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Introduction

3https://higgstan.com/standerd-model/

1. Why three coupling 
constants?

2. Where  did Higgs bosons 
come from?

Standard model(SM) explains many phenomena but still has problems

Gauge group of SM: 
𝑆𝑈 3 × 𝑆𝑈 2 × 𝑈(1)

Higgs bosons are only scalar



Extra Dimensions
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Spatial coordinates other than that of 4-dimensional Minkowski sp. 

𝑀4+𝑑

Our world     ＝   4-dim. Minkowski sp.  × extra dimensions

𝐵𝑀4

×=

×=

𝑡
𝑧

𝑦
𝑥

Not observed yet→smallWe live in higher dimensions! 



Gauge Higgs unified theory
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Higher dimensional gauge field 

𝐴𝑀 = 𝐴𝜇 , 𝐴ෝ𝛼

4-dimensional
component 𝐴𝜇

Extra dimensional 
component 𝐴ෝ𝛼 ≡ 𝜙ෝ𝛼

Strong force Electro 
magnetics

Weak force

Gauge symmetry breaking
𝜙ෝ𝛼 appear as scalar 
in 4 dimensions

Higher dimensional theory

Dimensional reduction

4-dimensional theory



𝐴ෝ𝛼 behaves as scaler in 4 dimensions
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𝑦𝛼(extra dimensional coordinates)

𝑥𝜈

𝑥𝜌

𝐴ෝ𝛼" = "𝜙ෝ𝛼

𝐴𝜇

Lorentz trf. in 
4 dimensions

Higher dimensional 

gauge field 𝐴𝑀

4-dim Lorentz trf. doesn’t 
change 𝐴ෝ𝛼

→ 𝐴ෝ𝛼 are scalars in 4-dim.

𝑀4(4-dim. 
Minkowski sp.)

𝜇, 𝜈, 𝜌 = 0, 1, 2, 3,

ො𝛼 = 5,… , 4 + 𝑑

𝑀 = 0, 1,… , 4 + 𝑑,

Λ =
Λ4 0
0 1



Summary of introduction

•SM can’t explain following questions:
• The reason why 3 types of forces exist
• The origin of Higgs bosons

•Gauge Higgs unified theory is possible to explain them

• A single force split into three in four dimensions
• Extra dim. component of gauge field is candidate of Higgs

7
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Pure Yang-Mills Theory with 𝑆2 extra dimensions
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𝑆[𝐴𝑀] = න𝑑4𝑥 𝑅2sin 𝜃 𝑑𝜃 𝑑𝜑 −
1

2
Tr 𝐹𝑀𝑁𝐹

𝑀𝑁
𝑀,𝑁,… = 0,… , 𝜃, 𝜑
𝜇, 𝜈, … = 0, 1, 2, 3

Pure Yang-Mills Theory with 𝑆2 extra dimension:

Extra-dimensional component have following background:

𝐴𝜃 = 0

𝐴𝜑 = Φ𝑖𝐻𝑖cos𝜃

This satisfies the field equation of 𝐴𝑀: ∇𝑁𝐹
𝑀𝑁 − 𝑖𝑔 𝐴𝑁 , 𝐹

𝑀𝑁 = 0

𝐻𝑖: Cartan generator
Φ𝑖: constant

𝑅: radius of 𝑆2



Action of fluctuation around ⟨𝐴𝑀⟩
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Then the action becomes as follows:

The field strength is changed:𝐹𝑀𝑁 → 𝐹𝑀𝑁 − 𝑖𝑔 𝐴𝑀 , 𝐴𝑁 + 𝑖𝑔 𝐴𝑁 , 𝐴𝑀

We consider the fluctuation 𝐴𝑀 around the background ⟨𝐴𝑀⟩: 𝐴𝑀 → 𝐴𝑀 + ⟨𝐴𝑀⟩ 

These terms affect the mass of 𝐴𝜇



Action of fluctuation around ⟨𝐴𝑀⟩
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Necessary to diagonalize

To evaluate 𝐴𝜇
𝐴𝐻𝑖𝐴

𝐵𝐴𝐵
𝜇

, we expand 𝐴𝜇 as
𝐻𝑖 , 𝐸𝛼: Cartan Weyl basis

𝐻𝑖 , 𝐸𝛼 = 𝛼𝑖 𝐸𝛼

Cartan Weyl basis is not Hermite(𝐸𝛼
† = 𝐸−𝛼) 

→ 𝐴𝜇
𝛼  is not real field



Quadratic term of 𝐴𝜇
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where

, 𝑘𝛼 ≡ 𝑔 

𝑖:Cartan

Φ𝑖𝛼𝑖

(𝐴𝜇
𝛼 𝑟

 are real)

Same as usual angular momentum operator 𝑳2 if 𝑘𝛼 = 0

Quadratic term of 𝐴𝜇 : 𝑆𝐴,quad = 𝑑4𝑥 𝑑𝜃 𝑑𝜑 ℒ𝐴,quad 𝑑4𝑥𝑑𝜑+ sin 𝜃 𝐴𝜇𝐴𝜕𝜃𝐴
𝜇A

𝜃=0

𝜋

Surface term 



Algebraic structure of 
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If we define           which satisfy                                                            as

have algebraic structure of SU(2)

then, the commutation relation of           is

Eigenvalue of           : positive half integer 𝑗
Eigenvalue of           : 𝑚 = −𝑗 − 𝑗 + 1,… , 𝑗

Lagrangian should be single-valued →𝑚, 𝑗 are integer



Eigenfunction of
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𝑃𝑛
(𝑎,𝑏)

(𝑧) is a solution of the Jacobi polynomial:

(𝑘 means 𝑘𝛼 )

Eigenfunction of             :

 𝑓𝑘𝑗𝑚(𝜃, 𝜑) = sin
𝜃

2

𝑚+𝑘
cos

𝜃

2

𝑚−𝑘
𝑃
𝑗−

𝑚+𝑘

2
−

𝑚−𝑘

2

( 𝑚+𝑘 , 𝑚−𝑘 )
cos 𝜃 𝑒𝑖𝑚𝜑

We can solve Eigenvalue equation:

The surface term 𝑑4𝑥𝑑𝜑 sin 𝜃 𝐴𝜇𝐴𝜕𝜃𝐴
𝜇A

𝜃=0

𝜋
should be zero 

→ 𝑘𝛼 is an integer and 𝑗 ≥ 𝑘𝛼



Kaluza-Klein expansion of 𝐴𝜇
𝛼 𝑟
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The least mass of 𝐴𝜇,𝑗𝑚
𝛼 𝑟

 is
𝑘𝛼

𝑅
, since 𝑗 ≥ 𝑘𝛼

Only 𝐴𝜇
𝛼
𝐸𝛼 which commute with background 𝐴𝜑 = Φ𝑖𝐻𝑖 cos 𝜃 remains 

as a gauge group in 4 dimensions



Remained gauge symmetry
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e.g.) SU(3)

𝑇8

𝑇3

𝛼1 =
1

2
,
3

2

𝛼2 =
1

2
,−

3

2

𝚽 = (0, 1) ⇒ SU(2) remains

𝚽 =
2

2
,
2

2
 ⇒ Completely broken

𝚽 =
1

2
, −

3

2
 ⇒ Conpletely broken

𝛼1 + 𝛼2 = (1, 0)

𝑘𝛼 = 0 means 𝜶 is orthogonal to 𝚽 in root space:𝑘𝛼 = 𝑔Φ𝑖𝛼𝑖 = 0
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Summary
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Summary

• Curvature of extra dimensions effects the mass of the gauge 
fields

• Gauge symmetry whose gauge fields commute with the 
background 𝐴𝜑 = Φ𝑖𝐻𝑖 cos 𝜃 remains in 4 dimensions

• Scalar fields appears after dimensional reduction in the gauge 
theory with extra dimensions(HONDA san will talk details)

Future work

• Fermion can be coupled with gauge fields



Back up slides
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About 𝑱𝑖
𝛼
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𝜕𝑀 → 𝜕𝑀 − 𝑖𝑔[ 𝐴𝑀 , ]

Due to the background, covariant derivative is changed:

If 𝑀 = 𝜑, then 𝜕𝜑𝐴𝜇
𝛼
→ 𝜕𝜑𝐴𝜇

𝛼
− 𝑖𝑘 cos𝜃𝐴𝜇

𝛼

→
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Lagrangian contains 
𝐴𝜇 cubic terms ℒ𝐴,cubic

Consider 𝜑 dependence
of ℒ𝐴,cubic, 

Then ℒ𝐴,cubic is not 

single-valued



Example: 𝑆1 dimensional reduction
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𝑆 = න𝑑4𝑥 𝑅 𝑑𝜑 −
1

4
𝐹𝑀𝑁𝐴𝐹

𝑀𝑁𝐴

Expand 𝐴𝑀(𝑥, 𝜑) w.r.t. 𝑆1 coordinate 𝜑 :

𝑆1

𝑅

𝜑
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