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1. Construct Yang-Mills theory with extra
dimensions of S2.

2. ldentify Mass spectrum of the gauge

field.
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Introduction

¥ Standard Model (SM)
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We approach these problems
with Extra-dimensional theories
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Extra-dimensional theories

* Our 4-dim Minkowski spacetime can be embedded in a higher
dimensional spacetime:

— Our real spacetime ( higher dimension )

Minkowski spacetime Extra-dimensional space
ya
4 t
X , ﬂ&‘
>y
X * Compact < notdivergent
* Verysmall €< not observed yet
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Extra-dimensional theories

Extra-dimensional components are regarded as Lorenz scalar in
Minkowski spacetime.

Extra-space

. -
A4
a s : Lorenz transformation

/

Minkowski spacetime

(u: Minkowski, @: extra dimension)

mm) Extra gauge components could be Higgs bosons.
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Introduction

* In this work we consider S* space as extra dimensions because
it have a lot of interesting nature.

Sz have a hon-zero curvature

Yang-Mills sector Euler-Lagrange eq.
1 5 . A o 5
_ & L B& . pBal
L=—3 Tr[Fj, F74] VaF —ig [Aﬁ,F } =0

(A(p) & cos 8 is nontrivial solution.

== Nnon-trivial background cos @ can appear.

S? offers Rich phenomenology !

Theoretical indication can also be expected
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Yang-Mills theory
With extra dimension S?2
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Yang-Mills theory
0 with extra dimension S?

* We have constructed Yang-Mills theory with 6-dimensional
spacetime.

metric Gy y =diag (1, -1, -1, -1, —R* —R*sin0 )

 coordinates XM = (w“,yé) = (2", 0, ¢)

: 1 o2 : .
Lagrangian Ly = -3 Tr[FMNFMN] S# extra dimension

« gauge Ay (X)= (AM(X),AQ(X),A@(X)+<I)cost9)

e Parity odd {

cos 0 : nontrivial solution of EOM
®: constant vector on algebra

Au(x,0,p) =—A,u(—x,0,0) Background field!
Ad(xa 97 (10) — —Aé(ﬂj, T — 97 _90) |7

[ Same as 4-dim vector ]
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Yang-Mills theory
‘ P rOCEd ure with extra dimension S? .

1. Gauge-fixing Lagrangian

D, A" + (DAY =0 (¢ : gauge-fixing parameter)

> L= g ul(Da AM) (DAY
1 12 i . AG _§ - A9)2
= — 5 1 [(024)°] = tr [(9,4")(DaA%)] = S tr [(DaA®)

2. Diagonalization

(Dys : gauge covariant derivative)

* 4-dim gauge components | Ishikawa-san’s talk

e Extra-dim gauge components | This talk

{- Cartan components | Basis: Cartan-Weyl Basis
* root components M) = S A H+ Y AKX Fa

2:all cartan «:all root

® cosf = O cosOH;
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Yang-Mills theory

with extra dimension S?2

[11N. Maru, T. Nomura, J. Sato, M. Yamanaka, Nucl. Phys. B 830 (2010), 414-.

extra-dimensional components A; (4-dim scalar)

. 1 . . 1 . _
adrat
Lg;f;géd 5 E ——2R2 Ap'Ap" — —QRQ sin2 QA@%DA@% —

i:all cartan

1

2o (06 A, — 0,A5) (89 A, — 9, Ap)

* For cartan components, diagonalizing
transformation is given in previous work[1]
| 1 . .
AL — : o 1 i o 1
0 sin 6 91 092

AfP = sin 00y} + 0,04

3 _% (61,0 (L2¢}) + ¢o:0 (L3¢5 }

i:all cartan
ok () (120)

‘ Massless ¢} is interpreted as NG Boson.

2/18/2025 KEK-PH 2025 Honda Yuki (YNU) 11



Yang-Mills theory

with extra dimension S?2

extra-dimensional components A; (4-dim scalar)

. 1
adrat — o - «
Lguadratic 5 Z ~ 7% Ap A — ST 6)Ago OA,

«:all root

1
R4sin? 0

{ ((%A;C" — 0,Ap " — iky cos GAQ_‘I) (89143 — 0,Ay + ik, cos QAB_O‘) + ik, sin BAB"A;“}

* For root component, similar transformations are

expected. And we can find that.

o 1 o o . ., cost
= g et T 000E ke G

A?‘D = sin 00y @7 + 0,05 — 1k cos 005

3 _% {6170 ((3@2 = k2) 67 ) + go oD (392 = k2) 05 ) |

ac:all root

1 -« o
— —3ikads 068

{0 k)] [0 ) ] - son)
‘ Massless ¢ is also interpreted as NG Boson.
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Yang-Mills theory

with extra dimension S?2

* Finaly, We have got ¢4, ¢, mass.

[guadratic 5 HZt —2—]1%2 {orD(L2%61) + 620 (L20h)}+ 3 s fo o (397~ ) 6¢) + o0 (392 - 12) 05) )
S (i42¢1i) (izéﬁi) RQZkO‘%aqua
o {2 657] [(30 ) ] ot
Kaluza-Klein expansion Kaluza-Klein mass
i(a.0) = 301" (0 ) Vim0 ¢) (R (e
[(l+1) Jerzyt =i+ Y
a.jm Yin,ko(f%so) [=0,1,2,--,
¢a 'CE Q,QO qu g jj(j—l—l)—kz _\/{j } _k j:|kﬂ¥‘=|ka|+17”'a
« j + 1 _ k, €7 )
0, N
qb“ z,6,) Z 935% lm ﬁ Proportional to gauge-fixing parameter
K 2
oS (z, 0 qua Jm Yf;n k. (0,) C g { (P (201)
(0 0:9) ViEmEr (3 k) o) (30 - k2) a8)

¢4 is remaining scalar in 4-dim.
¢ is interpreted as Nambu-Goldstone Bosons.
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- nterpretation
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Cartan and root diagonalization

. ) 1 7 (]
The difference between Cartan and root {Ae = — 5001 + o0}
components under this diagonalization (4, =sinbdd1 + 0,05

. 1 _ 0
is understood as follows. Af = = 0,07 + 0% + ika = 0f
Ag = sinf0pd] + 03 — iko cos 00y

the linear part of Fyn
(FMN)inear = OMAN — ONAn — 19 [Anr, (AN)]
Background field: (A,) = ®'H; cosf
(FMg)pipens = OMAp — 0pAnt —ig [Anr, @ H; cos 0]
= OmAy, — 0, AN + igA%/_,(I)iaiEa cos 6
ko = gP'q;

mm) Only the root components are affected by (4y)
0y 0y, — 1ky cos 0

u replaced with covariant derivative
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Cartan and root diagonalization

Operators in the mass term
1 1

- L2=— Oy sin 00y — ——=—0?
Cartan components o sindds — —50,
2
root components: j@)2 _ 32 _ 2 4 9 €080 2 €05~ 0 .
p J kcx L +2%kasin298(p —l_ka Sin29 8(10 N 8(10 . Z]fa COSQ
Transformation of Ap and A4,
A L 9,61 + By
= — 0
Cartan components: { ’ sinf oo
A, = sin0dy¢] + 0,05 )
o 1 o o . ., cosf ]
Ay = *macp% + dg 3 +ika ¢ Oy, — Op — thy cosl

root components:
AL =sin00y¢T + 0,05 — ik cos Oy

ka = g(I)iQ{i
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Summer l

Conclusion

* We constructed Yang-Mills theory with extra

dimensions of S2.

e S? curvature leads unique background. And it directly
affects the mass spectrum of extra-dimensional gauge field
as 4-dim scalar.

Future works

* To see the effect from higher-terms than the second order
for revealing the structure of the scalar potential.

* the coupling between the scalar and fermions are to be
checked.
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Compare to CSDR

Ref: N.S. MANTON, Nucl. Phys. B 158 (1979) 141-.

* CSDR (Coset space dimensional reduction ) is a famous methods
to extra-dimensional theory using coset space.

CSDR methods

1. Ansatz: the unigue symmetry condition

"The coordinate transformations is equivalent to
gauge transformations in the coset space."

1. Gauge symmetry and this ansatz assures the independence
of the Lagrangian does not depends on the COSET extra-
dimensional spacetime.

2. dimensional reduction is possible (dimensional reduction)
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Compare to CSDR

Ay = Au (2"
Ag = =g~ D (a"),
A, =g ' ®y(z*)sinf — g~ P3cos b

Our solutions is below

¢ (x,0,0) =
o7 (x,0,¢

(;5”3:0

o5 (2,0,

2/18/2025

),

Z¢zlm
Z(z)agm
Zgbzlm

Z¢a3m

Interpretation

Ref: N.S. MANTON, Nucl. Phys. B 158 (1979) 141-.
CSDR solution applied to S? is below.[2]

/‘

Y,E (0, 9)

«/l+)

jmk ('9 9‘9)

JjG+1)—k2

zm(9 )

I(+1)
i/jtq,ka (97 90)

VilG+1) = k3

'\
(@3, @y (at)] = iDa(2"),

(@3, Po(at)] = —i®y ("),
(@3, Ap(zh)] =0

_J
(Parity even solution)

Separated solution

(Parity odd solution)
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Yang-Mills theory
‘ Ba SesS with extra dimension S? .

* Expansion in the Cartan-Weyl bases:

Au(X)= S A0 Hi+ Y A(X) E,

7:all cartan ac:all root

P cos = d'cosOH; (chosen in Cartan subalgebra )

Ly = _% Z ((‘)ﬂAi — aVAi) (a,qu’ _ auA,uz’) _ % Z (8#14;“ _ 8,,14;a) (D" AV — 9 AP
i:all cartan a:all root
1 , : . : 1
T 2 (OuAy—00A) (0" = 00A") + 55 D (0uAg® =oAL (9"AF - A7)
i:all cartan acall root
T R2sin%6 Z (aﬂAw o 899‘4#) (8‘“’}1(’0 o QDA'” )

i:all cartan

—1 — - ; —o L A Lo . o
+ R2sinZ 0 IZ (Q{LA(p — &pAH — 1k, cOS QAM ) (8’ AW _ a@A! + ik, cos QAM)
a:all root
—1 ( i i i
 Rtsin?0 Z (89A‘P N 8‘*9‘4*9) (89‘490 - 8(,9149)
i:all cartan
1 — — . — Y 8] o . —y . . o — o
DY {(00A5% — 0,47 — ko cos0A;%) (09AZ — 0, AT + ik c0S0A; ) + ko sin OAF AL |
«:all root
+ (higher-order term) How to diagonalize mass terms ?
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Yang-Mills theory
with extra dimension S?

 we added gauge-fixing

D, A" + Dy AY =0 (¢ : gauge-fixing parameter)

DMAN = VMAN — ig [(AM> ,AN]
= aMAN — FﬁrNAR — ig [<AM> ,AN]
* we added gauge-fixing Lagrangian
1

ng = —% tl’[(DMAM) (DNAN)]

N [(0,AM)?] — tr [(9,A*)(DaAY)] — gtr [(DaAY)?]

2
L.

Cancel the crossing terms of
Ay, and Ag, Ay,.
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the linear part of Fyn

H;

Fj,!w = Z

2:all cartan

OuAL — 0, AL —ig > ATA %

acall roots

+ > |0uAY - 0,45 —ig{ (A o)A —AX(A, o)+ Y ADATPeg b | B,

ac:all roots B#~y:all roots

Fu= Y. [a“A'g‘,aBAL@g > A;fAeaa*’] H;

2:all cartan acall roots

+ Y 045 — 0pAY —igQ (AL @)AG — A%(Ag o)+ Y AZATPMsE b | B,

w:all roots B#~:all roots

Fup= > laﬂA;—agoA;—@'g > AgAwﬂai] H;

2:all cartan aczall roots

+ Y [0uA% = 0,A% —ig{ (A )AL — AN(Ay )+ Y ATAYCPGG, B ik cos 0AS | Eq

a:all roots fA#~y:all roots

Fy, = Z [E)BA;(?WA}}:'Q Z AFAZ% ' —sin 69 | H,

wcall roots

i:all cartan

+ ) 042 = 0,45 —ig{ (Ag )AL —AG(A, o)+ > AGALEag, b + ik cosOAY | E,

«:all roots [B#~y:all roots
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the linear part of Fy/n

F,, = Z

i:all cartan

+ Y (0,48 -

a:all roots
i
Fao= > |04
i:all cartan
o
) |04 -

a:all roots

F, = Z {8,,}1; — 0,4

i:all cartan

+ Y (040 -
a:all roots
i:all cartan
+ Y |0pAL -
a:all roots
2/18/2025

O, -

o, A,

9,A%

e Al
A
0, A%

0p Ay

0, Ag
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+ 1k, cos QAﬁ E,

+ ik, cos0Ay | E,
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