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Introduction to neutrinos

What are neutrinos?

BThe fermions in the Standard Model
BMOnly weak interaction(very small mass)

BIin the SM, the flavor of neutrinos are defined from the electroweak
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Majorana type : v = v¢

B Majorana vs Dirac

Dirac type : v # v¢
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Introduction to neutrinos

Neutrino mixing
MFlavor eigenstates (v, v,, v,) # Mass eigenstates (v, v, v3)

BMNeutrino flavor eigenstates can be expressed as a superposition of mass
eigenstates using the PMNS matrix.

HMIn the case of Majorana neutrinos, two additional CP phases.

Flavor . Majorana Mass
eigenstate } PMNS matrix: U [ phase eigenstate
w 1 !
Ve 1 0 0 C13 0 513€ 0 C192 5192 0 1 0 0 1
If#, =10 Cag S92 0 1 0 —812  C192 0 0 Eigﬂn 0 19
vr 0 —s99 co9 —s13e® 0 c13 0 0 1 0 0 Ei% /9
Wy \ X y




Summary of our work()

H\Ve study the probability for chiral oscillation of Majorana neutrino in
quantum field theory.

B We focus on Majorana neutrinos and the effects of the Majorana
mass term.

4 )
» We define the neutrino oscillation probability as the transition

probability between states with different lepton numbers.

N\ _/

a . . . )

» We define the vacuum as the eigenstate with zero lepton number
and zero particle number, and describe its time evolution through

the Bogoliubov transformation.

N\




Summary of our work®@
Why use QFT?

» Chiral oscillations are particularly important when momentum is
small compared to the rest mass.
—>The oscillation formula of quantum mechanics, where the survival
probability is conserved to 1, is not applied.

Result

B\\Ve relates the lepton number eigenstates at different times.

B\We understand the time variation of lepton number in terms of
transition probabilities.

B\\Ve present the physical picture that emerges from the Bogoliubov
transformation.




(2Hamiltonian and Time evolution of vacuum



The Hamiltonian of a Majorana neutrino in the 1-flavor case

The Hamiltonian of single Majorana field, excluding zero mode contribution

o
H= [y Pl ®.0a(p,0) + 816, 00(p, )

d3 ] _
tm | g [ia( Da(—p, 1) — (e, Do(~p, 1) + )
p
- th(p’t) a(p,t) - a(p,t), b(p,t) = B(p,t)
pc

The Hamiltonian h(p,t) for each momentum
h(p,t) = |p|[Na(P,t) + Ns(p,t) + No(—p,t) + Ng(—p, )]
B — im[Ba(p, ) + Bs(p,t) — BL(p,t) — B(p, )]

® Cooper pair operator
Ba(p,t) — Ct.'(p, t)ﬂ:(—p, t}, Bﬁ(p:t) - ﬁ[P,t)ﬁ(—Fl,t)

Defining bilinear operators | Number operator

Na(pa t) — f}f(p,t)f](p, t), Nﬂ(pst) — ﬁf(pat)ﬁ(pat)
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dgp - _
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Time evolution of vacuum

Time evolution of annihilation operators

ﬂ:(p,tf) — eiHTrx(p,t.i)ﬁ_iHT, ﬁ(p,tf) — e’iHTﬁﬁ'(p,t.i)ﬁ_'iHT

IW(I:)ﬂt) |U:f> - JS(p:' t) |Uaf> =0

a(p, tr)[0,t5) = e Ta(p, t;)e 70, t5) = 0
B(p,tp)|0,t) =7 B(p,t)e (0, 1) = 0

0,t5) = e17(0,2;)

The relation between the initial and final vacuum states

0,t5) = [T 10.tr)p = [ ™70, t:)p

peA peA
Time evolution  [0,¢/)p = e”®7|0,4)p,
of the vacuum in 1

T

the p sector - Z E(’T:‘Eh(Pa ti))"0,t:)p
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Time evolution of vacuum

Time evolution of annihilation operators

ﬂ:(p,tf) — eiHTrx(p,t.i)ﬁ_iHT, ﬁ(p,tf) — e’iHTﬁﬁ'(p,t.i)ﬁ_'iHT

a(p

1) 10,7)

= B(p

)10, 1)

=0

o(Pot)I0.£7) = ¢ a(p, t)e [0, t7) = 0
B(p,t1)|0,t7) = e B(p, ti)e 10, 5) = 0

The relation between the initial and final vacuum states

0,t5) = e17(0,2;)

[Otf H|0th [T e"®70,t:)p

pcA peEA

Time evolution 10,t¢)p
of the vacuum in

HPATI0, 1),

T
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the p sector - Z E(’T”}(Pa ti))"0,t:)p
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@ Time evolution of operators and
Bogoliubov transformation



Time evolution of operators

B Time evolution of annihilation operators (E, = Jp? + m2)

a(tp,tf) = (cns B, — i% sin E,7
p

\ m .
a(Lp, t;) F 7 Sin E,tal (Fp,t:)
/ p

\
B(£p,t5) = (cns Bt — igﬂ sin E,7 | B(£p,t:) F EE sin I:'}I,':r‘,iﬁ’1 (Fp, t;)
p / p

B Time evolution of Cooper pair operator

B, (p, tf) = a(p,tf)a(—p,tf)

. 2
= | cos E,T — £|_IJ| sin Ep7 | Ba(p,ti) — ™ sin BT B! (p,ti)
E, By,

+ | cos EpT — iM sin E7 ) = sin E,7 (1 — Na(p,t;) — No(—p, ti))

The same applies to the creation operator and 5
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Time evolution of eigenstates by Bogoliubov transformation

B The set of the states defined at arbitrary time t by applying the Cooper pair operators on the vacuum |0, t)p

1
2.8)p = —= | Bl(p.1) + Bl(p,1)] 10,6)p,=

V2

[4,t)p = Bi,(p,t) Bl (p, 1[0, t)p.

2-particle state

— 4-particle state

B The relation between the bra vector at t = tr and the ket vector at t = t; as determined by the operator

Sy (p,7) =|en®1

.h
(|{]1ff>1} |24tf}P |4?tf}p) =¢' {P}T( |{]!ti>p |2?t‘é}p |4!ti>p )

Gi(p,7) Gua(p,7) Gi3(p,7)
= (10,tdp [2tp W t)p) || Caip,7) Garlpr) Caslpy7)
Gsi(p,7) Gaz(p,7) Gs3(p,7)

G;;(p, T) denotes the matrix elements of the operator S;,r(p, T) =‘ th(P)T| among the states at t = ¢;.

F{D:tfl
P{E:til
P{4:t’=‘:|

Et’h{p}’r

(10.6p [2.t:)p 14,t:)p)
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Time evolution of eigenstates by Bogoliubov transformation

B The matrix G(p, 7) is obtained by expanding the unitary operator S;,r(p, 7) = e™MP)T jn a3 series

and acting on each eigenstate.

| f(p,7)* V2f(p,7)g(p. 7) g(p,7)*
G(p,7) = PIT | —\2f(p,7)g(p,7)  1-2¢(p,7)®>  V2f*(p,7)g(p,7)
g(pa T)Q _ﬁf*(pa T)g(paT) f*(paT)2
(Determine the time evolution of the vacuum. h
f(p,7) = cosEpm — 2|E£| sin FpT, Final state
m P Vacuum
g(p’ T) = sin EPT' llggftti(c)lne r]nuur:]nbb(?arroo
\_ Ep y,

The vacuum at the final state is obtained by a superposition of

each eigenstate.

[}:i_f':3p=(:|1|:PrT]'|[]- t.'}p | (:31 I:PTHE t.':::p | (:;ﬂlzprj—] 1, t-':::p

Gor(p.7) (EJE (p. 1) 4 BL{P. ?‘.e_])]

— Gulp. ) exp |
Vv2G11(p, T)

0.1

il p-

Initial states
- N
Vacuum

Lepton number 0
Particle number 0

N J
- D

Lepton number*2
Particle number 2

_29 @9 |

Lepton number 0
Particle number 4

Fig.3 : Superposition of each

eigenstate

17



4 S—Matrix and Probability



Introduction of the S-matrix

Initial state

Final state

p sector

@ - (000

q sector

[UEICLIU[TI ]

() (00)(00)- [@080)

Fig.4:

How to define the S-matrix in each momentum sector
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Introduction of the S-matrix

Initial state
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q sector [ ]
vacuum

() (00)(00)- [@080)

Fig.4: How to define the S-matrix in each momentum sector
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Introduction of the S-matrix

Initial state Final state

i | @ ® - (@09

~N

q sector [Ua{;uum] [vacuum]w[“Jm[“Jm(m}

/)

Fig.4: How to define the S-matrix in each momentum sector
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The S-matrix in the p sector

B Time evolution of the 1-particle and 3-particle states
ot(p,tr)[0,7) _ (S s ol (p,t;) [0, ;)
Bl(p,tp)al(p.tr)10,tr), ) — \S3™* 5% ) \ Bl(p, ti)al(p, t:)10,t),

> In the case of the final state with 1-particle . and [“. _’.

GQI(F?T) 1 . T . _ .

= 2IPI7 f(p, T)[XWP: ) [0, 8:) |+ 2P (—g(p, 7))BL(p, ti)al (p, ) [0, 8:),

» In the case of the final state with 3-particle . and [“.J_’[ “.]

Bl(p,tr)al(p.ty) [0,t7), = *PITg(p, r|al(p, £:) [0, t:) | + ¥ PI" f* (p, T)[BE(PF t:)al (p,t:) 0, 1),

at(p,t7) [0, ts), = ' (p,tr)G1i(p, ) exp [

]

B The matrix elements for S-matrix in the p sector

5151,1* 81!,-3* _ 2ilplr flp,7) —g(p,7)
S Sp” g(p,7)  f*(p,7)
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The S-matrix in the q sector

B |n the q sector, the eigenvalue of the lepton number for the state is even. To express the state with
lepton number +I(l > 0), we use | %[, t) while we use |n, t) to denote a n(n > 0) particle state.

Using this,

: . +2,t5)q = e*1U f(q,7)g(q, 7) [0, t:) o + 17 | f (@, 7)| |42, t:)
the 2-particle state is 4 q q

1 + 19T (—g(q, 7)%) -2, ti)q + 21N (— 1" (a, T)g(a, 7)) 14, ),
2,tr)g = —= (142, tp)g + =2, ) )- ‘
2 4 4 2ilg|T i|lq|T
V/_ |_2: tf}q — EJ lal f(q?T}Q(q?T) |0 t’i}q + EQ 4l (_‘{}{q T)Q) |—|_21 ti)q

+ 17| f(q, )7 =2, i) + NV (—f* (@, 7)g(a, 7)) 14, i) -

U

For convenience, the four eigenstates are renamed as
|Qlat>q — |03t>q ’ |923t>q — |+21t>q ’ |931t>q — |_21t>q !‘94pt>q — ‘43 t)q

4
05,81 g = S 52 164, 1)
k=1

B The matrix elements for S-matrix in the q sector

fla,7)*  —fla,7)g(q,7) —f(a,7)g(q,T) 9(q,7)?
o+ _ ilalr | fl@)glam)  |f(am)P —g9(a,7)>  —f*(a,7)g(q,7)
a fla,7)g(q,7)  —glg,7)? fla.7)> —f*(a,7)9(q,7)

g(a,7)*  fHa,7)g(a,7)  fa,7)gla,7)  (f(aq, 7)) 23



The S-matrix in the q sector

B |n the q sector, the eigenvalue of the lepton number for the state is even. To express the state with
lepton number +I(l > 0), we use | %[, t) while we use |n, t) to denote a n(n > 0) particle state.

Using this,

: . +2,t5)q = e*1U f(q,7)g(q, 7) [0, t:) o + 17 | f (@, 7)| |42, t:)
the 2-particle state is 4 q q

+ 197 (—g(q,7)%) |-2,t:) g + 1N (— f*(a, 7)g(a, 7)) |4, &),

U

1
2,tr), = —=(+2,t5), +|-2,t5),)- ‘ | |
ﬂ ’ P ) =2,t7)q = 1N f(q,7)g(q, ) |0, ti) g + ¥ (—g(q, 7)?) [+2, i)

Bl (p,ts)0,t7), Bi(p,t7) [0,27), + 19T f(q, 7)|* |-2, ti)q + 1N (= F* (q, T)g(q, 7)) |4, i) -

For convenience, the four eigenstates are renamed as
|Qlat>q — |03t>q ’ |923t>q — |+21t>q ’ |931t>q — |_21t>q !‘94pt>q — ‘43 t)q

4
05,81 g = S 52 164, 1)
k=1

B The matrix elements for S-matrix in the q sector

fla,7)*  —fla,7)g(q,7) —f(a,7)g(q,T) 9(q,7)?
o+ _ ilalr | fl@)glam)  |f(am)P —g9(a,7)>  —f*(a,7)g(q,7)
a fla,7)g(q,7)  —glg,7)? fla.7)> —f*(a,7)9(q,7)

g9(q,7)? f(a,7)g(a,7)  f*(a,7)9(q,7) (f*(q,7))? ”



Probability

Neutrino transition probability in the p sector

Neutrino transition probability in the q sector

2
Pi1o+1(0,7) = [p(0, trla(p, ty)ad (b, )]0, t:)p)
= |SJ,
2
Piisa(p,7) = ‘ (0,7|Bg(p, tp)a(p, t)a (p, f:-)lﬂ,f-z—}pl
= |S3 2.

2 jql |2
Pos 20,4 (a,7) = la(Bias 7161, ti)a[* = |4

The sum of these transition probabilities over the
possible final states

The survival probability

The chiral oscillation probability

11 Z S5 1S5

qQ#Pp jq=1

Sp I* = £ (p, )"
= 1—(1—v*)sin® E,7

R‘f—}p’ (Pu T} —

H Z |S.i'q .,_‘_)“

q#peA jq=1
= |S31% = |g(p, )|

= (1 —v?)sin® Ep7

RI—HJEE(P;- T:} —
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2
: ‘P({]" f‘f|ﬂ:(p? tf)f.}f-i-(p? tt}lﬂ" ti}P‘

= |Sp'[%,
2
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11 Z S5 1S5
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Neutrino transition probability in the q sector

2
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Pos 20,4 (@, 7)= la(Bias 7161, ti)a[* = |4

The sum of these transition probabilities over the

possible final states
4 1 2
> Porsola,r) = Y || =1
Ja=1 Jq=1

The survival probability

The chiral oscillation probability

4
R.-’—:I*L‘(pj T) — H Z |Séqllz|51:l,l 2 RJ—HJEE(P;- T:} = H Z |qu ;.‘.')“
q#p jq=1 q#PpEA jq=1
Si2 _ 2 The velocity |551|g |g(p;r}|
Sp | (P, 7) defined in

1—(1—v%)sin® E,7

fl> = (1 —v?)sin® Ep7

Ipl

= Ep




Probability

P(v->vVvV)

10
08
06"
04

0.2f [

Fig.6: The survival probability P,_,, (p, 7) Fig.7: The chiral oscillation probability P,_.,v (P, T)
Red line(relativistic case) : v = 0.99, Green line: v = 1//2, Blue line(non-relativistic case) : v = 0.1
Period Oscillation Patterns
Relativistic neutrino 0.1\/27 Survival probability: oscillates around 1
Red line:v = 0.99 T= - Chiral oscillation probability: oscillates around 0
Non-relativistic neutrino T~ i Both survival and chiral oscillation probabilities oscillate
Blue line:v = 0.1 m between 0 and 1

The oscillation probability is conserved : P,_,,,(p,7) + P,_,vv(p,7) =1
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B Conclusion



Conclusion

H\We show that the state developed from the vacuum state is a of the vacuum state,
the 2-particle state, and the 4-particle state and the time evolution can be
described as the Bogoliubov transformation.

B\Ve find that the chiral oscillation is not v — v, but a transition v = vvv . This is
because the Majorana mass term creates anti-neutrino Cooper pair from the
vacuum and it appears through time.

B The expectation value of the lepton number in [1] equals to the difference of the
survival probability and the chiral oscillation probability.

Pysu(P,7) = Pussuwn(p, 7) = 1 = 2(1 — v*) sin® Ept = (v(p, ti)| L(p, t5) [v(p, i)

[1]A.Salim Adam et.al Phys. Rev. D 108, no.5, 056009 (2023) [arXiv:2106.02783 [hep-ph]].

Future work

B We will expand this formula to the three—flavor case.
B We need to discuss how the oscillation probability is affected when the matter

effects are considered.
B \We need to study the behaver of momentum zero mode for Majorana neutrino.
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Thank you for listening




Back up



Reason to exclude zero mode (1)

B To quantize the Majorana field, the standard approach is to introduce the creation and annihilation
operators for massive Majorana field.

L This approach is not suitable for the purpose to compute the transition amplitude among the

states with definite lepton numbers.
v.r Why ?

» Majorana particles are indistinguishable from their antiparticles, and 1-particle mass eigenstate
obtained by applying the creation operator on the time invariant vacuum, does not carry the definite
lepton number.

B The creation and annihilation operators are chosen in such way that the one particle state has the
definite lepton number.

L‘ This is achieved by expanding the field operator with massless plane wave spinors and creation
and annihilation operators associated with them.

At the expense of introducing massless spinors, the time evolution of the operators become complex
and the vacuum is time dependent.




Reason to exclude zero mode 2

B The lepton number operator is simply written as the difference of the number operators for
neutrino and anti-neutrino.

L(t) = Z L(p, 1), ~__ Non-zero mode

ped only.

» The momentum zero mode cannot be expressed in terms of particle and antiparticle creation
and annihilation operators.

» A massless spinor cannot express the spinor corresponding to the momentum zero mode of a
massive Majorana field.

L We need to exclude the zero mode.

If we keep the zero mode, one must attribute the mass parameter to operators for the zero mode and

the lepton number operator can not be simply expressed by the difference of the number operators
for neutrino and anti-neutrino.
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The Lagrangian of a Majorana neutrino in the 1-flavor case

B The Lagrangian for a 1-flavor

[1]A.Salim Adam et.al Phys. Rev. D 108, no.5, 056009 (2023)
[arXiv:2106.02783 [hep-ph]].

, _ m
LM = vrinto,vy, — 5 ((UL)CL’L + h.c.)

Rewriting in terms of
the chiral field n

vp(x,t) = .
n(x,t)

m

L =nlighd,n — — (—-r;TiJg*r;* + -T;Tiggn)

2

B Expansion of the left-handed Majorana neutrino field in a
1-flavor using massless spinors u; and v;.

P53
v(t,x) = / 4P (a(P; tur(p)eP> + bT(Pjt)UL(P)e‘“'P‘I)

(2m)°2|p|

ﬁ Components of u;, v, ﬁ
0

ur(p) = —vi(p) = m(é—(ﬂp))

np - o¢+(np) = o+ (np),

b S
e~ '3 cos ? . —e '3 gin ?
7 2
¢+(HP) — t-f - P 1 ¢—(11P} — ié 0
e'? sin & e'2 cos &

2 2

d3p

\ ¢+(—mp) =ip_(np), ¢_(-mp)= i¢’+(np)-/

b = [ o

Expressing the chiral field 1 using
creation and annihilation operators.

)*/2lpl

{la(p,t)¢(np) — bl (—p,t)¢_(—mp)]eP™

+ [a(—p, t)¢_(—np) — bi(p, t)¢_(np)le P>}
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The Hamiltonian of a Majorana neutrino in the 1-flavor case

B The path-integral expression of the action for Majorana neutrino for a single flavor case

[ 0
/d?;rdnf /dfgd{gcigr[”’&] = [[d?'jdﬂfg("’}'ﬂw(ﬂg)ﬂﬁ[n] vi(x,t) = (T?(Jf-f))
. . J ¥

J

S'n, &) = S[n][—i / dt(&lmo — '-'?gin)]z / d'zL’ Snl = [ d'zL, L=n'(ia"0,)n— %(—nfiazn* + 1ioam).

' _ 1 [s ~ i t 0 (Eno—n
L' =n'(ie"du)n — % (—nlioon’ + nicrz?Jr}{ %(égnu - *-*ﬂéfn)] mo(t) = 37 / (36, ), 6(10)d(119) = / dgodgoe 0%

B All the constraints and gauge fixing-like conditions.
constraints | ¢'(z) d2(x) | & | ¢t | & | ¢° | & | &°

Ty — iﬁ* Mt Tlo ﬁg UFSY ﬂ£{1] gl] ‘fg}

B anti-commutation relations among n and n'

{n(x,t),n'(y,0)} =6 (x —y) - % {n(x,t),n(y,t)} = {n'(x, ), 7' (y, 1)} = 0.

B Hamiltonian (Chiral Field Representation)
T t-

H= /d‘?'x [n*z'cr -Vn+ E(—T}‘ i',t:rg:q]L + niagrj)]
: 37



Commutation relation of h(p, t)

Commutation relations of Cooper pair operator and Number operator

= ().

L

Commutation relation of the Hamiltonian for different momentum p # q

[h(p,t), h(q,t)] =0

The set of the operators {a(+p, t), B(£p,t), at(£p, t), BT (£p, t)} and their bilinear operators in which appear
in h(p, t) are called as operators of p sectors. For instance, the operator a(p) and a(—p) with p € A are
classified as the operators in the same p sectors.
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Time evolution of creation and annihilation operators

~
B Plane wave expansion of the left-handed neutrino field

' 3 _ |
L"L(t., K] — / ﬁ (a(p: t)uh{p)ﬂip{ + b*(p, t}UL{p){E_EP{)

\_ J

[1]A.Salim Adam et.al Phys. Rev. D 108, no.5, 056009 (2023) [arXiv:2106.02783 [hep-ph]].

?;bfv‘f = vy + (UL)E l [2]A. S. Adam et.al doi:10.31526/ACP.BSM-2021.29 [arXiv:2105.04306 [hep-ph]].

4 N
B Plane wave expansion of the massive Majorana field

! dg . . |
m(x,t) = L (am(p, Nu(p, Ne Eet=PX) 4 g1 (p A)u(p, A)e!(Fot—P x?)

o
] @nR2E, &~

\. J

B The relation between the massless spinor operator a(p, t), b(p, t) and the Majorana
operator a,;(p, t).

1171
Ep + |p|
1
Ep + |p|

2p| (Ep +
a(£p,t) = v lp'éEp b (am(ip?—Jﬂ_”"“Ei
P
_ V2[p|(Ep + |p))
2,

aly(p, )

b(&p, 1) (ﬂM(iP#)ﬂ_ﬂg"t + ahi(w,ﬂe“ﬂpﬂ)
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Time evolution of eigenstates by Bogoliubov transformation

B The time evolution of the bra vector can be derived from the matrix element G;;(p, 7).

L Time evolution of vacuum
|U:~ff>P - Eih{p!ti)TlﬂatQP;
l M T
rl = D —i(Tih(p,1)"(0, t)p
Series expansion of the unitary operator S;,r(p, 7) = eMP)T (k = % i
0 —i 0
(rik(p)) ( 10.t)p 2ty [4,t)p ) =iV2mr ([0,t)p [2t)p [4,t)p )|| @ V2R i

0 i 22k

The action of ") on the bra vector
T (10, 1:)p [2.)p Watidp ) = (0t)p [2.8)p 4 ti)p ) eAEVED

The matrix G(p, 7) is

G(p??‘:} _ Eﬁ[i 2mT)
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