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Motivation Lepton Flavour Violation

Lepton Flavour Violation

◦ Search for new physics (NP):
one prominent probe → LFV

◦ Lepton Flavour (LF) is conserved by SM
◦ LF is an (accidental) global symmetry

Lepton Flavours
e µ τ

νe νµ ντ

◦ Lepton Flavour Violation (LFV)
◦ neutral LFV: νe , νµ, ντ

→ neutrino oscillations
◦ charged LFV: e, µ, τ
→ only indirectly via νi

µ

γ

e
νi

W W

BR(µ→ eγ) ≲ 10−50
[
∼

(
∆m2

ν
m2

W

)2]
◦ Observation of CLFV would be NP

Very clean BSM signal (no competing SM)
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Motivation Experiment and current limits

LFV Experiments and current limits

LFV process current limit (planned) experiments

µ→ eγ < 4.2 · 10−13 [MEG] MEG II
µ→ 3e < 1.0 · 10−12 [SINDRUM] Mu3e
τ → ℓγ, 3ℓ, ℓP, . . . ≲ 10−8 [Belle, LHCb, . . . ] Belle 2, . . .
K→ µe, µeπ, µeππ ≲ 10−11 [KTeV, NA62, BNL] KOTO, LHCb

π0 → µ̄e < 3.6 · 10−10 [KTeV]
η → µ̄e < 6 · 10−6 [SPEC] JEF, REDTOP
η′ → µ̄e < 4.7 · 10−4 [CLEO II]

Au µ− → Au e− < 7 · 10−13 [SINDRUM II]
Ti µ− → Ti e− < 6.1 · 10−13 [SINDRUM II]
Al µ− → Al e− ≲ 10−17 (projected) Mu2e, COMET

Major experimental improvements expected [see: LFV session this morning]
→ stringent bounds on LFV
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Motivation µ→ e conversion

What is µ→ e conversion? (theorist’s perspective)

◦ Experimental Setup:

prod.
target

proton beam nucl.
target

µ beam

◦ Conversion process:
(within Coulomb field of the nucleus)

µ
nucl.
(A, Z )

conversion
e

nucl.
(A, Z )

without
neutrinos!without

neutrinos!

◦ Experimental signature:
e− with q ≈ mµ

◦ Only background: decay in orbit
µ− → νµν̄ee−

◦ Normalisation: muon capture
µ (A, Z )→ νµ (A, Z − 1) 0 mµ

µ→ e
conversion

DIO
spectrum

based on: [Czarnecki et al., 2011]
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Theory Description & Framework Standard Model EFT

How to describe LFV from the theory side?
Standard Model EFT:
◦ Model-independent effective field theory description of BSM physics

with higher dimensional operators obeying SM gauge symmetries:

LSM EFT = LSM +
1
Λ
L(5) +

1
Λ2L

(6) + . . .

◦ Can be seen as the low-energy effective theory of any theory
introducing new physics at high energies

◦ Naturally contains LFV operators:
ℓ1

ℓ̄2

γ &

ℓ1

ℓ̄2

q1

q̄2

&

g

g

ℓ1

ℓ̄2

Can be used to describe all LFV processes in a model-independent way
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Theory Description & Framework Framework

How to use this for µ→ e conversion?
Many different scales matter:

Λ ≳TeV?

SMEFT

∼ mW

∼ 100GeV
integrate out

heavy SM particles

LEFT
qµ→ qe

q ∈ {u, d, s}, g

∼ mN

∼ 1GeVhadronization

ChPT
Nµ→ Ne

N ∈ {p, n}, π, η, η′, . . .

∼ mπ

∼ 100MeV

∼ Eb

∼ 1MeV

bound state
physics

numerically solve
Dirac equation

nuclear
response

M = 27Al,48Ti, . . .

NR expansion,
multipoles

µ→ e conversion:
Mµ(1s)→Mẽ

Objectives:

◦ Compare different probes:
e.g.: µ→ e vs. P → µ̄e
◦ Discriminate BSM operators
◦ Control theory uncertainties:
◦ Hadronic matrix elements
◦ Nuclear response
◦ Coulomb corrections

◦ RG corrections

µ

µ

A, Z

e
A, Z

µ→ e conversion

=

⊗
p n

p ⊗ p
n

p
n

qi qi

⊗

q1

q̄2

ℓ1

ℓ̄2

bound state physics nuclear response hadronic matrix elements

(short distance) EFT operators

At all steps uncertainties need to be controlled!
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Theory Description & Framework Framework

Decomposition of the hadronic side

µ

⊗

p n
p

⊗

p
n

p
n

qi qi

⊗

q1

q̄2

ℓ1

ℓ̄2

scalar

scalar

vector

vector tensor

pseudo
scalar

pseudo
scalar

axial
vector

axial
vector

pseudo
scalar

M Φ′′ Σ′′ Σ′ ∆ Φ′

tensor

tensor vector scalar

GG dipole GG̃

EFT
operators

hadronic
matrix

elements

multipole
decomposition

[Serot, 1978]

nuclear
response

Spin Independent Spin Dependent

+ Combine with Coulomb corrections on the leptonic side

◦ SI: coherently enhanced; ΓSI ∼ #N2; e.g. [Kitano et al., 2002,. . . ]

◦ SD: not coherently enhanced; only for J > 0; e.g. [Davidson et al., 2018,. . . ]
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Indirect limits for P → µ̄e from µ→ e Deduced Limits

Deduced Limits for P → µe
◦ Same underlying operators: P, A, GG̃ ,

but not the same linear combinations

◦ Consider first one operator at a time:
µ→ e (exp.) P → µ̄e (derived) current limit

BRTi < 6.1× 10−13
BRπ0≲ 4× 10−17 < 3.6× 10−10

BRη≲ 5× 10−13 < 6.0× 10−6

BRη′≲ 7× 10−14 < 4.7× 10−4

(scan over all "one operator at a time"-scenarios and choices for matrix elements)

◦ For a rigorous limits we need to scan over all Wilson coefficients
→ ∃ (fine-tuned) scenarios where µ→ e vanishes exactly

◦ In this scenario π0 → µ̄e vanishes as well:
rigorous limit: Brπ0→µ̄e< 1.0× 10−13 (

exp: < 3.6 · 10−10)
◦ For η(′) → µ̄e: in principle, no strict limits
◦ Cancellation easily lifted by RG corrections

[Crivellin et al., 2017; Cirigliano et al., 2017]

A

ℓ1

ℓ̄2

q1

q̄2

∼ V

ℓ1

ℓ̄2

q1

q̄2
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Indirect limits for P → µ̄e from µ→ e Prospects

Future projection for π0 → µ̄e

With values from Mu2e or COMET the limits become even stronger

◦ Combining the limits from Ti and Al we find:

1e-14 1e-12 1e-10 1e-08
1e-17

1e-16

1e-15

1e-14

1e-13

Br[µ → e, Al]

B
r[
π
0
→

µ
e]

[Hoferichter, Menéndez, FN, 2023]
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↑ direct limit ∼ 10−10 Ti-only
limit

single-operator
limit
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Controlling uncertainties Quantitative charge density inputs

Controlling uncertainties
◦ Hadronic matrix elements: from LatticeQCD & Phenomenology

◦ Nuclear structure:
◦ So far: (empirical) nuclear shell-model calculations:
→ Uncertainty estimate difficult; esp. for neutron response

◦ Ab-initio approaches:
→ Often uncertainties dominated by chiral Hamiltonian
and not by many-body solutions
→ Often correlations between responses much more stable

[Hagen et al., 2016; Payne et al., 2019]

◦ Charge form factor given by charge density mediates dipole
and overlaps with M, Φ′′ response

◦ Bound-state physics:
◦ Solve Dirac eq. in nucleus potential given by charge density

µ

⊗

p n
p

⊗

p
n

p
n

Charge densities with quantified uncertainties required

So far: As Fourier-Bessel series without uncertainties
→ Redo extraction from elastic electron nucleus scattering

[Vries et al., 1987]
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Controlling uncertainties Electron scattering

Electron scattering and Coulomb corrections

◦ With plane waves (J = 0): dσ
dΩ ∼

∣∣F ch
0
∣∣2; F ch

0 (q) F.T.←−→ ρ0(r )
◦ Coulomb corrections fill out minima and shift the crosssection
→ Included by numerically solving Dirac equation

F. Noël (Uni Bern, ITP) µ→ e conversion & charge distributions 01.10.24 11 / 16



Extracted charge densities

Extracting charge densities from electron scattering
◦ Fourier-Bessel parameterization:

(qn = nπ
R s.t. j0(qnR) = 0) [Dreher et al., 1974]

ρ0(r ) =
{

∑N
n=1 an j0(qnr ) , r ≤ R

0 , r > R

◦ Practical challenges:
◦ Most data from the 70s & 80s
◦ Many datasets not available at all

or only in PhD theses
◦ Uncertainty documentation rudimentary
◦ Computationally intensive (w.r.t. uncertainties)

◦ Scan over R, N → estimate systematics
◦ Constraints from muonic atoms (Barrett moment)
◦ Suppress overparametrization (asymptotics)

Carried out for 27Al, 40,48Ca, 48,50Ti

Results available in python notebook [2406.06677]

[FN, Hoferichter, 2024]
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Application to overlap integrals

SI µ→ e conversion
◦ Coherently enhanced multipoles: Scalar, Vector and Dipole interactions

SI µ→ e conversion:
µ

Conversion
Rate

= ⊗
p n

p ⊗ p
n

p
n

qi qi

⊗

q1

q̄2

ℓ1

ℓ̄2

bound state physics nuclear response hadronic matrix elements (short distance) EFT operator

Overlap Integrals [Kitano et al., 2002]

S(N) =
1

2
√

2

∫ ∞

0
dr (#N)ρN(r )

[
g (e)
−1 (r )g

(µ)
−1 (r )− f (e)−1 (r )f

(µ)
−1 (r )

]
V (N) =

1
2
√

2

∫ ∞

0
dr (#N)ρN(r )

[
g (e)
−1 (r )g

(µ)
−1 (r ) + f (e)−1 (r )f

(µ)
−1 (r )

]
D = − 4√

2
mµ

∫ ∞

0
dr E (r )

[
g (e)
−1 (r ) f (µ)−1 (r ) + f (e)−1 (r ) g (µ)

−1 (r )
]

︸ ︷︷ ︸
electron and muon wave functions

Employ extracted charge densities with uncertainties
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Application to overlap integrals

Overlap integrals
Dipole: D = − 4√

2
mµ

∫ ∞

0
dr E (r )

[
g (e)
−1 (r ) f (µ)−1 (r ) + f (e)−1 (r ) g (µ)

−1 (r )
]

◦ Only depends on charge density ρ0 (electric field E (r )←
↑

ρ0(r ))

D
(40Ca

)
= 0.07531(5) D

(48Ca
)
= 0.07479(10)

D
(48Ti

)
= 0.0864(1) D

(27Al
)
= 0.0359(2)

◦ For the first time: Fully quantified uncertainties

Scalar & Vector: S(N), V (N) ⊃ ρN ←→ MN response
◦ Requires proton and neutron densities:
◦ ρp ∼∼∼ ρ0 (from electron scattering)
◦ ρn ∼∼∼ ρw (from parity violating electron scattering)
→ Not ideal, PVES only recently measured and only for a few nuclei

Alternative: Correlate using ab-initio methods
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Application to overlap integrals

Overlap integrals
Dipole: D = − 4√

2
mµ

∫ ∞

0
dr E (r )

[
g (e)
−1 (r ) f (µ)−1 (r ) + f (e)−1 (r ) g (µ)

−1 (r )
]

◦ Only depends on charge density ρ0 (electric field E (r )←
↑

ρ0(r ))

D
(40Ca

)
= 0.07531(5) D

(48Ca
)
= 0.07479(10)

D
(48Ti

)
= 0.0864(1) D

(27Al
)
= 0.0359(2)

◦ For the first time: Fully quantified uncertainties

Scalar & Vector: S(N), V (N) ⊃ ρN ←→ MN response
◦ Requires proton and neutron densities:
◦ ρp ∼∼∼ ρ0 (from electron scattering)
◦ ρn ∼∼∼ ρw (from parity violating electron scattering)
→ Not ideal, PVES only recently measured and only for a few nuclei

Alternative: Correlate using ab-initio methods
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Application to overlap integrals

Correlations

[Heinz, Hoferichter, Miyagi, FN, Schwenk, in preparation]

◦ Calculated using IMSRG for 27Al
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Conclusion

Conclusion
Summary:
◦ LFV is a promising BSM probe

with lots of experimental developments
◦ EFT for µ→ e conversion in nuclei

◦ Discriminate LFV mechanisms
◦ Controlled uncertainty estimates

Recent results:
◦ Indirect limits for P → µ̄e
◦ Uncertainty estimates for charge densities

and their propagation
Outlook:
◦ Overlap integrals from ab-initio calculations
◦ Phase-shift model python package
◦ Subleading nuclear responses; two-body currents
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Thank you for your attention!

µ e I am speed!

I am speed!
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Backup-Slides

Description of µ→ e conversion

Effective description by separation of the appearing scales

µ
Conversion

Rate
= ⊗

p n
p ⊗ p

n
p
n

qi qi

⊗

q1

q̄2

ℓ1

ℓ̄2

bound state physics nuclear response hadronic matrix elements (short distance) EFT operator

◦ EFT operators from Lagranian:
Leff = 1

Λ2 ∑Γ C Γ
q (LΓ ·QΓ,q)

LΓ ∈
{

¯eY µ, ¯eY γµµ, ¯eY σµνµ
}

, (Γ = S, P, V , A, T , D, GG, GG̃)

QΓ,q ∈
{

q̄q, q̄γ5q, q̄γµq, q̄γµγ5q, q̄σµνq, F µν , Ga
µνGµν

a , Ga
µνG̃µν

a
}

◦ hadronic matrix elements:
⟨N |QΓ,q |N⟩ →∼ F Γ,i

q,N ūNOiuN
non.rel.−−−−→ ∼ ūNR

N ONR
i uNR

N
◦ nuclear multipoles (shell-model): ONR

i ∈
{

1, σ⃗, ∇⃗, ...and all combinations
}

⟨M | ONR
i |M⟩ →∼ FSN S ∈

{
M, Σ(′′) , Φ(′′) , ∆(′′) , Ω(′′) , Γ(′′) , Π(′′) , Θ(′′)

}
◦ bound state physics (numerical):
⟨ẽ| LΓ |µ(1s)⟩ →∼ ΨeOΓΨµ with Ψe , Ψµ

Dirac-eq.←−−−− V (r )← ρch(r )
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Backup-Slides Master Formulae

Application: Indirect limits for P → µ̄e from µ→ e
◦ Same operators probe SD µ→ e conversion and P → µ̄e: [Gan et al., 2022]

Leff ⊃
1

Λ2 ∑
Y=L,R
q=u,d ,s

[
CP,q

Y (eY µ)(q̄γ5q) + CA,q
Y (eY γµµ)

(
q̄γµγ5q

)]
+

iαs
Λ3 ∑

Y=L,R
CGG̃

Y (eY µ)Ga
µνG̃µν

a + h.c.

P

e

µ̄

q

q̄

A

e

µ̄

q

q̄

GG̃

g

g

e

µ̄

pseudoscalar axialvector gluonic

Decay P → µ̄e:

Conversion
Rate

Decay
Rate

= ⊗ ⊗
p n

p P

qi

q̄i

⊗

q1

q̄2

ℓ1

ℓ̄2

bound state physics nuclear response hadronic matrix elements (short distance) EFT operator

SD µ→ e conversion:
µ

Conversion
Rate

= ⊗
p n

p ⊗ p
n

p
n

qi qi

⊗

q1

q̄2

ℓ1

ℓ̄2

bound state physics nuclear response hadronic matrix elements (short distance) EFT operator

Can use µ→ e conversion limits to derive limits on P → µ̄e
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Backup-Slides Master Formulae

Master Formula: P → µ̄e

Conversion
Rate

Decay
Rate

= ⊗
p n

p P

qi

q̄i

⊗

q1

q̄2

ℓ1

ℓ̄2

bound state physics nuclear response hadronic matrix elements (short distance) EFT operator

BrP→µ∓e± =
(M2

P −m2
µ)

2

16πΓPM3
P

∑
Y=L,R
|CP

Y |2

CP
Y = ∑

q

bq
Λ2

(
±CA,q

Y f q
P mµ − CP,q

Y
hq

P
2mq

)
+

4π

Λ3 CGG̃
Y aP

◦ only contributions from:
P, A, GG̃

◦ hadronic matrix elements from
lattice-QCD and phenomenology
◦ Ward identity:

bqf q
P M2

P = bqhq
P − aP

π η η′

Pheno Lattice Pheno Lattice
buf u

P
Fπ

1 0.80 0.77 0.66 0.56
bd f d

P
Fπ

−1 0.80 0.77 0.66 0.56
bs f s

P
Fπ

0 −1.26 −1.17 1.45 1.50
aP [GeV3] 0 – −0.017 – −0.038

aFKS
P [GeV3] 0 −0.022 −0.021 −0.056 −0.048

hq
P Ward identity

Phenomenology: [Escribano et al., 2016]
Lattice-QCD: [Bali et al., 2021]

F. Noël (Uni Bern, ITP) µ→ e conversion & charge distributions 01.10.24 9 / 25



Backup-Slides Master Formulae

Master Formula: SD µ→ e conversion

µ
Conversion

Rate
= ⊗

p n
p ⊗ p

n
p
n

qi qi

⊗

q1

q̄2

ℓ1

ℓ̄2

bound state physics nuclear response hadronic matrix elements (short distance) EFT operator

BrSD
µ→e =

4m5
µα3Z3

πΓcap(2J + 1)

(
Zeff
Z

)4
× ∑

Y=L,R
τ=L,T

[
Cτ,00

Y Sτ
00 + Cτ,11

Y Sτ
11 + Cτ,01

Y Sτ
01

]
CT ,ij

Y =
[
C̄A,i

Y (1 + δ′)i± 2C̄T ,i
Y

]
×(i↔ j); CL,ij

Y =
[
C̄A,i

Y (1 + δ′′)i− mµ

2mN
C̄P,i

Y ± 2C̄T ,i
Y

]
×(i↔ j)

C̄P,N
Y =

1
Λ2 ∑

q
CP,q

Y
mN
mq

gq,N
5 − 4π

Λ3 CGG̃
Y ãN ; C̄A,N

Y =
1

Λ2 ∑
q

CA,q
Y gq,N

A ; C̄T ,N
Y =

1
Λ2 ∑

q
CT ,q

Y f q,N
1,T

◦ numerical solution of Dirac equation:
ZAl

eff = 11.64, ZTi
eff = 17.65 [Kitano et al., 2002]

◦ corr. from NLO chiral EFT and 2-body
currents: δ′ = −0.28(5), δ′′ = −0.44(4)

[Hoferichter et al., 2020]

gu,p
A gd ,p

A g s,N
A ãN [GeV] gq,N

5
0.842(12) -0.427(13) -0.085(18) -0.39(12) [NC→∞] Ward identity

[HERMES, 2007] Exp Theory Exp Theory Exp Theory
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Backup-Slides Master Formulae

Outlook: Full Masterformula for µ→ e conversion

µ
Conversion

Rate
= ⊗

p n
p ⊗ p

n
p
n

qi qi

⊗

q1

q̄2

ℓ1

ℓ̄2

bound state physics nuclear response hadronic matrix elements (short distance) EFT operator

◦ effective Lagrangian with all possible quark and gluon operators:

Γ ∈ S, P, V , A, T , D, GG , GG̃

◦ hadronic matrix elements (including higher order terms): F Γ,i
q,N

◦ nuclear multipoles (beyond SD and SI):

S ∈ M, Σ(′′), Φ(′′), ∆(′′), Ω(′′), . . .

◦ full numerical solution of muon and electron wave functions

M∼
∫ d3q

(2π)3 ∑
Γ,q,i ,N,S

K Γ,i ,SN
q,N (⃗q)·C Γ

q ·F Γ,i
q,N (⃗q)·FSN (⃗q)· ΨeOΓΨµ

∼
(⃗q)
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Backup-Slides Deduced limits

Deduced Limits (individual)

◦ Use limits on µ→ e conversion to derive limits on P → µ̄e

(
µ
Al

)
1s

e

Al −→
LFV Operators: P

A
GG̃

 −→ P

e

µ̄

◦ In general the operators do not appear in the same linear combinations
◦ If we consider one operator at a time, the transition is immediate:

µ→ e (exp.) P → µ̄e (derived) current limit

BRTi < 6.1× 10−13
BRπ0≲ 4× 10−17 < 3.6× 10−10

BRη≲ 5× 10−13 < 6.0× 10−6

BRη′≲ 7× 10−14 < 4.7× 10−4

(scan over all "one operator at a time"-scenarios and choices for constants)

Derived limits are several orders of magnitude better!
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Backup-Slides Deduced limits

Deduced Limits (rigorous)

For rigorous limits we need to scan over all Wilson coefficients:

◦ Maximise:
ΓP→µ̄e(CP , CA, CGG̃)

Σµ→e(CP , CA, CGG̃)

→ ∃ fine-tuned solution: Σµ→e
!
= 0

◦ In this scenario Γπ0→µ̄e vanishes as well:

rigorous limit: Brπ0→µ̄e< 1.0× 10−13 (
exp: < 3.6 · 10−10)

◦ However, Γη(′)→µ̄e can still be non-zero:
→ Brη(′)→µ̄e with sufficient fine-tuning in principle unbound

◦ easily spoilt by RG corrections
◦ contributing to SI µ→ e conversion A

ℓ1

ℓ̄2

q1

q̄2

∼ V

ℓ1

ℓ̄2

q1

q̄2
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charge densities

How to describe elastic electron scattering?

Typical description via Plane Wave Born Approximation

N

e− e−

N

q γ

180◦−θ dσ

dΩ
=

(
dσ

dΩ

)
Mott
× E ′e

Ee
×

∣∣F (q, θ)
∣∣2

∣∣F (q, θ)
∣∣2 = ∑

L even
≤2J

∣∣ZF ch
L (q)

∣∣2 + ( 1
2 + tan2 θ

2
)

∑
L odd
≤2J

∣∣F mag
L (q)

∣∣2

J = 0:

F (q, θ) = ZF ch
0 (q) F .T .←−→ ρ0(r )

◦ strongly dominating
◦ defines charge density

J > 0:

F (q, θ) ⊃ F ch
L>0, F mag

L

◦ become relevant where F ch
0

small (zeroes, high q, high θ)
◦ subtract before extraction

Even for J = 0 insufficient → Coulomb corrections
F. Noël (Uni Bern, ITP) µ→ e conversion & charge distributions 01.10.24 14 / 25



charge densities

Phase-shift model

◦ Born approximation
assumes plane waves
◦ Finite extend of the nucleus

distorts wave functions
◦ Employ numerical solutions:

F ch
0 (q) F .T .←−→ ρ0(r )→ V (r ) Dirac-eq.−−−−→ ψ

(e)
in/out(r , θ)→ dσ

dΩ︸ ︷︷ ︸
phase-shift model

phase-shift model: Solve Dirac-eq. ∀ℓ :
[

ψℓ∼
(

gℓ(r )
i fℓ(r )

)
→ δℓ = δC

ℓ + δ̄ℓ

]
⇒ dσ

dΩ
∼ (1 + tan2( θ

2
)
)|f (θ)|2 with f (θ) ∼∑

ℓ

Pℓ(cos(θ))e2iδℓ
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charge densities J > 0

Ab initio inputs

27Al (J = 5
2) requires L > 0 contributions

ZF ch
L F mag

L

◦ Subtract and remove data points dominated by L > 0
◦ So far: No Coulomb corrections for L > 0 (requires DWBA)
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charge densities Plots

Charge density results
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charge densities Plots

Radii

◦ Qualitative radii for the
considered nuclei
◦ Statistical uncertainties
◦ based on fit statistics and

data uncertainties
◦ Systematical uncertainties
◦ based on different R, N

with two strategies

All parameterizations with
uncertainties and correlations are

made available in a
complementary python notebook

Nucleus
√
⟨r2⟩ [fm] Refs.

27Al
2.996(11) (43)[44]

(+26
−33)[35] 3.035(2)

3.063(3)(30)[31]
(+0
−1)[3]

3.0610(31)

40Ca
3.452(3) (8)[9]

(+1
−9)[10] 3.450(10)

3.4771(17)(17)[24]
(+0
−5)[17] 3.4776(19)

48Ca
3.4499(29) (31)[42]

(+42
−52)[60] 3.451(9)

3.475(2)(10)[10]
(+0
−3)[4]

3.4771(20)

48Ti
3.62(3) (8)[8]

(+2
−3)[4]

3.597(1)

3.596(3)(57)[57]
(+1
−1)[3]

3.5921(17)
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charge densities Plots

Shell model spectrum

Exp Theory Exp Theory Exp Theory
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charge densities Formulas

Formulas I

⟨0|q̄γµγ5q|P(k)⟩ = ibqf q
P kµ, (1)

⟨0|mqq̄iγ5q|P(k)⟩ = bqhq
P

2 , (2)

⟨0| αs
4π

Ga
µνG̃µν

a |P(k)⟩ = aP , (3)

⟨N |q̄γµγ5q|N⟩ = gq,N
A ⟨N |N̄γµγ5N |N⟩, (4)

mq⟨N |q̄iγ5q|N⟩ = mNgq,N
5 ⟨N |N̄iγ5N |N⟩, (5)

⟨N |q̄σµνq|N⟩ = f q,N
1,T ⟨N |N̄σµνN |N⟩, (6)

⟨N | αs
4π

Ga
µνG̃µν

a |N⟩ = ãN⟨N |N̄iγ5N |N⟩, (7)
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charge densities Formulas

Formulas II

BrSI[µ→ e] =
4m5

µ

Γcap
∑

Y=L,R

∣∣∣∣∣ ∑
N=p,n
O=S,V

C̄O,N
Y O(N)

∣∣∣∣∣
2

, (8)

C̄S,N
Y =

1
Λ2 ∑

q
CS,q

Y
mN
mq

f N
q +

4π

Λ3 CGG
Y aN , (9)

C̄V ,N
Y =

1
Λ2 ∑

q
CV ,q

Y f N
Vq , (10)

S(N) = V (N) =
(αZ )3/2

4π

(
Zeff
Z

)2
FM

N (m2
µ), (11)
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charge densities Formulas

Formulas III

C̄0 =
C̄p + C̄n

2 , C̄1 =
C̄p − C̄n

2 , (12)

gq,N
A = gq,N

5 − ãN
2mN

, (13)

ãN = −2mNgu,0
A = −0.39(12)GeV, (14)
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charge densities Formulas

Formulas IV

CA,u
Y = CA,d

Y , CA,s
Y = −2CA,u

Y gu,0
A

g s,N
A

, (15)

CP,u
Y
mu

=
CP,d

Y
md

,
CP,s

Y
ms

=
4π

Λ
CGG̃

Y
2gu,0

A
gu,0

A − g s,N
A

. (16)
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charge densities Formulas

Formulas V

ST00 = ∑
L

[
FΣ′L

+ (q2)
]2

, SL00 = ∑
L

[
FΣ′′L

+ (q2)
]2

, (17)

ST11 = ∑
L

[
FΣ′L
− (q2)

]2
, SL11 = ∑

L

[
FΣ′′L
− (q2)

]2
, (18)

ST01 = ∑
L

2FΣ′L
+ (q2)FΣ′L

− (q2), (19)

SL01 = ∑
L

2FΣ′′L
+ (q2)FΣ′′L

− (q2), (20)
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charge densities Formulas

Table

π0 η η′

CA,3
Y 1.3× 10−17 – –

CA,8
Y – 1.5× 10−17 4.0× 10−20

CA,0
Y – 2.9× 10−19 2.1× 10−19

CP,3
Y 4.1× 10−17 – –

CP,8
Y – 1.6× 10−12 2.1× 10−14

CP,0
Y – 4.1× 10−12 5.4× 10−13

CGG̃
Y – 5.8× 10−15 4.7× 10−16
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