lτ = 1 lτL =

(
ντL
τL

)
τR
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Lepton family numbers densities and lepton number
violation (Majorana case)

Lepton family number densities of Majorana neutrinos.

l0Mα(x) = : ναγ
0PLνα : PL =

1− γ5
2

LM = νLαiγ
µ∂µνLα −

1

2

(
(νLα)CmαβνLβ + νLα(m

∗
αβ)(νLβ)

C
)
.

i /∂νLα = m∗
αβ(νLβ)

C The equation of motion is not invariant under

the change of the phase ναL → e iθαναL.

→ i /∂νLα = e−i(α+β)m∗
αβ(νLβ)

C .

In the presence of Majorana mass terms mαβ , the lepton family
number current is not a conserved current. ∂µl

µ
Mα(x) ̸= 0.
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The lepton family number densities in terms of creation and
annihilation operators for a flavor neutrino,

l0Mα(t, x) ≡
∫ ′ d3k

(2π)32|k|

∫ ′ d3p

(2π)32|p|
×[

a†α(k, t)aα(p, t)uL(k)γ
0uL(p)e

−i(k−p)·x

−b†α(p, t)bα(k, t)vL(k)γ0vL(p)e i(k−p)·x

+bα(k, t)aα(p, t)vL(k)γ
0uL(p)e

i(k+p)·x

+a†α(k, t)b
†
α(p, t)uL(k)γ

0vL(p)e
−i(k+p)·x

]
,

Expansion with the massless spinors without zero mode (p ̸= 0).

νLα(x, t) =

∫ ′ d3p

(2π)32|p|

(
aα(p, t)uL(p)e

ip·x + b†α(p, t)vL(p)e
−ip·x

)
,

uL(p) = −vL(p) =
√
|2p|

(
0

ϕ−(n)

)
, n · σϕ−(n) = −ϕ−(n),n =

p

|p|
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From flavor operators to mass basis operators
One can relate the operators for mass basis (νLi ) and flavor basis
(νLα) through the diagonalization of the mass matrix mαβfor
Majorana type. :

miδij =
(
V T

)
iα
mαβVβj

νLα = VαiνLi .

Vαi is a 3 × 3 unitary matrix (Lepton mixing matrix for Majorana
neutrinos). M. Doi, T. Kotani, H. Nishiura, K. Okuda and E.
Takasugi, Physics Letters 102B, 323–326 (1981)

The Majorana fields without zero mode (p ̸= 0).

ψMi (x, t) = νLi + (νLi )
c = V ∗

αiναL(x, t) + Vαi (ναL(x, t))
c

=

∫ ′ d3p

(2π)32Ei (p)

∑
λ=±

(
aMiλ(p)uiλ(p)e

−ip·x + a†Miλ(p)viλ(p)e
ip·x

)
.

p · x = Ei (p)t − p · x, Ei (p) =
√
p2 +m2

i . λ denotes helicities ±1
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Time evolution of flavor operators

Using the relation between the mass basis operator aMiλ(±p)e−iEi (p)t and
the flavor operators (aα(±p, t), bα(±p, t)), one can relate the flavor
operators at different times: (aα(±p, t), bα(±p, t)) and
(aα(±p, t0), bα(±p, t0)). T = t − t0.

aα(±p, t) =
τ∑

β=e

3∑
j=1

(
VαjV

∗
βj

[
cos[Ej(p)T ]− i

|p|
Ej(p)

sin[Ej(p)T ]

]
aβ(±p, t0)

∓VαjVβj

mj

Ej(p)
sin[Ej(p)T ]a†β(∓p, t0)

)
,

bα(±p, t) =
τ∑

γ=e

3∑
j=1

(
V ∗
αjVγj

[
cos[Ej(p)T ]− i

|p|
Ej(p)

sin[Ej(p)T ]

]
bγ(±p, t0)

∓V ∗
αjV

∗
γj

mj

Ej(p)
sin[Ej(p)T ]b†γ(∓p, t0)

)
.
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For Dirac case , in addition to νL with the replacement aα → aLα,
bα → bLα, we also have νR expanded with aRα and bRα. (Ph.D.
thesis, N. J. Benoit: https://ir.lib.hiroshima-u.ac.jp/00053253.)

LD = νLαiγ
µ∂µνLα + νRαiγ

µ∂µνRα − νRαmαβνLβ − h.c .

miδij =
(
U†

)
iα
mαβVβj , νLα = VαiνLi , νRα = UαiνRi ,

V: PMNS matrix, U: physical with right-handed current

νRα(x, t)

=

∫ ′ d3p

(2π)32|p|

(
aRα(p, t)uR(p)e

ip·x + b†Rα(p, t)vR(p)e
−ip·x

)
.

uR(p) = −vR(p) =
√
|2p|

(
ϕ+(n)

0

)
,

lepton family number densities for Dirac case

lL0α (x) = : νLαγ
0νLα : active neutrinos

lR0
α (x) = : νRαγ

0νRα : sterile neutrinos
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Time evolution of operators for flavor basis. Dirac case

aLα(±p, t) =
τ∑

β=e

∑
j

(
VαjV

∗
βj

[
cos[Ej(p)T ]− i

|p|
Ej(p)

sin[Ej(p)T ]

]
aLβ(±p, t0)

∓VαjU
∗
βj

mj

Ej(p)
sin[Ej(p)T )]b†Rβ(∓p, t0)

)
,

bLα(±p, t) =
τ∑

γ=e

∑
j

(
V ∗
αjVγj

[
cos[Ej(p)T ]− i

|p|
Ej(p)

sin[Ej(p)T ]

]
bLγ(±p, t0)

∓V ∗
αjUγj

mj

Ej(p)
sin[Ej(p)T ]a†Rγ(∓p, t0)

)
.

Similar relations hold for aRα(±p, t) and bRα(±p, t) with the replacement
of V → U and U → V .
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The expectation value for the lepton family number density
operator for α family (Majorana case)

We choose the initial state of neutrino |ψ, t = t0⟩ as follows:
The expectation value of lepton family number ⟨Lσ(t = t0)⟩ = 1.

We assume the momentum distribution in one dimensional direction
x2 and the others components of momentum vanish.

|ψσ(q
0;σq), t0⟩ =

∫ ′ dqe
− (q−q0)2

4σ2
q

√
σq(2π)3/4

√
A
√

2|q|
a†σ(q, t0)|0(t0)⟩;

q ≡ (0, q, 0); A =

∫
dx1dx3, aα(p, t0)|0(t0)⟩ = 0, (α = e, µ, τ)

The Gaussian distribution with the mean value of the momentum q2
is q0 and its standard deviation is σq.

The wavepacket like discripition of neutrino oscillation in quantum
mechanics can be also described in this framework.
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From the expectation value of lepton number densitiy to
the linear density λM

σ→α

The expectation value of the lepton family number density operator is
uniform in the plane perpendicular to the neutrino’s velocity, we
consider the linear density (lepton number density per unit length).

λMσ→α(T , x2) =

∫
dx1dx3⟨ψσ(q

0;σq), t0|lMα (t, x)|ψσ(q
0;σq), t0⟩.

T = t − t0.
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Expression for the linear density

λMσ→α(T , x2)

=
1

σq(2π)3/2

∫∫ ′
dq′dqe

− (q′−q0)2+(q−q0)2

4σ2
q

−i(q′−q)x2

×

∑
i ,j

V ∗
αiVσiVαjV

∗
σj

(
cosEi (q

′)T + i
|q′|

Ei (q′)
sinEi (q

′)T

)

×
(
cosEj(q)T − i

|q|
Ej(q)

sinEj(q)T

)
← 1st term

−
∑
i ,j

V ∗
αiV

∗
σiVαjVσj

mj

Ej(q′)
sinEj(q

′)T
mi

Ei (q)
sinEi (q)T ← 2nd term

 ;
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The approximation for mometum integration

We expand the energy around the mean momentum q0,as

Ei (q) ≃ Ei (q
0) + q0

Ei (q0)
(q − q0) = Ei (q

0) + vi0(q − q0). and perform the

Gaussian integration for the momentum q, q′.

λMσ→α(T = t − t0, x2)|1st term ≃
σq

(2π)1/2

∑
i ,j

V ∗
αiVσiVαjV

∗
σj ×

1

2[
(1 + vi0)(1 + vj0)e

i(Ei (q
0)−Ej (q

0))T e−σ2
q [(x2−vi0T )2+(x2−vj0T )2]

+(1− vi0)(1− vj0)e
−i(Ei (q

0)−Ej (q
0))T e−σ2

q [(x2+vi0T )2+(x2+vj0T )2]

+(1 + vi0)(1− vj0)e
i(Ei (q

0)+Ej (q
0))T e−σ2

q [(x2−vi0T )2+(x2+vj0T )2]

+(1− vi0)(1 + vj0)e
−i(Ei (q

0)+Ej (q
0))T e−σ2

q [(x2+vi0T )2+(x2−vj0T )2]
]
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Expression for the linear density for Majorana case

λMσ→α(T = t − t0, x2)|2nd term

= − σq

(2π)1/2

∑
i ,j

V ∗
αiV

∗
σiVαjVσj

√
1− v2i0

√
1− v2j0

1

2

[
e i(Ei (q

0)−Ej (q
0))T e−σ2

q [(x2−vi0T )2+(x2−vj0T )2]

+e−i(Ei (q
0)−Ej (q

0))T e−σ2
q [(x2+vi0T )2+(x2+vj0T )2]

−e i(Ei (q
0)+Ej (q

0))T e−σ2
q [(x2−vi0T )2+(x2+vj0T )2]

−e−i(Ei (q
0)+Ej (q

0))T e−σ2
q [(x2+vi0T )2+(x2−vj0T )2]

]
.
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Dirac case

The initial state |ψL
σ(q

0;σq), t0⟩ which is a super- position of the

state from the active neutrino only (a†Lσ(t0)|0(t0)⟩)
The matrix element for the linear densities from left-handed and
right-handed densities .

λLσ→α(T , x2) =

∫
dx1dx3⟨ψL

σ(q
0;σq), t0|l0Lα (T , x)|ψL

σ(q
0;σq), t0⟩

λRσ→α(T , x2) =

∫
dx1dx3⟨ψL

σ(q
0;σq), t0|l0Rα (T , x)|ψL

σ(q
0;σq), t0⟩

We added them to define the linear densities:
λDσ→α(t, x2) = λLσ→α(T , x2) + λRσ→α(T , x2)|U=V for the Dirac Case.

λLσ→α(T , x2) = λMσ→α(t, x2)1st term
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Comparison λD
σ→α(T , x2) and λM

σ→α(T , x2)
The difference comes from the sign and the combinations of the
mixing matrices

λRσ→α(T , x2)|U=V =

=
1

σq(2π)3/2

∫∫ ′
dq′dqe

− (q′−q0)2+(q−q0)2

4σ2
q

−i(q′−q)x2

∑
i ,j

(U∗
αiVσiUαjV

∗
σj)|U=V

mj

Ej(q′)
sinEj(q

′)T
mi

Ei (q)
sinEi (q)T


λMσ→α(T , x2)2nd term =

= − 1

σq(2π)3/2

∫∫ ′
dq′dqe

− (q′−q0)2+(q−q0)2

4σ2
q

−i(q′−q)x2

∑
i ,j

(V ∗
αiV

∗
σiVαjVσj)

mj

Ej(q′)
sinEj(q

′)T
mi

Ei (q)
sinEi (q)T

 .
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Numerical results for spacetime evolution: 2-D Spacetime
contour of the linear density: λL

e→e(T , x2) Relativstic case
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Figure: 1.(q0, σq) = (0.2, 0.00001)eV. Normal mass hierarchy with
mlightest = m1 = 0.01 eV. The figure is taken from Phys. Rev. D
108,056009(2023), A.S.Adam et al.
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Time evolution of the linear density λM,L
e→α(T , x2) with

Majorana mass (left) or Dirac mass (right). @x2 = 2.5cm
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Figure: 2. The parameters (q0, σq,mlightest)are the same as Fig.1. The figure is
taken from Phys. Rev. D 108,056009(2023), A.S.Adam et al.
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Time evolution of the linear density: λM,L
e→α(T , x2) with

Majorana mass (left) or Dirac mass (right). @x2 = 2.5cm,
Non-relativistic case
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Figure: 3. (q0, σq,mlightest) = (0.0002, 0.00001, 0.01)eV ) Normal mass hierarchy.
The Majorana phases are taken as α21 = π and α31 = 0.5π The figure is taken
from Phys. Rev. D 108,056009(2023), A.S.Adam et al.
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.Distance evolution of the linear density for the expectation
value of a lepton family number.
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Figure: 4. We have taken different time slices corresponding to when the peak of
the linear densities are near x2 = 5.0cm. We choose the Majorana phases to be
arbitrary values of α21 = π and α31 = 0.5π. The figure is taken from Phys. Rev.
D 108,056009(2023), A.S.Adam et al.
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We have studied the spacetime evolution of the lepton number
densities of neutrinos.

The initial momentum distribution (Gaussian type, one dimension) is
considered for the first time in this approach.

We have considered both Dirac and Majorana case and also studied
the cases with the relativstic and non-relativstic mean momentum.

The decoherence effect due to different group velocities of the mass
eigenvalues is quantitatively studied.

Though the effect suppresses the peak value of the lepton family
number densities for non-relativsitic case, one can still distinguish
Majorana case from Dirac case.
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