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Why tensor networks?

n Good

n Applicable to any models even for complex action

≈ no sign problem

n Extremely large volume (thermodynamic limit)

n High-precision is attainable in 2D system with simple internal 
d.o.f.

n Bad

n Expensive for systems with high dimensionality and high 
internal d.o.f.



Why tensor networks?

n Good

n Applicable to any models even for complex action

≈ no sign problem

remely large volume (thermodynamic limitHigh-precision is 

attainable in 2D system with simple internal d.o.f.

n Bad
n Expensive for system with high dimensionality and high 

internal d.o.f.

n QCD + μ
n θ-term
n Lattice SUSY
n Real-time dynamics
n Chiral gauge theory

Challenge to

Other methods to overcome 
sign problem
• Complex Langevin
• Lefshetz thimble
• Path optimization
• Quantum computing
• …



Notational rules
Rank 2 tensor (matrix)
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Tensor : vertex
index : link
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Contraction (summation) rule
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Contraction (summation) rule

index shared by two tensors : summation
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index connecting with a single tensor : no summation



What’s tensor network?

=

Example: TN for square lattice

X

··· ,i,j,k···
· · ·T ijklTmnio · · ·

<latexit sha1_base64="uBNUNWtS3XLC2r3rtXH50RL9yG0="></latexit>

T

<latexit sha1_base64="pzrgLWKPQa8ME9XyEIbg4ibSbD8=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0XoqiQiqCsLblxW6AuaUCbTSTt0MgnzEGrIN/QD3LhQxK2f4Ce48zcE907TLrT1wIXDOffOnXuChFGpHOfTWlldW9/YLGwVt3d290r2/kFLxlpg0sQxi0UnQJIwyklTUcVIJxEERQEj7WB0PfXbd0RIGvOGGifEj9CA05BipIzUs0uplz+SBkyTrJH17LJTdXLAZeLOSfnqa+JVvt8n9Z794fVjrCPCFWZIyq7rJMpPkVAUM5IVPS1JgvAIDUjXUI4iIv0035nBE6P0YRgLU1zBXP09kaJIynEUmM4IqaFc9Kbif15Xq/DCTylPtCIczxaFmkEVw2kKsE8FwYqNDUFYUPNXiIdIIKxMVkUTgrt48jJpnVbds+rlrVOu1cAMBXAEjkEFuOAc1MANqIMmwECDB/AEnq1769F6sV5nrSvWfOYQ/IH19gOrlpg4</latexit>

T

<latexit sha1_base64="pzrgLWKPQa8ME9XyEIbg4ibSbD8=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0XoqiQiqCsLblxW6AuaUCbTSTt0MgnzEGrIN/QD3LhQxK2f4Ce48zcE907TLrT1wIXDOffOnXuChFGpHOfTWlldW9/YLGwVt3d290r2/kFLxlpg0sQxi0UnQJIwyklTUcVIJxEERQEj7WB0PfXbd0RIGvOGGifEj9CA05BipIzUs0uplz+SBkyTrJH17LJTdXLAZeLOSfnqa+JVvt8n9Z794fVjrCPCFWZIyq7rJMpPkVAUM5IVPS1JgvAIDUjXUI4iIv0035nBE6P0YRgLU1zBXP09kaJIynEUmM4IqaFc9Kbif15Xq/DCTylPtCIczxaFmkEVw2kKsE8FwYqNDUFYUPNXiIdIIKxMVkUTgrt48jJpnVbds+rlrVOu1cAMBXAEjkEFuOAc1MANqIMmwECDB/AEnq1769F6sV5nrSvWfOYQ/IH19gOrlpg4</latexit>

i

<latexit sha1_base64="u0M8VKp/8i4Yu5SQqjPXm9MkVYA=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEIOYUZEdSTAS8eEzALJEPo6dQkbXoWunuEMOQJPMSDIl59FB/Bm68heLezHDTxh4aP/6+iq8qLBVfatj+tzMrq2vpGdjO3tb2zu5ffP6irKJEMaywSkWx6VKHgIdY01wKbsUQaeAIb3uB6kjfuUSoehbd6GKMb0F7Ifc6oNlaVd/IFu2RPRZbBmUPh6mvcLn6/jyud/Ee7G7EkwFAzQZVqOXas3ZRKzZnAUa6dKIwpG9AetgyGNEDlptNBR+TEOF3iR9K8UJOp+7sjpYFSw8AzlQHVfbWYTcz/slai/Qs35WGcaAzZ7CM/EURHZLI16XKJTIuhAcokN7MS1qeSMm1ukzNHcBZXXob6ack5K11W7UK5DDNl4QiOoQgOnEMZbqACNWCA8ABP8GzdWY/Wi/U6K81Y855D+CPr7Qfsc5F9</latexit>

j

<latexit sha1_base64="rXJBId8nrl/xF2EdRUo0d8MLN4E=">AAAB6HicbVDLSgNBEOz1GeMr6lHEwSB4CrsiqLeAF48JmAckIcxOepNJZmeXmVkhLDl78OJBEa9+Um5+hz/g5HHQxIKGoqqb7i4/Flwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFVR4liWGGRiFTdpxoFl1gx3Aisxwpp6Aus+YO7iV97RKV5JB/MMMZWSLuSB5xRY6Vyv53LuwV3CrJMvDnJF0+e2tH49LvUzo2bnYglIUrDBNW64bmxaaVUGc4EjrLNRGNM2YB2sWGppCHqVjo9dETOrdIhQaRsSUOm6u+JlIZaD0PfdobU9PSiNxH/8xqJCW5aKZdxYlCy2aIgEcREZPI16XCFzIihJZQpbm8lrEcVZcZmk7UheIsvL5PqZcG7KtyWbRpFmCEDx3AGF+DBNRThHkpQAQYIz/AKb07feXHenY9Z64oznzmCP3A+fwCjvZCK</latexit>

k

<latexit sha1_base64="N909XHkbJ8zvJMYgp9vvTyLY6uA=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdEdTKgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gUUsFLH1UXwEO19DsHdyKTTxh4GP/z+HOef4MWdKO86nlVlZXVvfyG7mtrZ3dvfy+wd1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uJ3njHqVikbjVwxi9kPQECxgl2ljVQSdfcErOVPYyuHMoXH2N28Xv93Glk/9odyOahCg05USpluvE2kuJ1IxyHOXaicKY0AHpYcugICEqL50OOrJPjNO1g0iaJ7Q9dX93pCRUahj6pjIkuq8Ws4n5X9ZKdHDhpUzEiUZBZx8FCbd1ZE+2trtMItV8aIBQycysNu0TSag2t8mZI7iLKy9D/bTknpUuq06hXIaZsnAEx1AEF86hDDdQgRpQQHiAJ3i27qxH68V6nZVmrHnPIfyR9fYD73uRfw==</latexit>

l

<latexit sha1_base64="s/kJq7QjfJrnYN2yvZ1UKipAkTY=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEIOYUZEdSTAS8eEzALJEPo6dQkbXoWunuEMOQJPMSDIl59FB/Bm68heLezHDTxh4aP/6+iq8qLBVfatj+tzMrq2vpGdjO3tb2zu5ffP6irKJEMaywSkWx6VKHgIdY01wKbsUQaeAIb3uB6kjfuUSoehbd6GKMb0F7Ifc6oNlZVdPIFu2RPRZbBmUPh6mvcLn6/jyud/Ee7G7EkwFAzQZVqOXas3ZRKzZnAUa6dKIwpG9AetgyGNEDlptNBR+TEOF3iR9K8UJOp+7sjpYFSw8AzlQHVfbWYTcz/slai/Qs35WGcaAzZ7CM/EURHZLI16XKJTIuhAcokN7MS1qeSMm1ukzNHcBZXXob6ack5K11W7UK5DDNl4QiOoQgOnEMZbqACNWCA8ABP8GzdWY/Wi/U6K81Y855D+CPr7Qfw/5GA</latexit>

n

<latexit sha1_base64="jXXTGbGTgSVxjNXqk9QOXMhitLo=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdEdTKgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gUUsFLH1UXwEO19DsHdyKTTxh4GP/z+HOef4MWdKO86nlVlZXVvfyG7mtrZ3dvfy+wd1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uJ3njHqVikbjVwxi9kPQECxgl2lhV0ckXnJIzlb0M7hwKV1/jdvH7fVzp5D/a3YgmIQpNOVGq5Tqx9lIiNaMcR7l2ojAmdEB62DIoSIjKS6eDjuwT43TtIJLmCW1P3d8dKQmVGoa+qQyJ7qvFbGL+l7USHVx4KRNxolHQ2UdBwm0d2ZOt7S6TSDUfGiBUMjOrTftEEqrNbXLmCO7iystQPy25Z6XLqlMol2GmLBzBMRTBhXMoww1UoAYUEB7gCZ6tO+vRerFeZ6UZa95zCH9kvf0A9AeRgg==</latexit>

m

<latexit sha1_base64="vvd/TverMJFsdlq5arQXuTRRYkA=">AAAB6HicbZDLSgMxFIYz9VbrrerSTbAIXZUZEdSVBTcuW7AXaIeSSc+0sUlmSDJCGfoELupCEbc+io/gztcQ3JteFtr6Q+Dj/88h55wg5kwb1/10Miura+sb2c3c1vbO7l5+/6Cuo0RRqNGIR6oZEA2cSagZZjg0YwVEBBwaweB6kjfuQWkWyVszjMEXpCdZyCgx1qqKTr7gltyp8DJ4cyhcfY3bxe/3caWT/2h3I5oIkIZyonXLc2Pjp0QZRjmMcu1EQ0zogPSgZVESAdpPp4OO8Il1ujiMlH3S4Kn7uyMlQuuhCGylIKavF7OJ+V/WSkx44adMxokBSWcfhQnHJsKTrXGXKaCGDy0QqpidFdM+UYQae5ucPYK3uPIy1E9L3lnpsuoWymU0UxYdoWNURB46R2V0gyqohigC9ICe0LNz5zw6L87rrDTjzHsO0R85bz/yg5GB</latexit>

o

<latexit sha1_base64="OUReyZhcDTclws0lV1TR7+bYpPw=">AAAB6HicbZDLSgMxFIYz9VbrrerSTbAIXZUZEdSVBTcuW7AXaIeSSc+0sZlkSDJCGfoELupCEbc+io/gztcQ3JteFtr6Q+Dj/88h55wg5kwb1/10Miura+sb2c3c1vbO7l5+/6CuZaIo1KjkUjUDooEzATXDDIdmrIBEAYdGMLie5I17UJpJcWuGMfgR6QkWMkqMtaqyky+4JXcqvAzeHApXX+N28ft9XOnkP9pdSZMIhKGcaN3y3Nj4KVGGUQ6jXDvREBM6ID1oWRQkAu2n00FH+MQ6XRxKZZ8weOr+7khJpPUwCmxlRExfL2YT87+slZjwwk+ZiBMDgs4+ChOOjcSTrXGXKaCGDy0QqpidFdM+UYQae5ucPYK3uPIy1E9L3lnpsuoWymU0UxYdoWNURB46R2V0gyqohigC9ICe0LNz5zw6L87rrDTjzHsO0R85bz/1i5GD</latexit>



Example: TN for square lattice

What’s tensor network?

A target quantity (wave function/partition function)
is represented by tensor network

=
X

··· ,i,j,k···
· · ·T ijklTmnio · · ·

<latexit sha1_base64="uBNUNWtS3XLC2r3rtXH50RL9yG0="></latexit>

T

<latexit sha1_base64="pzrgLWKPQa8ME9XyEIbg4ibSbD8=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0XoqiQiqCsLblxW6AuaUCbTSTt0MgnzEGrIN/QD3LhQxK2f4Ce48zcE907TLrT1wIXDOffOnXuChFGpHOfTWlldW9/YLGwVt3d290r2/kFLxlpg0sQxi0UnQJIwyklTUcVIJxEERQEj7WB0PfXbd0RIGvOGGifEj9CA05BipIzUs0uplz+SBkyTrJH17LJTdXLAZeLOSfnqa+JVvt8n9Z794fVjrCPCFWZIyq7rJMpPkVAUM5IVPS1JgvAIDUjXUI4iIv0035nBE6P0YRgLU1zBXP09kaJIynEUmM4IqaFc9Kbif15Xq/DCTylPtCIczxaFmkEVw2kKsE8FwYqNDUFYUPNXiIdIIKxMVkUTgrt48jJpnVbds+rlrVOu1cAMBXAEjkEFuOAc1MANqIMmwECDB/AEnq1769F6sV5nrSvWfOYQ/IH19gOrlpg4</latexit>

T

<latexit sha1_base64="pzrgLWKPQa8ME9XyEIbg4ibSbD8=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0XoqiQiqCsLblxW6AuaUCbTSTt0MgnzEGrIN/QD3LhQxK2f4Ce48zcE907TLrT1wIXDOffOnXuChFGpHOfTWlldW9/YLGwVt3d290r2/kFLxlpg0sQxi0UnQJIwyklTUcVIJxEERQEj7WB0PfXbd0RIGvOGGifEj9CA05BipIzUs0uplz+SBkyTrJH17LJTdXLAZeLOSfnqa+JVvt8n9Z794fVjrCPCFWZIyq7rJMpPkVAUM5IVPS1JgvAIDUjXUI4iIv0035nBE6P0YRgLU1zBXP09kaJIynEUmM4IqaFc9Kbif15Xq/DCTylPtCIczxaFmkEVw2kKsE8FwYqNDUFYUPNXiIdIIKxMVkUTgrt48jJpnVbds+rlrVOu1cAMBXAEjkEFuOAc1MANqIMmwECDB/AEnq1769F6sV5nrSvWfOYQ/IH19gOrlpg4</latexit>

i

<latexit sha1_base64="u0M8VKp/8i4Yu5SQqjPXm9MkVYA=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEIOYUZEdSTAS8eEzALJEPo6dQkbXoWunuEMOQJPMSDIl59FB/Bm68heLezHDTxh4aP/6+iq8qLBVfatj+tzMrq2vpGdjO3tb2zu5ffP6irKJEMaywSkWx6VKHgIdY01wKbsUQaeAIb3uB6kjfuUSoehbd6GKMb0F7Ifc6oNlaVd/IFu2RPRZbBmUPh6mvcLn6/jyud/Ee7G7EkwFAzQZVqOXas3ZRKzZnAUa6dKIwpG9AetgyGNEDlptNBR+TEOF3iR9K8UJOp+7sjpYFSw8AzlQHVfbWYTcz/slai/Qs35WGcaAzZ7CM/EURHZLI16XKJTIuhAcokN7MS1qeSMm1ukzNHcBZXXob6ack5K11W7UK5DDNl4QiOoQgOnEMZbqACNWCA8ABP8GzdWY/Wi/U6K81Y855D+CPr7Qfsc5F9</latexit>

j

<latexit sha1_base64="rXJBId8nrl/xF2EdRUo0d8MLN4E=">AAAB6HicbVDLSgNBEOz1GeMr6lHEwSB4CrsiqLeAF48JmAckIcxOepNJZmeXmVkhLDl78OJBEa9+Um5+hz/g5HHQxIKGoqqb7i4/Flwb1/1yVlbX1jc2M1vZ7Z3dvf3cwWFVR4liWGGRiFTdpxoFl1gx3Aisxwpp6Aus+YO7iV97RKV5JB/MMMZWSLuSB5xRY6Vyv53LuwV3CrJMvDnJF0+e2tH49LvUzo2bnYglIUrDBNW64bmxaaVUGc4EjrLNRGNM2YB2sWGppCHqVjo9dETOrdIhQaRsSUOm6u+JlIZaD0PfdobU9PSiNxH/8xqJCW5aKZdxYlCy2aIgEcREZPI16XCFzIihJZQpbm8lrEcVZcZmk7UheIsvL5PqZcG7KtyWbRpFmCEDx3AGF+DBNRThHkpQAQYIz/AKb07feXHenY9Z64oznzmCP3A+fwCjvZCK</latexit>

k

<latexit sha1_base64="N909XHkbJ8zvJMYgp9vvTyLY6uA=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdEdTKgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gUUsFLH1UXwEO19DsHdyKTTxh4GP/z+HOef4MWdKO86nlVlZXVvfyG7mtrZ3dvfy+wd1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uJ3njHqVikbjVwxi9kPQECxgl2ljVQSdfcErOVPYyuHMoXH2N28Xv93Glk/9odyOahCg05USpluvE2kuJ1IxyHOXaicKY0AHpYcugICEqL50OOrJPjNO1g0iaJ7Q9dX93pCRUahj6pjIkuq8Ws4n5X9ZKdHDhpUzEiUZBZx8FCbd1ZE+2trtMItV8aIBQycysNu0TSag2t8mZI7iLKy9D/bTknpUuq06hXIaZsnAEx1AEF86hDDdQgRpQQHiAJ3i27qxH68V6nZVmrHnPIfyR9fYD73uRfw==</latexit>

l

<latexit sha1_base64="s/kJq7QjfJrnYN2yvZ1UKipAkTY=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEIOYUZEdSTAS8eEzALJEPo6dQkbXoWunuEMOQJPMSDIl59FB/Bm68heLezHDTxh4aP/6+iq8qLBVfatj+tzMrq2vpGdjO3tb2zu5ffP6irKJEMaywSkWx6VKHgIdY01wKbsUQaeAIb3uB6kjfuUSoehbd6GKMb0F7Ifc6oNlZVdPIFu2RPRZbBmUPh6mvcLn6/jyud/Ee7G7EkwFAzQZVqOXas3ZRKzZnAUa6dKIwpG9AetgyGNEDlptNBR+TEOF3iR9K8UJOp+7sjpYFSw8AzlQHVfbWYTcz/slai/Qs35WGcaAzZ7CM/EURHZLI16XKJTIuhAcokN7MS1qeSMm1ukzNHcBZXXob6ack5K11W7UK5DDNl4QiOoQgOnEMZbqACNWCA8ABP8GzdWY/Wi/U6K81Y855D+CPr7Qfw/5GA</latexit>

n

<latexit sha1_base64="jXXTGbGTgSVxjNXqk9QOXMhitLo=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoVdEdTKgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gUUsFLH1UXwEO19DsHdyKTTxh4GP/z+HOef4MWdKO86nlVlZXVvfyG7mtrZ3dvfy+wd1FSWSYo1GPJJNnyjkTGBNM82xGUskoc+x4Q+uJ3njHqVikbjVwxi9kPQECxgl2lhV0ckXnJIzlb0M7hwKV1/jdvH7fVzp5D/a3YgmIQpNOVGq5Tqx9lIiNaMcR7l2ojAmdEB62DIoSIjKS6eDjuwT43TtIJLmCW1P3d8dKQmVGoa+qQyJ7qvFbGL+l7USHVx4KRNxolHQ2UdBwm0d2ZOt7S6TSDUfGiBUMjOrTftEEqrNbXLmCO7iystQPy25Z6XLqlMol2GmLBzBMRTBhXMoww1UoAYUEB7gCZ6tO+vRerFeZ6UZa95zCH9kvf0A9AeRgg==</latexit>

m

<latexit sha1_base64="vvd/TverMJFsdlq5arQXuTRRYkA=">AAAB6HicbZDLSgMxFIYz9VbrrerSTbAIXZUZEdSVBTcuW7AXaIeSSc+0sUlmSDJCGfoELupCEbc+io/gztcQ3JteFtr6Q+Dj/88h55wg5kwb1/10Miura+sb2c3c1vbO7l5+/6Cuo0RRqNGIR6oZEA2cSagZZjg0YwVEBBwaweB6kjfuQWkWyVszjMEXpCdZyCgx1qqKTr7gltyp8DJ4cyhcfY3bxe/3caWT/2h3I5oIkIZyonXLc2Pjp0QZRjmMcu1EQ0zogPSgZVESAdpPp4OO8Il1ujiMlH3S4Kn7uyMlQuuhCGylIKavF7OJ+V/WSkx44adMxokBSWcfhQnHJsKTrXGXKaCGDy0QqpidFdM+UYQae5ucPYK3uPIy1E9L3lnpsuoWymU0UxYdoWNURB46R2V0gyqohigC9ICe0LNz5zw6L87rrDTjzHsO0R85bz/yg5GB</latexit>

o

<latexit sha1_base64="OUReyZhcDTclws0lV1TR7+bYpPw=">AAAB6HicbZDLSgMxFIYz9VbrrerSTbAIXZUZEdSVBTcuW7AXaIeSSc+0sZlkSDJCGfoELupCEbc+io/gztcQ3JteFtr6Q+Dj/88h55wg5kwb1/10Miura+sb2c3c1vbO7l5+/6CuZaIo1KjkUjUDooEzATXDDIdmrIBEAYdGMLie5I17UJpJcWuGMfgR6QkWMkqMtaqyky+4JXcqvAzeHApXX+N28ft9XOnkP9pdSZMIhKGcaN3y3Nj4KVGGUQ6jXDvREBM6ID1oWRQkAu2n00FH+MQ6XRxKZZ8weOr+7khJpPUwCmxlRExfL2YT87+slZjwwk+ZiBMDgs4+ChOOjcSTrXGXKaCGDy0QqpidFdM+UYQae5ucPYK3uPIy1E9L3lnpsuoWymU0UxYdoWNURB46R2V0gyqohigC9ICe0LNz5zw6L87rrDTjzHsO0R85bz/1i5GD</latexit>



Two approaches in TN

This talk

Hamiltonian approach Lagrangian approach

target 
system

quantum many-body 
system

Classical statistical system,
Path-integral rep. of quantum 
field theory

TN is used 
to express wave function partition function, path integral

combining 
with variational method coarse-graining (real-space 

renormalization group)



Working flow of Lagrangian approach

Target model in continuum space-time

Lattice model

Lattice regularization

Tensor network representation of Z

MC if no sign problem

Z �
�

[d�]e�S[�] =
�

..,i,j,k,l,..

· · · TijklTmnio · · ·
<latexit sha1_base64="aM0oG7AzM0R6pjjfGDynHn1GObw="></latexit>

？

T

<latexit sha1_base64="pzrgLWKPQa8ME9XyEIbg4ibSbD8=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0XoqiQiqCsLblxW6AuaUCbTSTt0MgnzEGrIN/QD3LhQxK2f4Ce48zcE907TLrT1wIXDOffOnXuChFGpHOfTWlldW9/YLGwVt3d290r2/kFLxlpg0sQxi0UnQJIwyklTUcVIJxEERQEj7WB0PfXbd0RIGvOGGifEj9CA05BipIzUs0uplz+SBkyTrJH17LJTdXLAZeLOSfnqa+JVvt8n9Z794fVjrCPCFWZIyq7rJMpPkVAUM5IVPS1JgvAIDUjXUI4iIv0035nBE6P0YRgLU1zBXP09kaJIynEUmM4IqaFc9Kbif15Xq/DCTylPtCIczxaFmkEVw2kKsE8FwYqNDUFYUPNXiIdIIKxMVkUTgrt48jJpnVbds+rlrVOu1cAMBXAEjkEFuOAc1MANqIMmwECDB/AEnq1769F6sV5nrSvWfOYQ/IH19gOrlpg4</latexit>

T
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Working flow of Lagrangian approach

Target model in continuum space-time

Lattice model

Lattice regularization

TN rep. of Z

MC if no sign problem

Z �
�

[d�]e�S[�] =
�

..,i,j,k,l,..

· · · TijklTmnio · · ·
<latexit sha1_base64="aM0oG7AzM0R6pjjfGDynHn1GObw="></latexit>

？

• Non-trivial step, but
• OK for scalar, gauge, and fermion fields 

as long as the interaction is local
• Scalar : Shimizu 2012, Sakai+ 2018
• Gauge: Meurice+ 2013, Nishimura+ 2021, Fukuma+ 2021
• Fermions: Shimizu+Kuramashi 2014



Working flow of Lagrangian approach

Target model in continuum space-time

Lattice model

Lattice regularization

TN rep. of Z For each model, tensor is prepared

MC if no sign problem

Z �
�

[d�]e�S[�] =
�

..,i,j,k,l,..

· · · TijklTmnio · · ·
<latexit sha1_base64="aM0oG7AzM0R6pjjfGDynHn1GObw="></latexit>

cost ∝𝜒!" for 1 � i, j, ... � �
<latexit sha1_base64="xuWxV2VBfqMLcPN26bWAgMNYC1Q=">AAAB/nicbZC7SgNBFIZnvcZ4Ww1WNoNBsAjLbhS0DNhYRjAXyC5hdnI2GTN7YWZWCEvAxjewFy0sFLH1Oex8Dx/AyaXQxB8GPv5zDufM7yecSWXbX8bC4tLyympuLb++sbm1be7s1mWcCgo1GvNYNH0igbMIaoopDs1EAAl9Dg2/fz6qN25ASBZHV2qQgBeSbsQCRonSVtvcc1wOmJWuS5Zl4RG7tMfaZtG27LHwPDhTKFYK3w/3d95TtW1+up2YpiFEinIiZcuxE+VlRChGOQzzbiohIbRPutDSGJEQpJeNzx/iQ+10cBAL/SKFx+7viYyEUg5CX3eGRPXkbG1k/ldrpSo48zIWJamCiE4WBSnHKsajLHCHCaCKDzQQKpi+FdMeEYQqnVheh+DMfnke6mXLObbKlzqNEzRRDu2jA3SEHHSKKugCVVENUZShR/SCXo1b49l4M94nrQvGdKaA/sj4+AGCxped</latexit>

Bond dimension



Working flow of Lagrangian approach

Target model in continuum space-time

Lattice model

Lattice regularization

TN rep. of Z For each model, tensor is prepared

MC if no sign problem

Coarse-graining like spin-blocking/real space renormalization group

Z �
�

i,j

T (n)
ijij

T (2)

i

jT
T (1)

<latexit sha1_base64="yLUJLYRilY6JHx9C+zYTyUzN4zE=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuJAyI1LdiAU3LqvYC7ZDyaSZNjTJDElGKKVv4FIFFbe+kQsfwzcw03ahrT8EPv7/HHLOCWLOtHHdLyezsLi0vJJdza2tb2xu5bd3ajpKFKFVEvFINQKsKWeSVg0znDZiRbEIOK0H/cs0r99TpVkkb80gpr7AXclCRrCx1s3deTtfcIvuWGgevCkULr5fUr1W2vnPViciiaDSEI61bnpubPwhVoYRTke5VqJpjEkfd2nTosSCan84nnSEDqzTQWGk7JMGjd3fHUMstB6IwFYKbHp6NkvNo0D8FzcTE575QybjxFBJJn+FCUcmQunmqMMUJYYPLGCimB0XkR5WmBh7n5y9gze79TzUjoteqVi6dgvlE5goC3uwD4fgwSmU4QoqUAUCITzAEzw70nl03pz3SWnGmfbswh85Hz+fsZLy</latexit>

Z =



Coarse-graining

Z �
�

i,j

T (n)
ijij

Information compression based on 
singular value decomposition (SVD)

T (2)

i

j
T (1)T

original
truncated SVD

many modes

less modes

SVD: Mab =
X

m

uam⇤m(v†)mb ⇡
kX

m=1

uam⇤m(v†)mb

<latexit sha1_base64="L9aRsOWlhmoRfe10Mx/P2JqAHNs="></latexit>

Tensor renormalization group (TRG)
PRL99,120601(2007)

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT

<latexit sha1_base64="yLUJLYRilY6JHx9C+zYTyUzN4zE=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuJAyI1LdiAU3LqvYC7ZDyaSZNjTJDElGKKVv4FIFFbe+kQsfwzcw03ahrT8EPv7/HHLOCWLOtHHdLyezsLi0vJJdza2tb2xu5bd3ajpKFKFVEvFINQKsKWeSVg0znDZiRbEIOK0H/cs0r99TpVkkb80gpr7AXclCRrCx1s3deTtfcIvuWGgevCkULr5fUr1W2vnPViciiaDSEI61bn pubPwhVoYRTke5VqJpjEkfd2nTosSCan84nnSEDqzTQWGk7JMGjd3fHUMstB6IwFYKbHp6NkvNo0D8FzcTE575QybjxFBJJn+FCUcmQunmqMMUJYYPLGCimB0XkR5WmBh7n5y9gze79TzUjoteqVi6dgvlE5goC3uwD4fgwSmU4QoqUAUCITzAEzw70nl03pz3SWnGmfbswh85Hz+fsZLy</latexit>

Z =

<latexit sha1_base64="polD7CWIaQ/HVmk4XBdWdU5GTZ4=">AAACEnicbZDLSsNAFIYnXmu9xctKN8EitJuQdFFdFty46KIFe4EmhMlk0g6dTMLMRCihT+DCja/ixoUi3bpy51v4CE4vQm39YeDjP+dw5vx+QomQlvWlra1vbG5t53byu3v7B4f60XFLxClHuIliGvOODwWmhOGmJJLiTsIxjHyK2/7gZlJv32MuSMzu5DDBbgR7jIQEQaksTy8VnZrqDqBnOT38y/YClxWbplny9IJlWlMZq2DPoVA9bXyPa2cPdU//dIIYpRFmElEoRNe2EulmkEuCKB7lnVTgBKIB7OGuQgYjLNxsetLIuFROYIQxV49JY+ouTmQwEmIY+aozgrIvlmsT879aN5XhtZsRlqQSMzRbFKbUkLExyccICMdI0qECiDhRfzVQH3KIpEoxr0Kwl09ehVbZtCtmpaHSsMBMOXAOLkAR2OAKVMEtqIMmQOARPINX8KY9aS/auzaeta5p85kT8Efaxw/7j59d</latexit>

(⇤0 � ⇤1 � ⇤2 � ...)



From tensor to physical quantity

field configuration

<latexit sha1_base64="4j7hffWxUCYzkNjczk1DNuaycM4=">AAAB73icbVA9SwNBEJ2LXzF+RS1tVoNgIeHOIlpJwMbCIoKXBHJH2NtskiW7e+funhCO/AZLtRFb/4uWFv4bNx+FJj4YeLw3w8y8KOFMG9f9dnJLyyura/n1wsbm1vZOcXevruNUEeqTmMeqGWFNOZPUN8xw2kwUxSLitBENrsZ+44EqzWJ5Z4YJDQXuSdZlBBsr+UHmB6N2seSW3QnQIvFmpFQ9vPmw+Ky1i19BJyapoNIQjrVueW5iwgwrwwino0KQappgMsA92rJUYkF1mE2OHaFjq3RQN1a2pEET9fdEhoXWQxHZToFNX897Y/E0Ev/ZrdR0L8KMySQ1VJLprm7KkYnR+HnUYYoSw4eWYKKYPReRPlaYGBtRwebgzX+9SOpnZa9SrtzaQC5hijwcwBGcgAfnUIVrqIEPBBg8wjO8OPfOk/PqvE1bc85sZh/+wHn/ARjclGs=</latexit>

{U}

Thermo-dynamic quantities

Energy spectrum

Entanglement entropy
coarse-grained tensor

<latexit sha1_base64="v2La85NxRk9y65C2EkY9bbQI3PU=">AAACDnicbZC7TsMwFIadcivhVmCEwQIhMaAqYShdkFpYGEG0pVISRY7rUAvbiWwHqUSVGBl5EgYGYEGsvAADEg+DexmA8kuWPv3nHB2fP0oZVdpxPq3C1PTM7Fxx3l5YXFpeKa2utVSSSUyaOGGJbEdIEUYFaWqqGWmnkiAeMXIRXR0P6hfXRCqaiIbupSTg6FLQmGKkjRWWts7D+qGd+5LDhux7ti+7SViHPhNwhHYQlradsjMUnAR3DNu1zZuv+dvHo9Ow9OF3EpxxIjRmSCnPdVId5Ehqihnp236mSIrwFboknkGBOFFBPrylD3eM04FxIs0TGg7dnxM54kr1eGQ6OdJd9bc2MPci/l/Zy3RcDXIq0kwTgUe74oxBncBBNrBDJcGa9QwgLKn5LsRdJBHWJkHb5OD+vXoSWvtlt1KunJlAqmCkItgAW2AXuOAA1MAJOAVNgMEdeADP4MW6t56sV+tt1FqwxjPr4Jes929ffp1X</latexit>

SA = Tr[⇢A ln ⇢A]

<latexit sha1_base64="/Om829AYj97P9kDBoLcntVXnn7Q=">AAACE3icbZBLSwMxFIUz9VXHV9Wlm2gpupAy46K6koIbF4IV7AM6tdxJ0zY0kxmSjFCG/gSX/hKX6kZc2qUL/43pQ9DWA4GPc25I7vEjzpR2nC8rtbC4tLySXrXX1jc2tzLbOxUVxpLQMgl5KGs+KMqZoGXNNKe1SFIIfE6rfu9ilFfvqVQsFLe6H9FGAB3B2oyANlYzc+hxEB1O7cQjwPH1wM790J3Xgo7tyXHezGSdvDMWngd3Ctni/tWH0bDUzHx6rZDEARWacFCq7jqRbiQgNSOcDmwvVjQC0oMOrRsUEFDVSMYLDXDOOC3cDqU5QuOx+/tGAoFS/cA3kwHorprNRuaxH/wX12PdPmskTESxpoJM3mrHHOsQjwrCLSYp0bxvAIhk5ruYdEEC0aZG2/Tgzm49D5WTvFvIF25MIedoojTaQwfoCLnoFBXRJSqhMiLoAT2hF/RqPVrP1pv1PhlNWdM7u+iPrOE3Vtehng==</latexit>

hOi  0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 1.6  1.8  2  2.2  2.4  2.6  2.8  3

Sp
ec

ifi
c 

he
at

T

 

L=4
L=16
L=64

L=1024

…
…

MC

TN



Thermo-dynamic quantities

Energy spectrum

Entanglement entropy
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SA = Tr[⇢A ln ⇢A]
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field configuration
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{U}

coarse-grained tensor

MC

TN

From tensor to physical quantity



What can TN do?

n Solving sign problem
n Spectroscopy
n Entanglement Entropy

Check out talks this afternoon (1st session)
• Akiyama: 1+1D gauge-higgs + θ
• Yosprakob: 3D Yang-Mills
• Pai: 1+1D two-color QCD + μ
• Tanaka: Entanglement Entropy with TN



TN study for systems with sign problem
2D system

n Gross-Neveu model + μ ST+Yoshimura PTEP043B01(2015)
n Hubbard model Akiyama+Kuramashi PRD104(2021)014504
n Two-color QCD + μ Pai+Akiyama+Todo arXiv:2410.09485

3D 
n Hubbard model Akiyama+Kuramashi+Yamashita PTEP(2022)023I01
n SU(2) principle chiral Akiyama+Jha+Unmuth-Yockey PRD110,034519(2024)

4D 
n Complex φ4 + μ Akiyama+ JHEP09(2020)177
n NJL model Akiyama+Kuramashi+ JHEP01(2021)121
n Z2 gauge-Higgs + μ Akiyama+Kuramashi JHEP05(2022)102
n Z3 gauge-Higgs + μ Akiyama+Kuramashi JHEP10(2023)077

2D 
n QED2 + θ Shimizu+Kuramashi PRD90,074503(2014), Kanno+ Lattice 2024
n CP(1) + θ Kawauchi+ST PRD93,114503(2016), Aizawa+ST Lattice 2024
n U(1) gauge-higgs + θ Akiyama+Kuramashi JHEP09(2024)086

2D 
n φ4 ST Lattice 2019 & 2021

finite density

θ term

real-time



2d CP(1) model toy model of QCD

• asymptotic free
• confinement
• instanton

U(1) auxiliary field

<latexit sha1_base64="2Nl+PdNSE0Ui1rqpZbZnE31quTs="></latexit>

S =

Z
d2x

✓
�|Dµz|2 + i

✓

2⇡
✏µ⌫@µA⌫

◆
continuum

<latexit sha1_base64="vG1iR2VPDIVB9f4OG6CEg7rVQLI=">AAAB+XicbVDLSsNAFL3xWesr6lIXwSK4KkmR6s5CNy4r2Ac0sUymk3boZBJmJpUa+iPixoUi7sQ/cefPiJO2C209MHA4517umePHjEpl21/G0vLK6tp6biO/ubW9s2vu7TdklAhM6jhikWj5SBJGOakrqhhpxYKg0Gek6Q+qmd8cEiFpxG/UKCZeiHqcBhQjpaWOad67lLshUn3fT6vj21LHLNhFewJrkTgzUrj8Prp7GNTeax3z0+1GOAkJV5ghKduOHSsvRUJRzMg47yaSxAgPUI+0NeUoJNJLJ8nH1olWulYQCf24sibq740UhVKOQl9PZhnlvJeJ/3ntRAUXXkp5nCjC8fRQkDBLRVZWg9WlgmDFRpogLKjOauE+EggrXVZel+DMf3mRNEpFp1wsX9uFyhlMkYNDOIZTcOAcKnAFNagDhiE8wjO8GKnxZLwab9PRJWO2cwB/YHz8AKeal1w=</latexit>

z 2 C2
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|z|2 =
2X

a=1

z⇤aza = 1

on the lattice
<latexit sha1_base64="8m5dSk7nkpVpTtaS4J6WNMpeje4="></latexit>

Slat = �2�
X

x,µ

⇥
z†(x)z(x+ µ̂)Uµ(x) + (c.c.)

⇤
� i

✓

2⇡

X

x

q(x)

mod 2π

sign problem!
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2 C
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Uµ = eiAµ

plaquette loop



Phase structure
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Seiberg 1984

Strong coupling limit
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Phase structure
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Phase structure
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Phase structure

�0

1st PT

2nd PT

Haldane’s conjecture : mass gap of O(3) vanishes at θ=π
≅CP(1)Haldane 1983

� � 1/g

Wess+Zumino 1971, Novikov 1981, Witten 1984

�

2�

�

expected universality class : 𝑘 = 1 SU(2) WZNWAffleck+Haldane 1987
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Tensor network study

n Using better initial tensor
n Previous studies use character expansion which has a bad 

convergence!
n Using quadrature scheme to improve the initial tensor

n New analysis based on CFT

We make two improvements

transfer matrix

time

space ⇒
EV of TM

central charge scaling dimension

⇒ <latexit sha1_base64="gIjbAfxowKph4gSqF/DDfYeISmY=">AAACCXicbVC7TsMwFHXKq4RXgJHFokIqA1UCqLAgVWJhLBJ9SE0UOY7TWnWcyHaQqqgrA+z8ACsLAwix8gdsfAD/gdsyQMuRLB2dcx++J0gZlcq2P43C3PzC4lJx2VxZXVvfsDa3mjLJBCYNnLBEtAMkCaOcNBRVjLRTQVAcMNIK+ucjv3VNhKQJv1KDlHgx6nIaUYyUlnwL4jPTjQTCeXWYuykdmi5LumWX6REh8u193yrZFXsMOEucH1KqHTw0779uj+q+9eGGCc5iwhVmSMqOY6fKy5FQFDOi52eSpAj3UZd0NOUoJtLLx5cM4Z5WQhglQj+u4Fj93ZGjWMpBHOjKGKmenPZG4n9eJ1PRqZdTnmaKcDxZFGUMqgSOYoEhFQQrNtAEYUH1XyHuIZ2L0uGZOgRn+uRZ0jysONVK9VKncQwmKIIdsAvKwAEnoAYuQB00AAY34BE8gxfjzngyXo23SWnB+OnZBn9gvH8DwhOcxA==</latexit>

c =
6

⇡
log(�0)

<latexit sha1_base64="ABraQ+qGffL/mlSTMuoQZ9FnzNU="></latexit>

xi = hi + h̄i =
1

2⇡
log

✓
�0

�i

◆

⇒

conformal weight

<latexit sha1_base64="GGwBTRnHuaM8k3rq7nSgfIeGQKI=">AAACB3icbVDLSsNAFJ34rPWV6lKQoUVwFRKR6rLgxmVF+4Amhslk0g6dTMLMRCihOzf9FTcuFHHrL7jzb5y0FbT1wMC559zLnXuClFGpbPvLWFldW9/YLG2Vt3d29/bNykFbJpnApIUTlohugCRhlJOWooqRbioIigNGOsHwqvA7D0RImvA7NUqJF6M+pxHFSGnJN49dpptD5NvQ7RP4UzlFYVmWb9Zsy54CLhNnTmoNM7qfVG8rTd/8dMMEZzHhCjMkZc+xU+XlSCiKGRmX3UySFOEh6pOephzFRHr59I4xPNFKCKNE6McVnKq/J3IUSzmKA90ZIzWQi14h/uf1MhVdejnlaaYIx7NFUcagSmARCgypIFixkSYIC6r/CvEACYSVjq6sQ3AWT14m7TPLqVv1G53GOZihBI5AFZwCB1yABrgGTdACGDyCJ/ACXo2J8Wy8Ge+z1hVjPnMI/sD4+AY27pnG</latexit>

�0 � �1 � ...

Gu+Wen 2009

Aizawa+ST Lattice 2024

<latexit sha1_base64="iC7m9/miU6/Oci+P0zmb2upwWYM=">AAAB93icbVDLSsNAFJ34rPVVdSO4GSxChRCSKtWNUHDjsoJ9QBvKZDpph85M4sxECKHf4VLdiFs/xoV/4zTtQlsPXDiccy/33hPEjCrtut/Wyura+sZmYau4vbO7t186OGypKJGYNHHEItkJkCKMCtLUVDPSiSVBPGCkHYxvp377iUhFI/Gg05j4HA0FDSlG2kh+hd54dtW+sB3HOe+Xyq7j5oDLxJuTcv04zNHol756gwgnnAiNGVKq67mx9jMkNcWMTIq9RJEY4TEakq6hAnGi/Cw/egLPjDKAYSRNCQ1z9fdEhrhSKQ9MJ0d6pBa9qWgH/D+7m+jw2s+oiBNNBJ7tChMGdQSnIcABlQRrlhqCsKTmXIhHSCKsTVRFk4O3+PUyaVUdr+bU7k0gl2CGAjgBp6ACPHAF6uAONEATYPAInsEreLNS68V6tz5mrSvWfOYI/IH1+QOUNZNZ</latexit>

(i = 1, 2, 3, ...)

<latexit sha1_base64="mMeBZhZMYHF4tZUyEe5efm4q4UU=">AAACAXicbVC7SgNBFL0bXzG+omIhNoNBsJCwKxLFKmBjGcE8ILuE2dlJMmRmd5mZFcKSysLWXwikURux9Tss/Bsnj0ITDwwczrmXOff4MWdK2/a3lVlaXlldy67nNja3tnfyu3s1FSWS0CqJeCQbPlaUs5BWNdOcNmJJsfA5rfu9m7Fff6BSsSi81/2YegJ3QtZmBGsjtfIHLgs1Cty4y5CrI+SqRLSMXrCL9gRokTgzUihfHw6fRqPnSiv/5QYRSQQNNeFYqaZjx9pLsdSMcDrIuYmiMSY93KFNQ0MsqPLSSfwBOjFKgNqRNM+Emai/N1IslOoL30wKrLtq3huLZ774z24mun3lpSyME01DMv2rnXBkTh3XgQImKdG8bwgmkpm4iHSxxESb0nKmB2f+6kVSOy86pWLpzhRyAVNk4QiO4RQcuIQy3EIFqkAghSG8wpv1aL1Y79bHdDRjzXb24Q+szx92qJnb</latexit>Z
d� !

X

n

coarse-grained tensor



✓ = ⇡

<latexit sha1_base64="CWobWL+pOQ9dDdNgm3qUq6pZg8g=">AAAB9HicbVDLSsNAFJ3UV62vqks3g0VwISWRgroQC25cVrAPbEKZTCft0MkkzNwUSuhfuFHUjbj1b1z4Gf6Bk7YLbT1w4XDOvdx7jx8LrsG2v6zc0vLK6lp+vbCxubW9U9zda+goUZTVaSQi1fKJZoJLVgcOgrVixUjoC9b0B9eZ3xwypXkk72AUMy8kPckDTgkY6d6FPgNy6ca8UyzZZXsCvEicGSldfT9meKp1ip9uN6JJyCRQQbRuO3YMXkoUcCrYuOAmmsWEDkiPtQ2VJGTaSycXj/GRUbo4iJQpCXii/p5ISaj1KPRNZ0igr+e9TDzxw//sdgLBuZdyGSfAJJ3uChKBIcJZArjLFaMgRoYQqrg5F9M+UYSCyalgcnDmv14kjdOyUylf3NqlagVNkUcH6BAdIwedoSq6QTVURxRJ9IBe0Ks1tJ6tN+t92pqzZjP76A+sjx/j05aQ</latexit>

<latexit sha1_base64="e851zMT0EuMZGBQnkXDtNtkRxD4=">AAAB73icbVDLSgNBEOyNrxhf0Ry9DAbBU9gNEnMRAl48RjAPSJYwO5lNhszOrjOzwrLk6A+I4EFR8ebvePM//AAnj4MmFjQUVd10d3kRZ0rb9peVWVldW9/Ibua2tnd29/L7B00VxpLQBgl5KNseVpQzQRuaaU7bkaQ48DhteaOLid+6pVKxUFzrJKJugAeC+YxgbaR2lwzZuVOu9vJFu2RPgZaJMyfFWuH79eHOfa/38p/dfkjigApNOFaq49iRdlMsNSOcjnPdWNEIkxEe0I6hAgdUuen03jE6Nkof+aE0JTSaqr8nUhwolQSe6QywHqpFbyL+53Vi7VfdlIko1lSQ2SI/5kiHaPI86jNJieaJIZhIZm5FZIglJtpElDMhOIsvL5NmueRUSpUrk8YpzJCFQziCE3DgDGpwCXVoAAEO9/AEz9aN9Wi9WG+z1ow1nynAH1gfPz7Jkyk=</latexit>

� = 128

Bond weighted TRG
<latexit sha1_base64="h1xRjk9IVhVdq/NSOfRqrdtzE9U=">AAAB7XicbVDLSgNBEOz1EWN8RT0KMiQIXlx2xUQvQsCLxwjmIckSZiezyZjZ2WVmVghL/sGLB0W8ePB/vPkvHpw8DppY0FBUddPd5cecKe04X9bS8spqZi27ntvY3Nreye/u1VWUSEJrJOKRbPpYUc4ErWmmOW3GkuLQ57ThD67GfuOBSsUicauHMfVC3BMsYARrI9UHlyeOXerki47tTIAWiTsjxUqmcPh+V/qudvKf7W5EkpAKTThWquU6sfZSLDUjnI5y7UTRGJMB7tGWoQKHVHnp5NoROjJKFwWRNCU0mqi/J1IcKjUMfdMZYt1X895Y/M9rJTq48FIm4kRTQaaLgoQjHaHx66jLJCWaDw3BRDJzKyJ9LDHRJqCcCcGdf3mR1E9tt2yXb0waZzBFFg6gAMfgwjlU4BqqUAMC9/AIz/BiRdaT9Wq9TVuXrNnMPvyB9fEDq1yQyg==</latexit>

k = �0.5

critical

<latexit sha1_base64="RF6Hj6HWeOLemj64hq9TecRKVz8=">AAAB6nicbZDLSgMxFIbP1Futt6pLN8EiuCozItWNWHDjsqK9QDuUTJppQ5PMkGSEMvQR3LhQqlufyJ2P4RuYabvQ1h8CH/9/DjnnBDFn2rjul5NbWV1b38hvFra2d3b3ivsHDR0litA6iXikWgHWlDNJ64YZTluxolgEnDaD4U2WNx+p0iySD2YUU1/gvmQhI9hY655ced1iyS27U6Fl8OZQuv6eZHqrdYufnV5EEkGlIRxr3fbc2PgpVoYRTseFTqJpjMkQ92nbosSCaj+djjpGJ9bpoTBS9kmDpu7vjhQLrUcisJUCm4FezDLzv6ydmPDST5mME0MlmX0UJhyZCGV7ox5TlBg+soCJYnZWRAZYYWLsdQr2CN7iysvQOCt7lXLlzi1Vz2GmPBzBMZyCBxdQhVuoQR0I9OEJXuDV4c6zM3HeZ6U5Z95zCH/kfPwAI+eSKQ==</latexit>

c = 1 ⇔ free boson CFT

Central charge Scaling dimension

1st PT 2nd PT

<latexit sha1_base64="fcEtAYO+jjAba6vDDdZ8Rqe542U=">AAAB53icbZDLSsNAFIZPvNZ4q27dBIvgQkoiUt1ZcOOygr1AG8pketoOnZmEmYlQQp/ApbqwW5/JhY/hGzhpu9DWHwY+/v8c5pwTJZxp4/tfztr6xubWdmHH3d3bPzgsukcNHaeKYp3GPFatiGjkTGLdMMOxlSgkIuLYjEZ3ed58QqVZLB/NOMFQkIFkfUaJsdaD3y2W/LI/k7cKwQJKt9/vuaa1bvGz04tpKlAayonW7cBPTJgRZRjlOHE7qcaE0BEZYNuiJAJ1mM0GnXhn1ul5/VjZJ403c393ZERoPRaRrRTEDPVylpsXkfgvbqemfxNmTCapQUnnf/VT7pnYyxf3ekwhNXxsgVDF7LgeHRJFqLHnce0dguWtV6FxWQ4q5UqpegVzFeAETuEcAriGKtxDDepAAeEZXuHNEc6LM50XrjmLjmP4I+fjB1xZkVg=</latexit>

0

<latexit sha1_base64="RJiaIsLZ43RGlaUfzv8KMcFNe64=">AAAB8XicbZDLSsNAFIYn9VbrrerSTbAIrkoiUt2IBTcuK9gLNqFMpqft0MkkzJwIJfQt3FRQxK1v487H8A2ctF1o6w8DH/9/DnPOCWLBNTrOl5VbWV1b38hvFra2d3b3ivsHDR0likGdRSJSrYBqEFxCHTkKaMUKaBgIaAbDmyxvPoLSPJL3OIrBD2lf8h5nFI314OEAkF55Me8US07ZmcpeBncOpevvSabnWqf46XUjloQgkQmqddt1YvRTqpAzAeOCl2iIKRvSPrQNShqC9tPpxGP7xDhduxcp8yTaU/d3R0pDrUdhYCpDigO9mGXmf1k7wd6ln3IZJwiSzT7qJcLGyM7Wt7tcAUMxMkCZ4mZWmw2oogzNkQrmCO7iysvQOCu7lXLlzilVz8lMeXJEjskpcckFqZJbUiN1wogkT+SFvFramlhv1vusNGfNew7JH1kfP+A2lYI=</latexit>

✓ = ⇡

<latexit sha1_base64="K1sDODo2oCRwhPwDS32f4CUVMww=">AAAB7HicbVA9SwNBEJ2LXzF+RVPaHAbBKtyJRMuAjWUELwkkR9jb7CVL9vaO3TkhHCmtbVIoIoKFP8jO/+EPcPNRaOKDgcd7M8zMCxLBNTrOl5VbW9/Y3MpvF3Z29/YPiodHDR2nijKPxiJWrYBoJrhkHnIUrJUoRqJAsGYwvJ76zXumNI/lHY4S5kekL3nIKUEjeZ2AIekWy07FmcFeJe6ClGul77fJg/9e7xY/O72YphGTSAXRuu06CfoZUcipYONCJ9UsIXRI+qxtqCQR0342O3ZsnxqlZ4exMiXRnqm/JzISaT2KAtMZERzoZW8q/ue1Uwyv/IzLJEUm6XxRmAobY3v6ud3jilEUI0MIVdzcatMBUYSiyadgQnCXX14ljfOKW61Ub00aFzBHHo7hBM7AhUuowQ3UwQMKHB7hCZ4taU2sF+t13pqzFjMl+APr4wcgN5Kb</latexit>

�

singlet

triplet

quartet

⇔ k=1 SU(2) WZNW

<latexit sha1_base64="069gNsFotWlbBiWUD+twpywSGvA=">AAACCnicbVDLSsNAFJ34rPUVdelmtAhuLElbqhuh4MZlBfuApoTJdNIOnWTCzERaQtaCuPYHXLtxoYhbv8CdH+B/OH0stPXAgcM59zJzjxcxKpVlfRkLi0vLK6uZtez6xubWtrmzW5c8FpjUMGdcND0kCaMhqSmqGGlGgqDAY6Th9S9GeeOGCEl5eK2GEWkHqBtSn2KktOWaBwPXPh+4Bc2iZslBUST4wPEFwomdJoXUNXNW3hoDzgt7KnKVk8f6w/ddseqan06H4zggocIMSdmyrUi1EyQUxYykWSeWJEK4j7qkpWWIAiLbyfiUFB5ppwN9LjRDBcfu740EBVIOA09PBkj15Gw2Mv/LWrHyz9oJDaNYkRBPHvJjBhWHo15ghwqCFRtqgbCg+q8Q95BuQen2sroEe/bkeVEv5O1yvnyl2yiBCTJgHxyCY2CDU1ABl6AKagCDW/AEXsCrcW88G2/G+2R0wZju7IE/MD5+AD3enao=</latexit>

x1 = x2 = x3 = x4 ⇡ 1

2

<latexit sha1_base64="a+5MI3j12FRf43SeVVtpTBwpSFs=">AAAB8nicbZDLSgMxFIYzXmu9VV26CRbB1TAjUt1ZcOOygr3AdCiZNNOGZiYhOSOW0sdwYReKuPVp3PkYvoGZtgtt/SHw8f/nkHNOpAQ34Hlfzsrq2vrGZmGruL2zu7dfOjhsGJlpyupUCqlbETFM8JTVgYNgLaUZSSLBmtHgJs+bD0wbLtN7GCoWJqSX8phTAtYK2kQpLR+x51Y6pbLnelPhZfDnUL7+fs41qXVKn+2upFnCUqCCGBP4noJwRDRwKti42M4MU4QOSI8FFlOSMBOOpiOP8al1ujiW2r4U8NT93TEiiTHDJLKVCYG+Wcxy878syCC+Ckc8VRmwlM4+ijOBQeJ8f9zlmlEQQwuEam5nxbRPNKFgr1S0R/AXV16GxrnrV9zKnVeuXqCZCugYnaAz5KNLVEW3qIbqiCKJntALenXAmThvzvusdMWZ9xyhP3I+fgCwwZVS</latexit>

⇡ 0.6

Adachi+Okubo+Todo 2021



Spectroscopy using TN



Spectroscopy with MC

2013 snowmass report

<latexit sha1_base64="J/CWFxvNIlaIqaDuUG4acHZknZo="></latexit>D
Ô

†(t)Ô(0)
E
=

1X

n=0

|h⌦|Ô(0)|ni|2e�!nt

Energy spectrum

Hadron spectrum



Spectroscopy with MC

2013 snowmass report

• Need large time extent and 
time separation 𝑡

• Need large statistics to 
extract higher excited states

Problems:

<latexit sha1_base64="J/CWFxvNIlaIqaDuUG4acHZknZo="></latexit>D
Ô

†(t)Ô(0)
E
=

1X

n=0

|h⌦|Ô(0)|ni|2e�!nt

Hadron spectrum



Spectroscopy with MC

2013 snowmass report

• Need large time extent and 
time separation 𝑡

• Need large statistics to 
extract higher excited states

Problems:

<latexit sha1_base64="J/CWFxvNIlaIqaDuUG4acHZknZo="></latexit>D
Ô

†(t)Ô(0)
E
=

1X

n=0

|h⌦|Ô(0)|ni|2e�!nt

TN can solve it

TN has no signal-to-ratio issue
Hadron spectrum



Tensor network + Transfer matrix
TN rep. of transfer matrix

coarse-graining
EVD

=
Get spectrum!

<latexit sha1_base64="3tfdKRL340MKro+r8JQQhZQdiGc=">AAACAnicbVC7SgNBFJ2NrxhfUcHGZjAIFhp2LaKVBmwsI7hJIC9mJ3eTITOzy8ysENZ0foml2oitv2Hhb/gFTh6FRg9cOJxzL/feE8ScaeO6n05mYXFpeSW7mltb39jcym/vVHWUKAo+jXik6gHRwJkE3zDDoR4rICLgUAsGV2O/dgdKs0jemmEMLUF6koWMEmOlTn7Px9BOT5qRgB7pyBH2280u6XXyBbfoToD/Em9GCpdf4QSVTv6j2Y1oIkAayonWDc+NTSslyjDKYZRrJhpiQgekBw1LJRGgW+nk/hE+tEoXh5GyJQ2eqD8nUiK0HorAdgpi+nreG4vHgfjPbiQmPG+lTMaJAUmnu8KEYxPhcR64yxRQw4eWEKqYPRfTPlGEGptazubgzX/9l1RPi16pWLpxC+ULNEUW7aMDdIQ8dIbK6BpVkI8oukeP6Bm9OA/Ok/PqvE1bM85sZhf9gvP+DeImmhY=</latexit>

Ue�!nU†

It is easy to get spectrum, but quantum number of 
each energy eigenstate ⟩|𝑛 is not known in advance

How to determine the quantum number of ⟩|𝑛 ?

<latexit sha1_base64="8ir+KVAe7eh0uppEirk7KUmWoXM=">AAAB9XicbVDLSgNBEOyNrxhfUS+Cl8UgRJCwKxK9CAEv3oxgHrAJYXYymwyZxzIzq4Qln+FRvYhXv8aDf+Nkk4NGCxqKqm66u8KYUW0878vJLS2vrK7l1wsbm1vbO8XdvaaWicKkgSWTqh0iTRgVpGGoYaQdK4J4yEgrHF1P/dYDUZpKcW/GMelyNBA0ohgZKwUdPKRXt2Xf8056xZJX8TK4f4k/J6XaQZSh3it+dvoSJ5wIgxnSOvC92HRTpAzFjEwKnUSTGOERGpDAUoE40d00O3niHlul70ZS2RLGzdSfEyniWo95aDs5MkO96E3F05D/ZweJiS67KRVxYojAs11Rwlwj3WkEbp8qgg0bW4KwovZcFw+RQtjYoAo2B3/x67+keVbxq5XqnQ3kHGbIwyEcQRl8uIAa3EAdGoBBwhO8wKvz6Dw7b877rDXnzGf24Recj2/iWZOo</latexit>

� = O(100)



Selection rule + Matrix elements
A discrete symmetry (Z2 for Ising model) derives

<latexit sha1_base64="iVKqBOZaKBYP4zlsMQ0vlXTTdWY=">AAAB8nicbVBNSwMxEM3Wr1q/ql4EL8EiVJCyK1K9CAUvHivYD2iXkk2zbWiSXZNZoSz9Ex7Vi3j173jw35hue9DWBwOP92aYmRfEghtw3W8nt7K6tr6R3yxsbe/s7hX3D5omSjRlDRqJSLcDYpjgijWAg2DtWDMiA8Faweh26reemDY8Ug8wjpkvyUDxkFMCVmqXH2+6sfTOesWSW3Ez4GXizUmpdhRmqPeKX91+RBPJFFBBjOl4bgx+SjRwKtik0E0MiwkdkQHrWKqIZMZPs3sn+NQqfRxG2pYCnKm/J1IijRnLwHZKAkOz6E3F80D+Z3cSCK/9lKs4AabobFeYCAwRnv6P+1wzCmJsCaGa23MxHRJNKNiUCjYHb/HrZdK8qHjVSvXeBnKJZsijY3SCyshDV6iG7lAdNRBFAj2jV/TmgPPivDsfs9acM585RH/gfP4Ahp6S9Q==</latexit>

(q = ±1)

Thus, if

<latexit sha1_base64="RlnIoNyokvsQh8gxZBlpBGooS4A="></latexit>

(qnqO � 1)h⌦|O|ni = 0

<latexit sha1_base64="C7KlzlP2ZBaSAJZMsgsoy6Ymap0=">AAACEnicbVA9SwNBEN3z2/gVtbRZFcVCwp2FWolgYyEkgolCLoS5zSRZ3N07d/eEcOYfWPpLLNVGbGNp4b9xk1ho9MHA470ZZuZFieDG+v6nNzY+MTk1PTObm5tfWFzKL69UTJxqhmUWi1hfRWBQcIVly63Aq0QjyEjgZXR90vcvb1EbHqsL20mwJqGleJMzsE6q57dDAaolkIZFiS2gd1nIQNBi906FeuCECm/8en7TL/gD0L8k+Cabx+tnPYf3Uj3/ETZilkpUlgkwphr4ia1loC1nAru5MDWYALuGFlYdVSDR1LLBP1265ZQGbcbalbJ0oP6cyEAa05GR65Rg22bU64u7kfzPrqa2eVjLuEpSi4oNdzVTQW1M+/nQBtfIrOg4Akxzdy5lbdDArEsx53IIRr/+Syp7hWC/sH/uAjkiQ8yQNbJBdkhADsgxOSUlUiaM3JNH8kxevAfvyXv13oatY973zCr5Ba/3BSh/ojM=</latexit>

h⌦|O|ni 6= 0
<latexit sha1_base64="r1QeshAj81AnWKJJz6Jg9pR4TfI=">AAAB8XicbVC7SgNBFL0bXzE+ErVMsxgECwm7FtFCJWBjZwTzgGQJs5PZZMjM7GZmVghLPsJSbcTW0m+x8ANs8w1OHoUmHrhwOOde7r3HjxhV2nG+rNTK6tr6Rnozs7W9s5vN7e3XVBhLTKo4ZKFs+EgRRgWpaqoZaUSSIO4zUvf71xO//kCkoqG418OIeBx1BQ0oRtpI9UFbXA7at+1cwSk6U9jLxJ2TQjk/HmcvPr4r7dxnqxPimBOhMUNKNV0n0l6CpKaYkVGmFSsSIdxHXdI0VCBOlJdMzx3ZR0bp2EEoTQltT9XfEwniSg25bzo50j216E3EE5//ZzdjHZx7CRVRrInAs11BzGwd2pP37Q6VBGs2NARhSc25Nu4hibA2IWVMDu7i18ukdlp0S8XSnQnkCmZIQx4O4RhcOIMy3EAFqoChD4/wDC+Wsp6sV+tt1pqy5jMH8AfW+w+JN5SE</latexit>qn = qO

TN rep.

The impurity TN can be 
evaluated by coarse-graining

<latexit sha1_base64="oO4mZUeCF1gpi3GrtkqB41juH7c=">AAAB8nicbZC7SgNBFIbPxluMt6ilzWAQLCTsWkQrDdjYGcFcIFnC7GQ2GTI7u8ycFcKSl7BUG7H1dSx8DZ/AyaXQxB8GPv7/HOacEyRSGHTdLye3srq2vpHfLGxt7+zuFfcPGiZONeN1FstYtwJquBSK11Gg5K1EcxoFkjeD4c0kbz5ybUSsHnCUcD+ifSVCwShaq5V1GJXkbtwtltyyOxVZBm8OpevvcKpat/jZ6cUsjbhCJqkxbc9N0M+oRsEkHxc6qeEJZUPa522Likbc+Nl03jE5sU6PhLG2TyGZur87MhoZM4oCWxlRHJjFbGKeBdF/cTvF8NLPhEpS5IrN/gpTSTAmk/1JT2jOUI4sUKaFHZewAdWUob1Swd7BW9x6GRrnZa9Srty7peoVzJSHIziGU/DgAqpwCzWoAwMJT/ACrw46z86b8z4rzTnznkP4I+fjB4dClGI=</latexit>

O

Fathiyya+ST+Yamazaki 2023

e.g. HOTRG
Xie+ 2012
Kawashima+Morita 2019

knownunknown



Spectroscopy for 1+1dim Ising
L = 64

<latexit sha1_base64="bfC1xCFZ5KDQqFZAQkffI52paVk=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuJAyI8XLQiy4ceGigr1AO5RMmmlDk8yQZIRS+gouvYG49YVc+Bi+gZm2C239IfDx/+eQc04Qc6aN6345mYXFpeWV7GpubX1jcyu/vVPTUaIIrZKIR6oRYE05k7RqmOG0ESuKRcBpPehfpXn9nirNInlnBjH1Be5KFjKCTWrdXJyU2vmCW3THQvPgTaFw+f2S6rXSzn+2OhFJBJWGcKx103Nj4w+xMoxwOsq1Ek1jTPq4S5sWJRZU+8PxrCN0YJ0OCiNlnzRo7P7uGGKh9UAEtlJg09OzWWoeBeK/uJmY8MwfMhknhkoy+StMODIRSndHHaYoMXxgARPF7LiI9LDCxNgL5ewdvNmt56F2XPRKxfNbt1AuwURZ2IN9OAQPTqEM11CBKhDowQM8wbMTO4/Om/M+Kc04055d+CPn4wd3oJNj</latexit>

� = 80

<latexit sha1_base64="JTOXf5TNLdazLrGJgpyLt04NZlw=">AAAB8XicbVDLSgNBEOz1GeMrmqOXwSB4kLArAeNBCHjxGME8IFnC7GQ2GTIzu8zMCmHJ0Q8QvKgHJVe/x4P/4Qc4eRw0saChqOqmuyuIOdPGdb+cldW19Y3NzFZ2e2d3bz93cFjXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcT/zGPVWaRfLODGPqC9yTLGQEGys12qTPrspuJ1dwi+4UaJl4c1Ko5L/fnh78cbWT+2x3I5IIKg3hWOuW58bGT7EyjHA6yrYTTWNMBrhHW5ZKLKj20+m5I3RilS4KI2VLGjRVf0+kWGg9FIHtFNj09aI3Ec8C8Z/dSkxY9lMm48RQSWa7woQjE6HJ+6jLFCWGDy3BRDF7LiJ9rDAxNqSszcFb/HqZ1M+LXql4eWsDKcEMGTiCYzgFDy6gAjdQhRoQGMAjvMCro51n590Zz1pXnPlMHv7A+fgBxoGT+g==</latexit>

T = 2.44 > Tc

<latexit sha1_base64="UcK/w6p4Odso1CwRXflbjjFSSlI=">AAAB/HicbVDLSsNAFJ3UV62vVJduhhbBhYSkBNSFUnDjsmJf0MYwmU7aoTNJmJkUSqh7/8GluhG3/okL/8bpY6GtBy4czrmXe+8JEkalsu1vI7e2vrG5ld8u7Ozu7R+YxcOmjFOBSQPHLBbtAEnCaEQaiipG2okgiAeMtILhzdRvjYiQNI7qapwQj6N+REOKkdKSb5r1q4rlutd1P+sKDvHEN8u2Zc8AV4mzIOWqGT48le6LNd/86vZinHISKcyQlB3HTpSXIaEoZmRS6KaSJAgPUZ90NI0QJ9LLZpdP4IlWejCMha5IwZn6eyJDXMoxD3QnR2ogl72peBbw/+xOqsILL6NRkioS4fmuMGVQxXCaBOxRQbBiY00QFlSfC/EACYSVzqugc3CWv14lzYrluNblnQ7EBXPkwTEogVPggHNQBbegBhoAgxF4Bq/gzXg0Xox342PemjMWM0fgD4zPH2YUlXU=</latexit>

<latexit sha1_base64="ABtRUhdruv6/XpOPXF3E3xzGYrI=">AAAB63icbZC7SgNBFIZnvcZ4i1oKMhgECwm7FjGdARvLBMwFkiXMTs4mQ2Zml5lZISwprSzVRmx9B1/EwmfQxjdwcik08YeBj/8/hznnBDFn2rjuh7O0vLK6tp7ZyG5ube/s5vb26zpKFIUajXikmgHRwJmEmmGGQzNWQETAoREMrsZ54xaUZpG8McMYfEF6koWMEmOtquzk8m7BnQgvgjeD/OX3593RW/Wr0sm9t7sRTQRIQznRuuW5sfFTogyjHEbZdqIhJnRAetCyKIkA7aeTQUf4xDpdHEbKPmnwxP3dkRKh9VAEtlIQ09fz2dg8C8R/cSsxYclPmYwTA5JO/woTjk2Ex4vjLlNADR9aIFQxOy6mfaIINfY8WXsHb37rRaifF7xioVh18+USmiqDDtExOkUeukBldI0qqIYoAnSPHtGTI5wH59l5mZYuObOeA/RHzusPIfSSrw==</latexit>n

Fathiyya+ST+Yamazaki 2023

<latexit sha1_base64="fHxMaqCe3aDfsCbX4sWbD7fTWFs=">AAAB8nicbVC7TgJBFJ1FUcQXYmmzkZhYGLJrgcSKxMYSozwS2JDZYRYmzGMzc9eEbPgJSrUxtP6OhaV/4vAoFDzJTU7OuTf33hPGnBnwvC8ns7Wd3dnN7eX3Dw6PjgsnxaZRiSa0QRRXuh1iQzmTtAEMOG3HmmIRctoKR3dzv/VMtWFKPsE4poHAA8kiRjBYqd1Vgg5wT/YKJa/sLeBuEn9FSrXi9+10ln2s9wqf3b4iiaASCM fGdHwvhiDFGhjhdJLvJobGmIzwgHYslVhQE6SLeyfuhVX6bqS0LQnuQv09kWJhzFiEtlNgGJp1by5eheI/u5NAVA1SJuMEqCTLXVHCXVDu/H+3zzQlwMeWYKKZPdclQ6wxAZtS3ubgr3+9SZrXZb9SrjzYQKpoiRw6Q+foEvnoBtXQPaqjBiKIoyl6RW8OOC/OuzNbtmac1cwp+gPn4wcS3pQA</latexit>!n



Spectroscopy for 1+1dim Ising
Quantum number 𝑞 = ±1 is 
determined by selection rule

L = 64

<latexit sha1_base64="bfC1xCFZ5KDQqFZAQkffI52paVk=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuJAyI8XLQiy4ceGigr1AO5RMmmlDk8yQZIRS+gouvYG49YVc+Bi+gZm2C239IfDx/+eQc04Qc6aN6345mYXFpeWV7GpubX1jcyu/vVPTUaIIrZKIR6oRYE05k7RqmOG0ESuKRcBpPehfpXn9nirNInlnBjH1Be5KFjKCTWrdXJyU2vmCW3THQvPgTaFw+f2S6rXSzn+2OhFJBJWGcKx103Nj4w+xMoxwOsq1Ek1jTPq4S5sWJRZU+8PxrCN0YJ0OCiNlnzRo7P7uGGKh9UAEtlJg09OzWWoeBeK/uJmY8MwfMhknhkoy+StMODIRSndHHaYoMXxgARPF7LiI9LDCxNgL5ewdvNmt56F2XPRKxfNbt1AuwURZ2IN9OAQPTqEM11CBKhDowQM8wbMTO4/Om/M+Kc04055d+CPn4wd3oJNj</latexit>

� = 80

<latexit sha1_base64="JTOXf5TNLdazLrGJgpyLt04NZlw=">AAAB8XicbVDLSgNBEOz1GeMrmqOXwSB4kLArAeNBCHjxGME8IFnC7GQ2GTIzu8zMCmHJ0Q8QvKgHJVe/x4P/4Qc4eRw0saChqOqmuyuIOdPGdb+cldW19Y3NzFZ2e2d3bz93cFjXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcT/zGPVWaRfLODGPqC9yTLGQEGys12qTPrspuJ1dwi+4UaJl4c1Ko5L/fnh78cbWT+2x3I5IIKg3hWOuW58bGT7EyjHA6yrYTTWNMBrhHW5ZKLKj20+m5I3RilS4KI2VLGjRVf0+kWGg9FIHtFNj09aI3Ec8C8Z/dSkxY9lMm48RQSWa7woQjE6HJ+6jLFCWGDy3BRDF7LiJ9rDAxNqSszcFb/HqZ1M+LXql4eWsDKcEMGTiCYzgFDy6gAjdQhRoQGMAjvMCro51n590Zz1pXnPlMHv7A+fgBxoGT+g==</latexit>

T = 2.44 > Tc

<latexit sha1_base64="UcK/w6p4Odso1CwRXflbjjFSSlI=">AAAB/HicbVDLSsNAFJ3UV62vVJduhhbBhYSkBNSFUnDjsmJf0MYwmU7aoTNJmJkUSqh7/8GluhG3/okL/8bpY6GtBy4czrmXe+8JEkalsu1vI7e2vrG5ld8u7Ozu7R+YxcOmjFOBSQPHLBbtAEnCaEQaiipG2okgiAeMtILhzdRvjYiQNI7qapwQj6N+REOKkdKSb5r1q4rlutd1P+sKDvHEN8u2Zc8AV4mzIOWqGT48le6LNd/86vZinHISKcyQlB3HTpSXIaEoZmRS6KaSJAgPUZ90NI0QJ9LLZpdP4IlWejCMha5IwZn6eyJDXMoxD3QnR2ogl72peBbw/+xOqsILL6NRkioS4fmuMGVQxXCaBOxRQbBiY00QFlSfC/EACYSVzqugc3CWv14lzYrluNblnQ7EBXPkwTEogVPggHNQBbegBhoAgxF4Bq/gzXg0Xox342PemjMWM0fgD4zPH2YUlXU=</latexit>

<latexit sha1_base64="ABtRUhdruv6/XpOPXF3E3xzGYrI=">AAAB63icbZC7SgNBFIZnvcZ4i1oKMhgECwm7FjGdARvLBMwFkiXMTs4mQ2Zml5lZISwprSzVRmx9B1/EwmfQxjdwcik08YeBj/8/hznnBDFn2rjuh7O0vLK6tp7ZyG5ube/s5vb26zpKFIUajXikmgHRwJmEmmGGQzNWQETAoREMrsZ54xaUZpG8McMYfEF6koWMEmOtquzk8m7BnQgvgjeD/OX3593RW/Wr0sm9t7sRTQRIQznRuuW5sfFTogyjHEbZdqIhJnRAetCyKIkA7aeTQUf4xDpdHEbKPmnwxP3dkRKh9VAEtlIQ09fz2dg8C8R/cSsxYclPmYwTA5JO/woTjk2Ex4vjLlNADR9aIFQxOy6mfaIINfY8WXsHb37rRaifF7xioVh18+USmiqDDtExOkUeukBldI0qqIYoAnSPHtGTI5wH59l5mZYuObOeA/RHzusPIfSSrw==</latexit>n

Fathiyya+ST+Yamazaki 2023

<latexit sha1_base64="fHxMaqCe3aDfsCbX4sWbD7fTWFs=">AAAB8nicbVC7TgJBFJ1FUcQXYmmzkZhYGLJrgcSKxMYSozwS2JDZYRYmzGMzc9eEbPgJSrUxtP6OhaV/4vAoFDzJTU7OuTf33hPGnBnwvC8ns7Wd3dnN7eX3Dw6PjgsnxaZRiSa0QRRXuh1iQzmTtAEMOG3HmmIRctoKR3dzv/VMtWFKPsE4poHAA8kiRjBYqd1Vgg5wT/YKJa/sLeBuEn9FSrXi9+10ln2s9wqf3b4iiaASCM fGdHwvhiDFGhjhdJLvJobGmIzwgHYslVhQE6SLeyfuhVX6bqS0LQnuQv09kWJhzFiEtlNgGJp1by5eheI/u5NAVA1SJuMEqCTLXVHCXVDu/H+3zzQlwMeWYKKZPdclQ6wxAZtS3ubgr3+9SZrXZb9SrjzYQKpoiRw6Q+foEvnoBtXQPaqjBiKIoyl6RW8OOC/OuzNbtmac1cwp+gPn4wcS3pQA</latexit>!n



Spectroscopy for 1+1dim Ising
Quantum number 𝑞 = ±1 is 
determined by selection rule

The momentum is also 
determined by selection rule

𝑞 = −1
continuum:

lattice: !(p) = cosh�1(1� cos p+ coshm)

<latexit sha1_base64="VMuXr/cGk7WGSIQeqoVRgh3iaps="></latexit>

!(p) =
p
m2 + p2

<latexit sha1_base64="e4ObGwtnuA6zF8C6Im1HOB8LQGc=">AAACBHicbVC7SgNBFJ2Nrxhf66MQbQaDEFHCbhDUQgjYWFgkYB6Q3YTZySQZMrO7zswKYYmljb9hqTZia+M3WPgXfoKTR6GJBy4czrmXe+/xQkalsqwvIzEzOze/kFxMLS2vrK6Z6xtlGUQCkxIOWCCqHpKEUZ+UFFWMVENBEPcYqXjdi4FfuSVC0sC/Vr2QuBy1fdqiGCktNcxtJ+CkjTLhwbkjb4SKeT13GNZz/YaZtrLWEHCa2GOSzm8Vvz+udh4KDfPTaQY44sRXmCEpa7YVKjdGQlHMSD/lRJKECHdRm9Q09REn0o2HH/ThvlaasBUIXb6CQ/X3RIy4lD3u6U6OVEdOegPxyOP/2bVItU7dmPphpIiPR7taEYMqgINEYJMKghXraYKwoPpciDtIIKx0bimdgz359TQp57L2cfasqAOxwAhJsAv2QAbY4ATkwSUogBLA4A48gmfwYtwbT8ar8TZqTRjjmU3wB8b7D/d9mpA=</latexit>

L = 64

<latexit sha1_base64="bfC1xCFZ5KDQqFZAQkffI52paVk=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuJAyI8XLQiy4ceGigr1AO5RMmmlDk8yQZIRS+gouvYG49YVc+Bi+gZm2C239IfDx/+eQc04Qc6aN6345mYXFpeWV7GpubX1jcyu/vVPTUaIIrZKIR6oRYE05k7RqmOG0ESuKRcBpPehfpXn9nirNInlnBjH1Be5KFjKCTWrdXJyU2vmCW3THQvPgTaFw+f2S6rXSzn+2OhFJBJWGcKx103Nj4w+xMoxwOsq1Ek1jTPq4S5sWJRZU+8PxrCN0YJ0OCiNlnzRo7P7uGGKh9UAEtlJg09OzWWoeBeK/uJmY8MwfMhknhkoy+StMODIRSndHHaYoMXxgARPF7LiI9LDCxNgL5ewdvNmt56F2XPRKxfNbt1AuwURZ2IN9OAQPTqEM11CBKhDowQM8wbMTO4/Om/M+Kc04055d+CPn4wd3oJNj</latexit>

� = 80

<latexit sha1_base64="JTOXf5TNLdazLrGJgpyLt04NZlw=">AAAB8XicbVDLSgNBEOz1GeMrmqOXwSB4kLArAeNBCHjxGME8IFnC7GQ2GTIzu8zMCmHJ0Q8QvKgHJVe/x4P/4Qc4eRw0saChqOqmuyuIOdPGdb+cldW19Y3NzFZ2e2d3bz93cFjXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcT/zGPVWaRfLODGPqC9yTLGQEGys12qTPrspuJ1dwi+4UaJl4c1Ko5L/fnh78cbWT+2x3I5IIKg3hWOuW58bGT7EyjHA6yrYTTWNMBrhHW5ZKLKj20+m5I3RilS4KI2VLGjRVf0+kWGg9FIHtFNj09aI3Ec8C8Z/dSkxY9lMm48RQSWa7woQjE6HJ+6jLFCWGDy3BRDF7LiJ9rDAxNqSszcFb/HqZ1M+LXql4eWsDKcEMGTiCYzgFDy6gAjdQhRoQGMAjvMCro51n590Zz1pXnPlMHv7A+fgBxoGT+g==</latexit>

p = 0

<latexit sha1_base64="49/JcJsulbHwBo+MKEVOIjWVR2Y=">AAAB7XicbVDLSgNBEOyNr5j4iHr0MhgCOUjYFUE9CAEvHiOaByRLmJ1MkiGzM8vMrBCW4MWrRxVBBE/+gX/iwb9x8jhoYkFDUdVNd1cQcaaN6347qaXlldW19Homu7G5tZ3b2a1pGStCq0RyqRoB1pQzQauGGU4bkaI4DDitB4OLsV+/pUozKW7MMKJ+iHuCdRnBxkrX0bnbzuXdkjsBWiTejOTL2cLd58v9e6Wd+2p1JIlDKgzhWOum50bGT7AyjHA6yrRiTSNMBrhHm5YKHFLtJ5NTR6hglQ7qSmVLGDRRf08kONR6GAa2M8Smr+e9sXgYhP/Zzdh0T/2EiSg2VJDprm7MkZFo/DrqMEWJ4UNLMFHMnotIHytMjA0oY3Pw5r9eJLWjkndcOruygRRhijTswwEUwYMTKMMlVKAKBHrwAE/w7Ejn0Xl13qatKWc2swd/4Hz8AEbDkdM=</latexit>

p = 2⇡/L

<latexit sha1_base64="5Fzg/LCArYQmAEJytyNIZEjNJAk=">AAAB8nicbVA9SwNBEN1TozF+nVraHAYhhcS7IKhFIGBjYRHBfEByhL3NJFmyu7fs7gnhyJ+wVBuxUfDvWPhv3HwUmvhg4PHeDDPzIsmoNr7/7aysrmXWN7Kbua3tnd09d/+gruNEEaiRmMWqGWENjAqoGWoYNKUCzCMGjWh4PfEbD6A0jcW9GUkIOe4L2qMEGys1ZbnUlvTstuPm/aI/hbdMgjnJV9zyED7eM9WO+9XuxiThIAxhWOtW4EsTplgZShiMc+1Eg8RkiPvQslRgDjpMp/eOvROrdL1erGwJ403V3xMp5lqPeGQ7OTYDvehNxNOI/2e3EtO7DFMqZGJAkNmuXsI8E3uT/70uVUAMG1mCiaL2XI8MsMLE2JRyNodg8etlUi8Vg/Pi1Z0NpIBmyKIjdIwKKEAXqIJuUBXVEEEMPaJn9OIY58l5dd5mrSvOfOYQ/YHz+QOxnZMH</latexit>

p = 4⇡/L

<latexit sha1_base64="o0olvoo/L6uM/jeGiYfIgA4Snh8=">AAAB8nicbVA9SwNBEN1TozF+nVraHAYhhcQ7CahFIGBjYRHBfEByhL3NJFmyu7fs7gnhyJ+wVBuxUfDvWPhv3HwUmvhg4PHeDDPzIsmoNr7/7aysrmXWN7Kbua3tnd09d/+gruNEEaiRmMWqGWENjAqoGWoYNKUCzCMGjWh4PfEbD6A0jcW9GUkIOe4L2qMEGys1ZbnUlvTstuPm/aI/hbdMgjnJV9zyED7eM9WO+9XuxiThIAxhWOtW4EsTplgZShiMc+1Eg8RkiPvQslRgDjpMp/eOvROrdL1erGwJ403V3xMp5lqPeGQ7OTYDvehNxNOI/2e3EtO7DFMqZGJAkNmuXsI8E3uT/70uVUAMG1mCiaL2XI8MsMLE2JRyNodg8etlUj8vBqXi1Z0NpIBmyKIjdIwKKEAXqIJuUBXVEEEMPaJn9OIY58l5dd5mrSvOfOYQ/YHz+QO0tZMJ</latexit>

p = 6⇡/L

<latexit sha1_base64="2MPXjXPK7d239dUnzBxViv9oAFE=">AAAB8nicbVDLSgNBEOxVozG+Vj16GQxCDhJ3RXwcAgEvHjxEMA9IljA7mSRDZmeHmVkhLPkJj+pFvCj4Ox78GyePgyYWNBRV3XR3hZIzbTzv21laXsmsrmXXcxubW9s77u5eTceJIrRKYh6rRog15UzQqmGG04ZUFEchp/VwcD326w9UaRaLezOUNIhwT7AuI9hYqSFL5y3JTm7bbt4rehOgReLPSL7slgb04z1TabtfrU5MkogKQzjWuul70gQpVoYRTke5VqKpxGSAe7RpqcAR1UE6uXeEjqzSQd1Y2RIGTdTfEymOtB5Goe2MsOnreW8sHofRf3YzMd3LIGVCJoYKMt3VTTgyMRr/jzpMUWL40BJMFLPnItLHChNjU8rZHPz5rxdJ7bTonxWv7mwgBZgiCwdwCAXw4QLKcAMVqAIBDo/wDC+OcZ6cV+dt2rrkzGb24Q+czx+3zZML</latexit>

p = 8⇡/L

<latexit sha1_base64="GGU0Kd8g/wlxFwN0NJyaekvNk5s=">AAAB8nicbVA9SwNBEN1TozF+nVraHAYhhcQ7EYxFIGBjYRHBfEByhL3NJFmyu7fs7gnhyJ+wVBuxUfDvWPhv3HwUmvhg4PHeDDPzIsmoNr7/7aysrmXWN7Kbua3tnd09d/+gruNEEaiRmMWqGWENjAqoGWoYNKUCzCMGjWh4PfEbD6A0jcW9GUkIOe4L2qMEGys1ZbnUlvTstuPm/aI/hbdMgjnJV9zyED7eM9WO+9XuxiThIAxhWOtW4EsTplgZShiMc+1Eg8RkiPvQslRgDjpMp/eOvROrdL1erGwJ403V3xMp5lqPeGQ7OTYDvehNxNOI/2e3EtMrhSkVMjEgyGxXL2Geib3J/16XKiCGjSzBRFF7rkcGWGFibEo5m0Ow+PUyqZ8Xg4vi1Z0NpIBmyKIjdIwKKECXqIJuUBXVEEEMPaJn9OIY58l5dd5mrSvOfOYQ/YHz+QO65ZMN</latexit>

T = 2.44 > Tc

<latexit sha1_base64="UcK/w6p4Odso1CwRXflbjjFSSlI=">AAAB/HicbVDLSsNAFJ3UV62vVJduhhbBhYSkBNSFUnDjsmJf0MYwmU7aoTNJmJkUSqh7/8GluhG3/okL/8bpY6GtBy4czrmXe+8JEkalsu1vI7e2vrG5ld8u7Ozu7R+YxcOmjFOBSQPHLBbtAEnCaEQaiipG2okgiAeMtILhzdRvjYiQNI7qapwQj6N+REOKkdKSb5r1q4rlutd1P+sKDvHEN8u2Zc8AV4mzIOWqGT48le6LNd/86vZinHISKcyQlB3HTpSXIaEoZmRS6KaSJAgPUZ90NI0QJ9LLZpdP4IlWejCMha5IwZn6eyJDXMoxD3QnR2ogl72peBbw/+xOqsILL6NRkioS4fmuMGVQxXCaBOxRQbBiY00QFlSfC/EACYSVzqugc3CWv14lzYrluNblnQ7EBXPkwTEogVPggHNQBbegBhoAgxF4Bq/gzXg0Xox342PemjMWM0fgD4zPH2YUlXU=</latexit>

<latexit sha1_base64="ABtRUhdruv6/XpOPXF3E3xzGYrI=">AAAB63icbZC7SgNBFIZnvcZ4i1oKMhgECwm7FjGdARvLBMwFkiXMTs4mQ2Zml5lZISwprSzVRmx9B1/EwmfQxjdwcik08YeBj/8/hznnBDFn2rjuh7O0vLK6tp7ZyG5ube/s5vb26zpKFIUajXikmgHRwJmEmmGGQzNWQETAoREMrsZ54xaUZpG8McMYfEF6koWMEmOtquzk8m7BnQgvgjeD/OX3593RW/Wr0sm9t7sRTQRIQznRuuW5sfFTogyjHEbZdqIhJnRAetCyKIkA7aeTQUf4xDpdHEbKPmnwxP3dkRKh9VAEtlIQ09fz2dg8C8R/cSsxYclPmYwTA5JO/woTjk2Ex4vjLlNADR9aIFQxOy6mfaIINfY8WXsHb37rRaifF7xioVh18+USmiqDDtExOkUeukBldI0qqIYoAnSPHtGTI5wH59l5mZYuObOeA/RHzusPIfSSrw==</latexit>n
<latexit sha1_base64="dmHmpVlPOCDzgM1dK8qCFIKbq80=">AAAB8HicbZC7SgNBFIbPxluMt6ilIItBsJCwaxHTGbCxTMBcIAlhdjKbjJnLMjMrhCWlvaXaiK1P4ItY+Aza+AZOLoUm/jDw8f/nMOecIGJUG8/7cFJLyyura+n1zMbm1vZOdnevpmWsMKliyaRqBEgTRgWpGmoYaUSKIB4wUg8Gl+O8fkuUplJcm2FE2hz1BA0pRsZatZbkpIc62ZyX9yZyF8GfQe7i+/Pu8K3yVe5k31tdiWNOhMEMad30vci0E6QMxYyMMq1YkwjhAeqRpkWBONHtZDLtyD22TtcNpbJPGHfi/u5IENd6yANbyZHp6/lsbJ4G/L+4GZuw2E6oiGJDBJ7+FcbMNdIdb+92qSLYsKEFhBW147q4jxTCxt4oY+/gz2+9CLWzvF/IFyperlSEqdJwAEdwAj6cQwmuoAxVwHAD9/AIT45yHpxn52VamnJmPfvwR87rD+D5lNg=</latexit>!

<latexit sha1_base64="HF6VOr5RRm3JlAa6Ykqqk4gtZLU=">AAAB63icbVC7SgNBFL3rM8ZX1MLCZjAELCTsWsSUARvLBMwDkiXMTmaTITOzy8ysEJZ0dpZqI7b+in9goR/gF/gBTh6FJh64cDjnXu69J4g508Z1P5yV1bX1jc3MVnZ7Z3dvP3dw2NBRogitk4hHqhVgTTmTtG6Y4bQVK4pFwGkzGF5N/OYtVZpF8saMYuoL3JcsZAQbK9Xibi7vFt0p0DLx5iRfOS7cfb99fVa7ufdOLyKJoNIQjrVue25s/BQrwwin42wn0TTGZIj7tG2pxIJqP50eOkYFq/RQGClb0qCp+nsixULrkQhsp8BmoBe9iXgeiP/sdmLCsp8yGSeGSjLbFSYcmQhNHkc9pigxfGQJJorZcxEZYIWJsfFkbQ7e4tfLpHFR9ErFUs0GUoYZMnACp3AGHlxCBa6hCnUgQOEeHuHJEc6D8+y8zFpXnPnMEfyB8/oD0peSeA==</latexit>p

Fathiyya+ST+Yamazaki 2023

<latexit sha1_base64="fHxMaqCe3aDfsCbX4sWbD7fTWFs=">AAAB8nicbVC7TgJBFJ1FUcQXYmmzkZhYGLJrgcSKxMYSozwS2JDZYRYmzGMzc9eEbPgJSrUxtP6OhaV/4vAoFDzJTU7OuTf33hPGnBnwvC8ns7Wd3dnN7eX3Dw6PjgsnxaZRiSa0QRRXuh1iQzmTtAEMOG3HmmIRctoKR3dzv/VMtWFKPsE4poHAA8kiRjBYqd1Vgg5wT/YKJa/sLeBuEn9FSrXi9+10ln2s9wqf3b4iiaASCM fGdHwvhiDFGhjhdJLvJobGmIzwgHYslVhQE6SLeyfuhVX6bqS0LQnuQv09kWJhzFiEtlNgGJp1by5eheI/u5NAVA1SJuMEqCTLXVHCXVDu/H+3zzQlwMeWYKKZPdclQ6wxAZtS3ubgr3+9SZrXZb9SrjzYQKpoiRw6Q+foEvnoBtXQPaqjBiKIoyl6RW8OOC/OuzNbtmac1cwp+gPn4wcS3pQA</latexit>!n



Scattering phase shift
L = 64

<latexit sha1_base64="bfC1xCFZ5KDQqFZAQkffI52paVk=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuJAyI8XLQiy4ceGigr1AO5RMmmlDk8yQZIRS+gouvYG49YVc+Bi+gZm2C239IfDx/+eQc04Qc6aN6345mYXFpeWV7GpubX1jcyu/vVPTUaIIrZKIR6oRYE05k7RqmOG0ESuKRcBpPehfpXn9nirNInlnBjH1Be5KFjKCTWrdXJyU2vmCW3THQvPgTaFw+f2S6rXSzn+2OhFJBJWGcKx103Nj4w+xMoxwOsq1Ek1jTPq4S5sWJRZU+8PxrCN0YJ0OCiNlnzRo7P7uGGKh9UAEtlJg09OzWWoeBeK/uJmY8MwfMhknhkoy+StMODIRSndHHaYoMXxgARPF7LiI9LDCxNgL5ewdvNmt56F2XPRKxfNbt1AuwURZ2IN9OAQPTqEM11CBKhDowQM8wbMTO4/Om/M+Kc04055d+CPn4wd3oJNj</latexit>

� = 80

<latexit sha1_base64="JTOXf5TNLdazLrGJgpyLt04NZlw=">AAAB8XicbVDLSgNBEOz1GeMrmqOXwSB4kLArAeNBCHjxGME8IFnC7GQ2GTIzu8zMCmHJ0Q8QvKgHJVe/x4P/4Qc4eRw0saChqOqmuyuIOdPGdb+cldW19Y3NzFZ2e2d3bz93cFjXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcT/zGPVWaRfLODGPqC9yTLGQEGys12qTPrspuJ1dwi+4UaJl4c1Ko5L/fnh78cbWT+2x3I5IIKg3hWOuW58bGT7EyjHA6yrYTTWNMBrhHW5ZKLKj20+m5I3RilS4KI2VLGjRVf0+kWGg9FIHtFNj09aI3Ec8C8Z/dSkxY9lMm48RQSWa7woQjE6HJ+6jLFCWGDy3BRDF7LiJ9rDAxNqSszcFb/HqZ1M+LXql4eWsDKcEMGTiCYzgFDy6gAjdQhRoQGMAjvMCro51n590Zz1pXnPlMHv7A+fgBxoGT+g==</latexit>

zero total momentum 2-particle state
ground state

first excited state

T = 2.44 > Tc

<latexit sha1_base64="UcK/w6p4Odso1CwRXflbjjFSSlI=">AAAB/HicbVDLSsNAFJ3UV62vVJduhhbBhYSkBNSFUnDjsmJf0MYwmU7aoTNJmJkUSqh7/8GluhG3/okL/8bpY6GtBy4czrmXe+8JEkalsu1vI7e2vrG5ld8u7Ozu7R+YxcOmjFOBSQPHLBbtAEnCaEQaiipG2okgiAeMtILhzdRvjYiQNI7qapwQj6N+REOKkdKSb5r1q4rlutd1P+sKDvHEN8u2Zc8AV4mzIOWqGT48le6LNd/86vZinHISKcyQlB3HTpSXIaEoZmRS6KaSJAgPUZ90NI0QJ9LLZpdP4IlWejCMha5IwZn6eyJDXMoxD3QnR2ogl72peBbw/+xOqsILL6NRkioS4fmuMGVQxXCaBOxRQbBiY00QFlSfC/EACYSVzqugc3CWv14lzYrluNblnQ7EBXPkwTEogVPggHNQBbegBhoAgxF4Bq/gzXg0Xox342PemjMWM0fgD4zPH2YUlXU=</latexit>

<latexit sha1_base64="ABtRUhdruv6/XpOPXF3E3xzGYrI=">AAAB63icbZC7SgNBFIZnvcZ4i1oKMhgECwm7FjGdARvLBMwFkiXMTs4mQ2Zml5lZISwprSzVRmx9B1/EwmfQxjdwcik08YeBj/8/hznnBDFn2rjuh7O0vLK6tp7ZyG5ube/s5vb26zpKFIUajXikmgHRwJmEmmGGQzNWQETAoREMrsZ54xaUZpG8McMYfEF6koWMEmOtquzk8m7BnQgvgjeD/OX3593RW/Wr0sm9t7sRTQRIQznRuuW5sfFTogyjHEbZdqIhJnRAetCyKIkA7aeTQUf4xDpdHEbKPmnwxP3dkRKh9VAEtlIQ09fz2dg8C8R/cSsxYclPmYwTA5JO/woTjk2Ex4vjLlNADR9aIFQxOy6mfaIINfY8WXsHb37rRaifF7xioVh18+USmiqDDtExOkUeukBldI0qqIYoAnSPHtGTI5wH59l5mZYuObOeA/RHzusPIfSSrw==</latexit>n

Fathiyya+ST+Yamazaki 2023

<latexit sha1_base64="fHxMaqCe3aDfsCbX4sWbD7fTWFs=">AAAB8nicbVC7TgJBFJ1FUcQXYmmzkZhYGLJrgcSKxMYSozwS2JDZYRYmzGMzc9eEbPgJSrUxtP6OhaV/4vAoFDzJTU7OuTf33hPGnBnwvC8ns7Wd3dnN7eX3Dw6PjgsnxaZRiSa0QRRXuh1iQzmTtAEMOG3HmmIRctoKR3dzv/VMtWFKPsE4poHAA8kiRjBYqd1Vgg5wT/YKJa/sLeBuEn9FSrXi9+10ln2s9wqf3b4iiaASCM fGdHwvhiDFGhjhdJLvJobGmIzwgHYslVhQE6SLeyfuhVX6bqS0LQnuQv09kWJhzFiEtlNgGJp1by5eheI/u5NAVA1SJuMEqCTLXVHCXVDu/H+3zzQlwMeWYKKZPdclQ6wxAZtS3ubgr3+9SZrXZb9SrjzYQKpoiRw6Q+foEvnoBtXQPaqjBiKIoyl6RW8OOC/OuzNbtmac1cwp+gPn4wcS3pQA</latexit>!n



Scattering phase shift
L = 64

<latexit sha1_base64="bfC1xCFZ5KDQqFZAQkffI52paVk=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EiuJAyI8XLQiy4ceGigr1AO5RMmmlDk8yQZIRS+gouvYG49YVc+Bi+gZm2C239IfDx/+eQc04Qc6aN6345mYXFpeWV7GpubX1jcyu/vVPTUaIIrZKIR6oRYE05k7RqmOG0ESuKRcBpPehfpXn9nirNInlnBjH1Be5KFjKCTWrdXJyU2vmCW3THQvPgTaFw+f2S6rXSzn+2OhFJBJWGcKx103Nj4w+xMoxwOsq1Ek1jTPq4S5sWJRZU+8PxrCN0YJ0OCiNlnzRo7P7uGGKh9UAEtlJg09OzWWoeBeK/uJmY8MwfMhknhkoy+StMODIRSndHHaYoMXxgARPF7LiI9LDCxNgL5ewdvNmt56F2XPRKxfNbt1AuwURZ2IN9OAQPTqEM11CBKhDowQM8wbMTO4/Om/M+Kc04055d+CPn4wd3oJNj</latexit>

� = 80

<latexit sha1_base64="JTOXf5TNLdazLrGJgpyLt04NZlw=">AAAB8XicbVDLSgNBEOz1GeMrmqOXwSB4kLArAeNBCHjxGME8IFnC7GQ2GTIzu8zMCmHJ0Q8QvKgHJVe/x4P/4Qc4eRw0saChqOqmuyuIOdPGdb+cldW19Y3NzFZ2e2d3bz93cFjXUaIIrZGIR6oZYE05k7RmmOG0GSuKRcBpIxhcT/zGPVWaRfLODGPqC9yTLGQEGys12qTPrspuJ1dwi+4UaJl4c1Ko5L/fnh78cbWT+2x3I5IIKg3hWOuW58bGT7EyjHA6yrYTTWNMBrhHW5ZKLKj20+m5I3RilS4KI2VLGjRVf0+kWGg9FIHtFNj09aI3Ec8C8Z/dSkxY9lMm48RQSWa7woQjE6HJ+6jLFCWGDy3BRDF7LiJ9rDAxNqSszcFb/HqZ1M+LXql4eWsDKcEMGTiCYzgFDy6gAjdQhRoQGMAjvMCro51n590Zz1pXnPlMHv7A+fgBxoGT+g==</latexit>

zero total momentum 2-particle state
ground state

first excited state

Luescher’s formula

: 2-particle state energy

�Ising = �⇡

2

<latexit sha1_base64="h+xumsXd85o056Lb4XvZFj2/Vic="></latexit>

Gattringer+Lang 1993

Elastic
Inelastic

Elastic region
2m  ! < 4m

<latexit sha1_base64="YPwqdsjGhnZe+3BS6VJCeEESyIo=">AAAB/HicbVDLSgNBEJyNrxg1rvHoZTAIHkLYDQEVPAS8eIxgHpANYXbSmwyZ2V1mZgMhRPAH/AKP6kXi0T/x4N84eRw0saChqOqmu8uPOVPacb6t1Mbm1vZOejezt3+QPbSPcnUVJZJCjUY8kk2fKOAshJpmmkMzlkCEz6HhD25mfmMIUrEovNejGNqC9EIWMEq0kTq2XRIeBy8S0CP4GpdFx847RWcOvE7cJclXsk+F3PTxo9qxv7xuRBMBoaacKNVynVi3x0RqRjlMMl6iICZ0QHrQMjQkAlR7PL98gs+M0sVBJE2FGs/V3xNjIpQaCd90CqL7atWbiQVf/Ge3Eh1ctscsjBMNIV3sChKOdYRnSeAuk0A1HxlCqGTmXEz7RBKqTV4Zk4O7+vU6qZeKbrl4dWcCKaMF0ugEnaJz5KILVEG3qIpqiKIhekav6M16sF6sd2u6aE1Zy5lj9AfW5w8CSJaW</latexit>

�

<latexit sha1_base64="Ybhlniap1G2aP2bp6Tte8oOBzjQ=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAILqTMSEFdWXDjsoK9QDuUTOZMG5tkhiQjlKHv4NJ2I259Hxc+hm9gello6w+Bj/8/h5xzgoQzbVz3y8mtrW9sbuW3Czu7e/sHxcOjho5TRaFOYx6rVkA0cCahbpjh0EoUEBFwaAaDu2nefAalWSwfzTABX5CeZBGjxFir0QmBG9ItltyyOxNeBW8Bpdvv8VSTWrf42QljmgqQhnKiddtzE+NnRBlGOYwKnVRDQuiA9KBtURIB2s9m047wmXVCHMXKPmnwzP3dkRGh9VAEtlIQ09fL2dS8CMR/cTs10bWfMZmkBiSd/xWlHJsYT7fHIVNADR9aIFQxOy6mfaIINfZGBXsHb3nrVWhclr1K+ebBLVUraK48OkGn6Bx56ApV0T2qoTqi6Am9oDGaOMp5dd6c93lpzln0HKM/cj5+APyClOo=</latexit>

Luescher+Wolff 1990

640

<latexit sha1_base64="H9LTbX75g86RQf0V+UXHAy6kQDM=">AAAB7nicbVA9SwNBEJ2LGmP8ilraLAYhhYQ7CUa7gI1lhHxBPMLeZpMs2d07dveEcOQfiKXaiK1/yMLS3+AfcC9JoYkPBh7vzTAzL4g408Z1P53M2vpGdjO3ld/e2d3bLxwctnQYK0KbJOSh6gRYU84kbRpmOO1EimIRcNoOxtep376nSrNQNswkor7AQ8kGjGCTSheVntsrFN2yOwNaJd6CFGvZr+r3Q6Na7xU+7vohiQWVhnCsdddzI+MnWBlGOJ3m72JNI0zGeEi7lkosqPaT2a1TdGqVPhqEypY0aKb+nkiw0HoiAtspsBnpZS8VzwLxn92NzeDST5iMYkMlme8axByZEKW/oz5TlBg+sQQTxey5iIywwsTYhPI2B2/561XSOi97lfLVrQ2kBHPk4BhOoAQeVKEGN1CHJhAYwSM8w4sTOU/Oq/M2b804i5kj+APn/QegUZH+</latexit>

641

<latexit sha1_base64="KnbmCnyFEn7V1Wz8d8qTk3KxgeI=">AAAB7nicbVA9SwNBEJ2LGmP8ilraLAYhhYQ7CUa7gI1lhHxBPMLeZpMs2d07dveEcOQfiKXaiK1/yMLS3+AfcC9JoYkPBh7vzTAzL4g408Z1P53M2vpGdjO3ld/e2d3bLxwctnQYK0KbJOSh6gRYU84kbRpmOO1EimIRcNoOxtep376nSrNQNswkor7AQ8kGjGCTSheVntcrFN2yOwNaJd6CFGvZr+r3Q6Na7xU+7vohiQWVhnCsdddzI+MnWBlGOJ3m72JNI0zGeEi7lkosqPaT2a1TdGqVPhqEypY0aKb+nkiw0HoiAtspsBnpZS8VzwLxn92NzeDST5iMYkMlme8axByZEKW/oz5TlBg+sQQTxey5iIywwsTYhPI2B2/561XSOi97lfLVrQ2kBHPk4BhOoAQeVKEGN1CHJhAYwSM8w4sTOU/Oq/M2b804i5kj+APn/Qeh2JH/</latexit>

320

<latexit sha1_base64="MyW3QVhQFS3OfBHs+wv80MIut60=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoOQg4TdKERvAS8eI+QFyRJmJ5NkyMzsMjMrhCV/IB7Vi3j1hzx49Bv8AWeTHDSxoKGo6qa7K4g408Z1P53M2vrG5lZ2O7ezu7d/kD88auowVoQ2SMhD1Q6wppxJ2jDMcNqOFMUi4LQVjG9Sv3VPlWahrJtJRH2Bh5INGMEmlS7KPbeXL7gldwa0SrwFKVQ3vyrfD/VKrZf/6PZDEgsqDeFY647nRsZPsDKMcDrNdWNNI0zGeEg7lkosqPaT2a1TdGaVPhqEypY0aKb+nkiw0HoiAtspsBnpZS8VzwPxn92JzeDKT5iMYkMlme8axByZEKW/oz5TlBg+sQQTxey5iIywwsTYhHI2B2/561XSLJe8y9L1nQ2kCHNk4QROoQgeVKAKt1CDBhAYwSM8w4sTOU/Oq/M2b804i5lj+APn/QeYoZH5</latexit>

160

<latexit sha1_base64="vTcd3gS3/Cv7f5DlBI8cyyEMsNs=">AAAB7nicbVDLSgNBEOyNGmN8RT16GQxCDhJ2RYzeAl48RsgLkiXMTmaTITOzy8ysEJb8gXhUL+LVH/Lg0W/wB5w8DppY0FBUddPdFcScaeO6n05mbX0ju5nbym/v7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up37qnSrNI1s04pr7AA8lCRrCZSt5lz+0Vim7ZnQGtEm9BitXsV+X7oV6p9Qof3X5EEkGlIRxr3fHc2PgpVoYRTif5bqJpjMkID2jHUokF1X46u3WCTq3SR2GkbEmDZurviRQLrccisJ0Cm6Fe9qbiWSD+szuJCa/8lMk4MVSS+a4w4chEaPo76jNFieFjSzBRzJ6LyBArTIxNKG9z8Ja/XiXN87J3Ub6+s4GUYI4cHMMJlMCDClThFmrQAAJDeIRneHFi58l5dd7mrRlnMXMEf+C8/wCbsZH7</latexit>

161

<latexit sha1_base64="ifjLQSu1Qxl/SqdVfysKgTDl+90=">AAAB7nicbVDLSgNBEOyNGmN8RT16GQxCDhJ2RYzeAl48RsgLkiXMTmaTITOzy8ysEJb8gXhUL+LVH/Lg0W/wB5w8DppY0FBUddPdFcScaeO6n05mbX0ju5nbym/v7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo5up37qnSrNI1s04pr7AA8lCRrCZSt5lz+sVim7ZnQGtEm9BitXsV+X7oV6p9Qof3X5EEkGlIRxr3fHc2PgpVoYRTif5bqJpjMkID2jHUokF1X46u3WCTq3SR2GkbEmDZurviRQLrccisJ0Cm6Fe9qbiWSD+szuJCa/8lMk4MVSS+a4w4chEaPo76jNFieFjSzBRzJ6LyBArTIxNKG9z8Ja/XiXN87J3Ub6+s4GUYI4cHMMJlMCDClThFmrQAAJDeIRneHFi58l5dd7mrRlnMXMEf+C8/wCdOJH8</latexit>

321

<latexit sha1_base64="YshVw4j2oiVenlPpT9fCj9g0Poo=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoOQg4TdKERvAS8eI+QFyRJmJ5NkyMzsMjMrhCV/IB7Vi3j1hzx49Bv8AWeTHDSxoKGo6qa7K4g408Z1P53M2vrG5lZ2O7ezu7d/kD88auowVoQ2SMhD1Q6wppxJ2jDMcNqOFMUi4LQVjG9Sv3VPlWahrJtJRH2Bh5INGMEmlS7KPa+XL7gldwa0SrwFKVQ3vyrfD/VKrZf/6PZDEgsqDeFY647nRsZPsDKMcDrNdWNNI0zGeEg7lkosqPaT2a1TdGaVPhqEypY0aKb+nkiw0HoiAtspsBnpZS8VzwPxn92JzeDKT5iMYkMlme8axByZEKW/oz5TlBg+sQQTxey5iIywwsTYhHI2B2/561XSLJe8y9L1nQ2kCHNk4QROoQgeVKAKt1CDBhAYwSM8w4sTOU/Oq/M2b804i5lj+APn/QeaKJH6</latexit>

80

<latexit sha1_base64="c5E9ISI4jLAffh7sfVTMu1XqEME=">AAAB7XicbVDLSgNBEOyNGmN8RT16GQxCDhJ2RUi8Bbx4jJgXxCXMTmaTITOzy8ysEJb8gR7Vi3j1izx49Bv8ASePgyYWNBRV3XR3BTFn2rjup5NZW9/Ibua28ts7u3v7hYPDlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB6Grqt++p0iySDTOOqS/wQLKQEWysdFvtub1C0S27M6BV4i1IsZb9qnw/NCr1XuHjrh+RRFBpCMdadz03Nn6KlWGE00n+LtE0xmSEB7RrqcSCaj+dnTpBp1bpozBStqRBM/X3RIqF1mMR2E6BzVAve1PxLBD/2d3EhFU/ZTJODJVkvitMODIRmr6O+kxRYvjYEkwUs+ciMsQKE2MDytscvOWvV0nrvOxdlC9vbCAlmCMHx3ACJfCgAjW4hjo0gcAAHuEZXpzIeXJenbd5a8ZZzBzBHzjvPy5ukcI=</latexit>

: scattering phase shift

T = 2.44 > Tc

<latexit sha1_base64="UcK/w6p4Odso1CwRXflbjjFSSlI=">AAAB/HicbVDLSsNAFJ3UV62vVJduhhbBhYSkBNSFUnDjsmJf0MYwmU7aoTNJmJkUSqh7/8GluhG3/okL/8bpY6GtBy4czrmXe+8JEkalsu1vI7e2vrG5ld8u7Ozu7R+YxcOmjFOBSQPHLBbtAEnCaEQaiipG2okgiAeMtILhzdRvjYiQNI7qapwQj6N+REOKkdKSb5r1q4rlutd1P+sKDvHEN8u2Zc8AV4mzIOWqGT48le6LNd/86vZinHISKcyQlB3HTpSXIaEoZmRS6KaSJAgPUZ90NI0QJ9LLZpdP4IlWejCMha5IwZn6eyJDXMoxD3QnR2ogl72peBbw/+xOqsILL6NRkioS4fmuMGVQxXCaBOxRQbBiY00QFlSfC/EACYSVzqugc3CWv14lzYrluNblnQ7EBXPkwTEogVPggHNQBbegBhoAgxF4Bq/gzXg0Xox342PemjMWM0fgD4zPH2YUlXU=</latexit>

<latexit sha1_base64="ABtRUhdruv6/XpOPXF3E3xzGYrI=">AAAB63icbZC7SgNBFIZnvcZ4i1oKMhgECwm7FjGdARvLBMwFkiXMTs4mQ2Zml5lZISwprSzVRmx9B1/EwmfQxjdwcik08YeBj/8/hznnBDFn2rjuh7O0vLK6tp7ZyG5ube/s5vb26zpKFIUajXikmgHRwJmEmmGGQzNWQETAoREMrsZ54xaUZpG8McMYfEF6koWMEmOtquzk8m7BnQgvgjeD/OX3593RW/Wr0sm9t7sRTQRIQznRuuW5sfFTogyjHEbZdqIhJnRAetCyKIkA7aeTQUf4xDpdHEbKPmnwxP3dkRKh9VAEtlIQ09fz2dg8C8R/cSsxYclPmYwTA5JO/woTjk2Ex4vjLlNADR9aIFQxOy6mfaIINfY8WXsHb37rRaifF7xioVh18+USmiqDDtExOkUeukBldI0qqIYoAnSPHtGTI5wH59l5mZYuObOeA/RHzusPIfSSrw==</latexit>n

<latexit sha1_base64="VhbQ6SAt7tzhFmzmKchpdmJ1kuc=">AAAB7XicbVC7SgNBFL0bX0l8RS21GAyChcRdi5gyaGMZ0TwgCWF2MpsMmdlZZmaFuAT8AUu1EVt7/8VC8GOcPApNPHDhcM693HuPH3Gmjet+Oaml5ZXVtXQmu76xubWd29mtaRkrQqtEcqkaPtaUs5BWDTOcNiJFsfA5rfuDy7Ffv6NKMxnemmFE2wL3QhYwgo2VbganopPLuwV3ArRIvBnJlw/uvzMPHxeVTu6z1ZUkFjQ0hGOtm54bmXaClWGE01G2FWsaYTLAPdq0NMSC6nYyOXWEjqzSRYFUtkKDJurviQQLrYfCt50Cm76e98biiS/+s5uxCUrthIVRbGhIpruCmCMj0fh11GWKEsOHlmCimD0XkT5WmBgbUNbm4M1/vUhqZwWvWChe20BKMEUa9uEQjsGDcyjDFVSgCgR68AjP8OJI58l5dd6mrSlnNrMHf+C8/wBG65HY</latexit>

k/m

Fathiyya+ST+Yamazaki 2023

<latexit sha1_base64="fHxMaqCe3aDfsCbX4sWbD7fTWFs=">AAAB8nicbVC7TgJBFJ1FUcQXYmmzkZhYGLJrgcSKxMYSozwS2JDZYRYmzGMzc9eEbPgJSrUxtP6OhaV/4vAoFDzJTU7OuTf33hPGnBnwvC8ns7Wd3dnN7eX3Dw6PjgsnxaZRiSa0QRRXuh1iQzmTtAEMOG3HmmIRctoKR3dzv/VMtWFKPsE4poHAA8kiRjBYqd1Vgg5wT/YKJa/sLeBuEn9FSrXi9+10ln2s9wqf3b4iiaASCM fGdHwvhiDFGhjhdJLvJobGmIzwgHYslVhQE6SLeyfuhVX6bqS0LQnuQv09kWJhzFiEtlNgGJp1by5eheI/u5NAVA1SJuMEqCTLXVHCXVDu/H+3zzQlwMeWYKKZPdclQ6wxAZtS3ubgr3+9SZrXZb9SrjzYQKpoiRw6Q+foEvnoBtXQPaqjBiKIoyl6RW8OOC/OuzNbtmac1cwp+gPn4wcS3pQA</latexit>!n

<latexit sha1_base64="4e6U+gDoI/U9s2oyF//3q8uHCro=">AAAB8HicbZC7SgNBFIZn4y3GW9TSZjAIFhJ2LaKVBmwsI5gLJEuYnZxNxsxlmZkVQsg7WKqN2Po+Fr6GT+Bkk0ITfxj4+P9zmHNOlHBmrO9/ebmV1bX1jfxmYWt7Z3evuH/QMCrVFOpUcaVbETHAmYS6ZZZDK9FARMShGQ1vpnnzEbRhSt7bUQKhIH3JYkaJdVajowT0SbdY8st+JrwMwRxK199xplq3+NnpKZoKkJZyYkw78BMbjom2jHKYFDqpgYTQIelD26EkAkw4zqad4BPn9HCstHvS4sz93TEmwpiRiFylIHZgFrOpeRaJ/+J2auPLcMxkklqQdPZXnHJsFZ5uj3tMA7V85IBQzdy4mA6IJtS6GxXcHYLFrZehcV4OKuXKnV+qXqGZ8ugIHaNTFKALVEW3qIbqiKIH9IRe0KunvWfvzXuflea8ec8h+iPv4wdfopPA</latexit>!

�

<latexit sha1_base64="Ybhlniap1G2aP2bp6Tte8oOBzjQ=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAILqTMSEFdWXDjsoK9QDuUTOZMG5tkhiQjlKHv4NJ2I259Hxc+hm9gello6w+Bj/8/h5xzgoQzbVz3y8mtrW9sbuW3Czu7e/sHxcOjho5TRaFOYx6rVkA0cCahbpjh0EoUEBFwaAaDu2nefAalWSwfzTABX5CeZBGjxFir0QmBG9ItltyyOxNeBW8Bpdvv8VSTWrf42QljmgqQhnKiddtzE+NnRBlGOYwKnVRDQuiA9KBtURIB2s9m047wmXVCHMXKPmnwzP3dkRGh9VAEtlIQ09fL2dS8CMR/cTs10bWfMZmkBiSd/xWlHJsYT7fHIVNADR9aIFQxOy6mfaIINfZGBXsHb3nrVWhclr1K+ebBLVUraK48OkGn6Bx56ApV0T2qoTqi6Am9oDGaOMp5dd6c93lpzln0HKM/cj5+APyClOo=</latexit>

relative momentum 1-particle rest mass



Entanglement Entropy with TN



Entanglement Entropy

n Def : measure of quantum correlation between two 
subsystems A and B

n Quantum information
n A key quantity to understand BH
n EE can also be used as “order parameter” to study 

quantum phase transition

! A = Tr B ! A + B

<latexit sha1_base64="bcelA19L6JtRjknsEZD31zLY44c=">AAACCnicbVDLSsNAFJ34rPUVdVmQwSIIaklEUBdKWzcuXFToC5oQJtNpO3QmCTMToYTuXPolrkRFELeu3Lvwb5w+Ftp64MLhnHu59x4/YlQqy/o2Zmbn5hcWU0vp5ZXVtXVzY7Mqw1hgUsEhC0XdR5IwGpCKooqReiQI4j4jNb97OfBrt0RIGgZl1YuIy1E7oC2KkdKSZ247ohN6BXgOE0dwWBZ9rwiHWlLYL/Y9M2vlrCHgNLHHJJuH15+Hr5nHkmd+Oc0Qx5wECjMkZcO2IuUmSCiKGemnnViSCOEuapOGpgHiRLrJ8I8+3NVKE7ZCoStQcKj+nkgQl7LHfd3JkerISW8gHvj8P7sRq9apm9AgihUJ8GhXK2ZQhXCQC2xSQbBiPU0QFlSfC3EHCYSVTi+tc7Anv54m1aOcfZw7u9GBXIARUiADdsAesMEJyIMrUAIVgMEdeADP4MW4N56MN+N91DpjjGe2wB8YHz9OgJxS</latexit>

Calabrese+Cardy 2004

Suskind+Uglum 1996

AB

!

<latexit sha1_base64="/Frw3QKxxngzTaXVOSMo9eZiDB0=">AAAB7nicbZDLSsNAFIZPvNZ6q7p0M1gEF1ISEdSNFty4rGAv0IYymZ60QyeTMDMRSukruFQ34tYXcuFr+ARO0i609YeBj/8/hznnBIng2rjul7O0vLK6tl7YKG5ube/slvb2GzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3mZ58xGV5rF8MKME/Yj2JQ85oyazOihEt1R2K24usgjeDMo332GuWrf02enFLI1QGiao1m3PTYw/pspwJnBS7KQaE8qGtI9ti5JGqP1xPuuEHFunR8JY2ScNyd3fHWMaaT2KAlsZUTPQ81lmngbRf3E7NeGlP+YySQ1KNv0rTAUxMcl2Jz2ukBkxskCZ4nZcwgZUUWbshYr2Dt781ovQOKt455Wre7dcvYapCnAIR3ACHlxAFe6gBnVgMIAneIFXJ3GenTfnfVq65Mx6DuCPnI8f2qyS4Q==</latexit>

L

<latexit sha1_base64="ncTo5eU2w4tFlw3OHm6TUX9sMyQ=">AAAB63icbZC7SgNBFIbPeo3xFrW0GQyChYRdEdRGAzYWFgmYCyRLmJ2cTYbM7C4zs0IIeQJLtRFbH8nC1/AJnGxSaOIPAx//fw5zzgkSwbVx3S9naXlldW09t5Hf3Nre2S3s7dd1nCqGNRaLWDUDqlHwCGuGG4HNRCGVgcBGMLid5I1HVJrH0YMZJuhL2ot4yBk11qredwpFt+RmIovgzaB48x1mqnQKn+1uzFKJkWGCat3y3MT4I6oMZwLH+XaqMaFsQHvYshhRidofZYOOybF1uiSMlX2RIZn7u2NEpdZDGdhKSU1fz2cT8zSQ/8Wt1ISX/ohHSWowYtO/wlQQE5PJ4qTLFTIjhhYoU9yOS1ifKsqMPU/e3sGb33oR6mcl77x0VXWL5WuYKgeHcAQn4MEFlOEOKlADBghP8AKvjnSenTfnfVq65Mx6DuCPnI8fbO6Rdg==</latexit>

space

time

SA = ! Tr A ! A log ! A

<latexit sha1_base64="Rw+xoNHDc4A3i011DhFBLJcEKcw=">AAACDXicbZDLSgMxFIYz9VbrpVWX3USL4ELLjAgqqLS4cVmxN+iUIZOmbWgyGZKMUIauXfokrkTdiFufwIUP4LbPYHpZaPWHwMd/zuHk/H7IqNK2/Wkl5uYXFpeSy6mV1bX1dGZjs6pEJDGpYMGErPtIEUYDUtFUM1IPJUHcZ6Tm9y5H9dotkYqKoKz7IWly1Alom2KkjeVltm+84vlB7EoOy3LgFV3ZFV4Rukx04IS9TM7O22PBv+BMIVfIDofps8evkpf5cFsCR5wEGjOkVMOxQ92MkdQUMzJIuZEiIcI91CENgwHiRDXj8SkDuGucFmwLaV6g4dj9OREjrlSf+6aTI91Vs7WRue/z/8qNSLdPmjENwkiTAE92tSMGtYCjaGCLSoI16xtAWFLzXYi7SCKsTYApk4Mze/VfqB7mnaP86bUJ5AJMlARZsAP2gAOOQQFcgRKoAAzuwAN4Bi/WvfVkvVpvk9aENZ3ZAr9kvX8DCRSeng==</latexit>



Monte Carlo study

! 3+1dim pure SU(3) gauge theory
! Order parameter of confinement

! 1+1, 2+1dim Ising
! Computation of c-function

Bulgarelli+Panero 2023

Nakagawa+ 2009, Itou+ 2016

• extrapolation 𝑛 → 1 OK?
• To realize zero temperature, one needs large Euclidean time

Difficulties in MC

Renyi Entropy

n !" 1

<latexit sha1_base64="5QI7HErzoubwn4kG1184aWM0YTM="></latexit>

replica trick

! A + B !" |0#$0|

<latexit sha1_base64="l98oz2J0Vo5TShr9LWppGDmmE6k=">AAACGXicbVDLSgMxFM34rPU16kZwEyyCoJYZKai7qhuXFewDOqVk0sw0NJMMSUYp036FS7/EpboRt+LCvzGddqGtBy73cM69JPf4MaNKO863NTe/sLi0nFvJr66tb2zaW9s1JRKJSRULJmTDR4owyklVU81II5YERT4jdb93PfLr90QqKvid7sekFaGQ04BipI3Utk882RXt9PLoaugxwUNJw65GUooHOHA8iXjIiMey5gzybbvgFJ0McJa4E1Io7wYZKm37y+sInESEa8yQUk3XiXUrRVJTzMgw7yWKxAj3UEiahnIUEdVKs7OG8MAoHRgIaYprmKm/N1IUKdWPfDMZId1V095IPPaj/+xmooPzVkp5nGjC8fitIGFQCziKCXaoJFizviEIS2q+C3EXSYS1CXOUgzt99SypnRbdUvHi1gRSAmPkwB7YB4fABWegDG5ABVQBBo/gGbyCN+vJerHerY/x6Jw12dkBf2B9/gBZuKNV</latexit>

T !" 0

<latexit sha1_base64="lmGEF9CAGgfzwUxlZQOnZKZsBG4=">AAAB/3icbVDLSsNAFJ34rPUV7dLNYBFcSEmkoK4suHFZoS9oQ5lMJ+nQyUyYmSghdOFn6MaluhG3fogLP8M/cNJ2oa0HLhzOuZd77/FjRpV2nC9raXlldW29sFHc3Nre2bX39ltKJBKTJhZMyI6PFGGUk6ammpFOLAmKfEba/ugq99u3RCoqeEOnMfEiFHIaUIy0kfp2qdFjgoeShkONpBR30Cn27bJTcSaAi8SdkfLl90OOx3rf/uwNBE4iwjVmSKmu68Tay5DUFDMyLvYSRWKERygkXUM5iojyssnxY3hklAEMhDTFNZyovycyFCmVRr7pjJAeqnkvF0/86D+7m+jg3MsojxNNOJ7uChIGtYB5GHBAJcGapYYgLKk5F+IhkghrE1megzv/9SJpnVbcauXixinXqmCKAjgAh+AYuOAM1MA1qIMmwCAFT+AFvFr31rP1Zr1PW5es2UwJ/IH18QOhPpo6</latexit>

for

S(n )
A =

1
1 ! n

Tr A (! A )n !" SA

<latexit sha1_base64="e9YsRmrnCdqfU9UOzEWaq7EcoHQ="></latexit>



Tensor network study

(! A )n,n ! = Tr B ! A + B =

<latexit sha1_base64="AAAYS+aXZv2oe3aBKT3y3SmAL9s="></latexit>

AB

Transfer matrix

space

time

EE can be directly computed without relying on replica method

n TN representation of 𝜌!
Bazavov+ 2016

Tensor network rep. of



Tensor network study

(! A )n,n ! = Tr B ! A + B =

<latexit sha1_base64="AAAYS+aXZv2oe3aBKT3y3SmAL9s="></latexit>

AB

Transfer matrixCoarse-grained

n TN representation of 𝜌!

EE can be directly computed without relying on replica method

Bazavov+ 2016

space

time



Tensor network study

(! A )n,n ! = Tr B ! A + B =

<latexit sha1_base64="AAAYS+aXZv2oe3aBKT3y3SmAL9s="></latexit>

AB

pile up

n TN representation of 𝜌!

EE can be directly computed without relying on replica method

Bazavov+ 2016

space

time

!

<latexit sha1_base64="WIjh0LqfIzP5Xn84yClWu9iBwvE=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiKButODGZQV7gXYomTTThuZGkhHL0JdwqW7Era/jwtfwCcxMu9DWHwIf/38OOedEilFjff/LKywtr6yuFddLG5tb2zvl3b2mkYnGpIElk7odIUMYFaRhqWWkrTRBPGKkFY1usrz1QLShUtzbsSIhRwNBY4qRdVa7i5TS8rHUK1f8qp8LLkIwg8r1d5yr3it/dvsSJ5wIixkyphP4yoYp0pZiRialbmKIQniEBqTjUCBOTJjm807gkXP6MJbaPWFh7v7uSBE3ZswjV8mRHZr5LDNPIv5f3ElsfBGmVKjEEoGnf8UJg1bCbH/Yp5pgy8YOENbUjQvxEGmErbtSdodgfutFaJ5Wg7Pq5Z1fqV2BqYrgAByCYxCAc1ADt6AOGgADBp7AC3j1rPfsvXnv09KCN+vZB3/kffwAnAaUcA==</latexit>



Tensor network study

n

<latexit sha1_base64="QE6bC5OlXnhX0TVzOqbLTsl4J7U=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuJAyIwV1ZcGNyxbsBdqhZNJMG5pkhiQjlKFP4FJdWNz6SC58DN/ATNuFtv4Q+Pj/c8g5J4g508Z1v5zc2vrG5lZ+u7Czu7d/UDw8auooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjO6yvPVIlWaRfDDjmPoCDyQLGcHGWnXZK5bcsjsTWgVvAaXb77dM01qv+NntRyQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdixKLKj209mgE3RmnT4KI2WfNGjm/u5IsdB6LAJbKbAZ6uUsMy8C8V/cSUx47adMxomhksz/ChOOTISyxVGfKUoMH1vARDE7LiJDrDAx9jwFewdveetVaF6WvUr5pu6WqhWYKw8ncArn4MEVVOEeatAAAhSe4AVeHeE8O1PnfV6acxY9x/BHzscPPB+SwA==</latexit>

n!

<latexit sha1_base64="mdOHWWlOVus5ilsVYTez8Dh6oLg=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiuJAyIwV1ZcGNywr2Au1YMmmmDU0yQ5IRytCXcGd1I259HRc+hm9gpu1CW38IfPz/OeScE8ScaeO6X05uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhjdZ3nykSrNI3ptRTH2B+5KFjGBjrZZ86MSKCdotltyyOxVaBm8Opevv50yTWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LUosqPbT6bxjdGKdHgojZZ80aOr+7kix0HokAlspsBnoxSwzzwLxX9xOTHjpp0zGiaGSzP4KE45MhLL9UY8pSgwfWcBEMTsuIgOsMDH2SgV7B29x62VonJe9Svnqzi1VKzBTHo7gGE7Bgwuowi3UoA4EODzBC7w6xpk4b877rDTnzHsO4Y+cjx+gnZXd</latexit>

(! A )n,n ! = Tr B ! A + B =

<latexit sha1_base64="AAAYS+aXZv2oe3aBKT3y3SmAL9s="></latexit>

Tr B

<latexit sha1_base64="hseXutEMqVc0Uf7yuNgKK0CwjEM=">AAAB9XicbVDLSgNBEJyNrxhfGz16GRIEDxJ2JaDegl48RswLkjXMTmaTIfNYZmaVsOQD/ACP6kW8+jUe/BtnEw+aWNBQVHXT3RXGjGrjeV9ObmV1bX0jv1nY2t7Z3XOL+y0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL7K/PY9UZpK0TCTmAQcDQWNKEbGSt20pzhsqGn/stB3y17FmwEuE/+HlGtudPdYui3W++5nbyBxwokwmCGtu74XmyBFylDMyLTQSzSJER6jIelaKhAnOkhnJ0/hkVUGMJLKljBwpv6eSBHXesJD28mRGelFLxNPQv6f3U1MdB6kVMSJIQLPd0UJg0bCLAI4oIpgwyaWIKyoPRfiEVIIGxtUloO/+PUyaZ1W/Grl4sYGUgVz5MEhKIFj4IMzUAPXoA6aAAMJnsALeHUenGfnzXmft+acn5kD8AfOxzdGUJPW</latexit>

n TN representation of 𝜌!

EE can be directly computed without relying on replica method

Bazavov+ 2016

space

time

!

<latexit sha1_base64="WIjh0LqfIzP5Xn84yClWu9iBwvE=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiKButODGZQV7gXYomTTThuZGkhHL0JdwqW7Era/jwtfwCcxMu9DWHwIf/38OOedEilFjff/LKywtr6yuFddLG5tb2zvl3b2mkYnGpIElk7odIUMYFaRhqWWkrTRBPGKkFY1usrz1QLShUtzbsSIhRwNBY4qRdVa7i5TS8rHUK1f8qp8LLkIwg8r1d5yr3it/dvsSJ5wIixkyphP4yoYp0pZiRialbmKIQniEBqTjUCBOTJjm807gkXP6MJbaPWFh7v7uSBE3ZswjV8mRHZr5LDNPIv5f3ElsfBGmVKjEEoGnf8UJg1bCbH/Yp5pgy8YOENbUjQvxEGmErbtSdodgfutFaJ5Wg7Pq5Z1fqV2BqYrgAByCYxCAc1ADt6AOGgADBp7AC3j1rPfsvXnv09KCN+vZB3/kffwAnAaUcA==</latexit>



Tensor network study

n

<latexit sha1_base64="QE6bC5OlXnhX0TVzOqbLTsl4J7U=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuJAyIwV1ZcGNyxbsBdqhZNJMG5pkhiQjlKFP4FJdWNz6SC58DN/ATNuFtv4Q+Pj/c8g5J4g508Z1v5zc2vrG5lZ+u7Czu7d/UDw8auooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjO6yvPVIlWaRfDDjmPoCDyQLGcHGWnXZK5bcsjsTWgVvAaXb77dM01qv+NntRyQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdixKLKj209mgE3RmnT4KI2WfNGjm/u5IsdB6LAJbKbAZ6uUsMy8C8V/cSUx47adMxomhksz/ChOOTISyxVGfKUoMH1vARDE7LiJDrDAx9jwFewdveetVaF6WvUr5pu6WqhWYKw8ncArn4MEVVOEeatAAAhSe4AVeHeE8O1PnfV6acxY9x/BHzscPPB+SwA==</latexit>

n!

<latexit sha1_base64="mdOHWWlOVus5ilsVYTez8Dh6oLg=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiuJAyIwV1ZcGNywr2Au1YMmmmDU0yQ5IRytCXcGd1I259HRc+hm9gpu1CW38IfPz/OeScE8ScaeO6X05uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhjdZ3nykSrNI3ptRTH2B+5KFjGBjrZZ86MSKCdotltyyOxVaBm8Opevv50yTWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LUosqPbT6bxjdGKdHgojZZ80aOr+7kix0HokAlspsBnoxSwzzwLxX9xOTHjpp0zGiaGSzP4KE45MhLL9UY8pSgwfWcBEMTsuIgOsMDH2SgV7B29x62VonJe9Svnqzi1VKzBTHo7gGE7Bgwuowi3UoA4EODzBC7w6xpk4b877rDTnzHsO4Y+cjx+gnZXd</latexit>

(! A )n,n ! = Tr B ! A + B =

<latexit sha1_base64="AAAYS+aXZv2oe3aBKT3y3SmAL9s="></latexit>

Tr B

<latexit sha1_base64="hseXutEMqVc0Uf7yuNgKK0CwjEM=">AAAB9XicbVDLSgNBEJyNrxhfGz16GRIEDxJ2JaDegl48RswLkjXMTmaTIfNYZmaVsOQD/ACP6kW8+jUe/BtnEw+aWNBQVHXT3RXGjGrjeV9ObmV1bX0jv1nY2t7Z3XOL+y0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL7K/PY9UZpK0TCTmAQcDQWNKEbGSt20pzhsqGn/stB3y17FmwEuE/+HlGtudPdYui3W++5nbyBxwokwmCGtu74XmyBFylDMyLTQSzSJER6jIelaKhAnOkhnJ0/hkVUGMJLKljBwpv6eSBHXesJD28mRGelFLxNPQv6f3U1MdB6kVMSJIQLPd0UJg0bCLAI4oIpgwyaWIKyoPRfiEVIIGxtUloO/+PUyaZ1W/Grl4sYGUgVz5MEhKIFj4IMzUAPXoA6aAAMJnsALeHUenGfnzXmft+acn5kD8AfOxzdGUJPW</latexit>

n TN representation of 𝜌!

EE can be directly computed without relying on replica method

Bazavov+ 2016

⇒

!

<latexit sha1_base64="WIjh0LqfIzP5Xn84yClWu9iBwvE=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiKButODGZQV7gXYomTTThuZGkhHL0JdwqW7Era/jwtfwCcxMu9DWHwIf/38OOedEilFjff/LKywtr6yuFddLG5tb2zvl3b2mkYnGpIElk7odIUMYFaRhqWWkrTRBPGKkFY1usrz1QLShUtzbsSIhRwNBY4qRdVa7i5TS8rHUK1f8qp8LLkIwg8r1d5yr3it/dvsSJ5wIixkyphP4yoYp0pZiRialbmKIQniEBqTjUCBOTJjm807gkXP6MJbaPWFh7v7uSBE3ZswjV8mRHZr5LDNPIv5f3ElsfBGmVKjEEoGnf8UJg1bCbH/Yp5pgy8YOENbUjQvxEGmErbtSdodgfutFaJ5Wg7Pq5Z1fqV2BqYrgAByCYxCAc1ADt6AOGgADBp7AC3j1rPfsvXnv09KCN+vZB3/kffwAnAaUcA==</latexit>

SA = ! Tr A ! A log ! A " !
!

i

" i log" i

<latexit sha1_base64="59ZTr5N7lrnNUHsm2b8oIzNzYhU="></latexit>



Tensor network study

n

<latexit sha1_base64="QE6bC5OlXnhX0TVzOqbLTsl4J7U=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuJAyIwV1ZcGNyxbsBdqhZNJMG5pkhiQjlKFP4FJdWNz6SC58DN/ATNuFtv4Q+Pj/c8g5J4g508Z1v5zc2vrG5lZ+u7Czu7d/UDw8auooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjO6yvPVIlWaRfDDjmPoCDyQLGcHGWnXZK5bcsjsTWgVvAaXb77dM01qv+NntRyQRVBrCsdYdz42Nn2JlGOF0UugmmsaYjPCAdixKLKj209mgE3RmnT4KI2WfNGjm/u5IsdB6LAJbKbAZ6uUsMy8C8V/cSUx47adMxomhksz/ChOOTISyxVGfKUoMH1vARDE7LiJDrDAx9jwFewdveetVaF6WvUr5pu6WqhWYKw8ncArn4MEVVOEeatAAAhSe4AVeHeE8O1PnfV6acxY9x/BHzscPPB+SwA==</latexit>

n!

<latexit sha1_base64="mdOHWWlOVus5ilsVYTez8Dh6oLg=">AAAB8nicbZDLSgMxFIbP1Futt6pLN8EiuJAyIwV1ZcGNywr2Au1YMmmmDU0yQ5IRytCXcGd1I259HRc+hm9gpu1CW38IfPz/OeScE8ScaeO6X05uZXVtfSO/Wdja3tndK+4fNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhjdZ3nykSrNI3ptRTH2B+5KFjGBjrZZ86MSKCdotltyyOxVaBm8Opevv50yTWrf42elFJBFUGsKx1m3PjY2fYmUY4XRc6CSaxpgMcZ+2LUosqPbT6bxjdGKdHgojZZ80aOr+7kix0HokAlspsBnoxSwzzwLxX9xOTHjpp0zGiaGSzP4KE45MhLL9UY8pSgwfWcBEMTsuIgOsMDH2SgV7B29x62VonJe9Svnqzi1VKzBTHo7gGE7Bgwuowi3UoA4EODzBC7w6xpk4b877rDTnzHsO4Y+cjx+gnZXd</latexit>

(! A )n,n ! = Tr B ! A + B =

<latexit sha1_base64="AAAYS+aXZv2oe3aBKT3y3SmAL9s="></latexit>

Tr B

<latexit sha1_base64="hseXutEMqVc0Uf7yuNgKK0CwjEM=">AAAB9XicbVDLSgNBEJyNrxhfGz16GRIEDxJ2JaDegl48RswLkjXMTmaTIfNYZmaVsOQD/ACP6kW8+jUe/BtnEw+aWNBQVHXT3RXGjGrjeV9ObmV1bX0jv1nY2t7Z3XOL+y0tE4VJE0smVSdEmjAqSNNQw0gnVgTxkJF2OL7K/PY9UZpK0TCTmAQcDQWNKEbGSt20pzhsqGn/stB3y17FmwEuE/+HlGtudPdYui3W++5nbyBxwokwmCGtu74XmyBFylDMyLTQSzSJER6jIelaKhAnOkhnJ0/hkVUGMJLKljBwpv6eSBHXesJD28mRGelFLxNPQv6f3U1MdB6kVMSJIQLPd0UJg0bCLAI4oIpgwyaWIKyoPRfiEVIIGxtUloO/+PUyaZ1W/Grl4sYGUgVz5MEhKIFj4IMzUAPXoA6aAAMJnsALeHUenGfnzXmft+acn5kD8AfOxzdGUJPW</latexit>

n TN representation of 𝜌!

n 1+1dim O(3) 

EE can be directly computed without relying on replica method

Bazavov+ 2016

⇒

Luo+Kuramashi 2023

⇒ c=1.97(9)

for off-critical central charge

correlation length

! ! 1 ! " e! 2!"

<latexit sha1_base64="0SMf/Ju2OzWuaokgYQW0rzcvgj0=">AAACEHicbVDLSgMxFM3UV62vUcGNm2AVXGiZKYK6K7hxWcE+oFNLJr1tQzMzIcmIZegPuPRLxJW6keLOvQu/RtPHQlsPBE7OuZfkHF9wprTjfFmpufmFxaX0cmZldW19w97cKqsolhRKNOKRrPpEAWchlDTTHKpCAgl8DhW/ezH0K7cgFYvCa90TUA9IO2QtRok2UsPe9+7YTXLs9j0hI6Ej7PmgCQaj5T3BRrd+w846OWcEPEvcCckW7Pen8vdgp9iwP71mROMAQk05UarmOkLXEyI1oxz6GS9WIAjtkjbUDA1JAKqejNL08YFRmrgVSXNCjUfq742EBEr1At9MBkR31LQ3FI/84D+7FuvWWT1hoYg1hHT8Vivm2AQftoObTALVvGcIoZKZ72LaIZJQbTrMmB7c6dSzpJzPuSe58ytTiIPGSKNdtIcOkYtOUQFdoiIqIYru0SN6Qa/Wg/VsvVmD8WjKmuxsoz+wPn4AbPCgdw==</latexit>

!

<latexit sha1_base64="WIjh0LqfIzP5Xn84yClWu9iBwvE=">AAAB8nicbZDLSgMxFIYz9VbrrerSTbAILqTMiKButODGZQV7gXYomTTThuZGkhHL0JdwqW7Era/jwtfwCcxMu9DWHwIf/38OOedEilFjff/LKywtr6yuFddLG5tb2zvl3b2mkYnGpIElk7odIUMYFaRhqWWkrTRBPGKkFY1usrz1QLShUtzbsSIhRwNBY4qRdVa7i5TS8rHUK1f8qp8LLkIwg8r1d5yr3it/dvsSJ5wIixkyphP4yoYp0pZiRialbmKIQniEBqTjUCBOTJjm807gkXP6MJbaPWFh7v7uSBE3ZswjV8mRHZr5LDNPIv5f3ElsfBGmVKjEEoGnf8UJg1bCbH/Yp5pgy8YOENbUjQvxEGmErbtSdodgfutFaJ5Wg7Pq5Z1fqV2BqYrgAByCYxCAc1ADt6AOGgADBp7AC3j1rPfsvXnv09KCN+vZB3/kffwAnAaUcA==</latexit>

SA =
c
3

log !

<latexit sha1_base64="DmyEafzQ3JdEE72/JxCA+3u+bX4=">AAACBnicbVDLSgMxFM3UVx1fo+50EyyCCy0ztqAuhIoblxXtAzpDyaSZNjSTGZKMWIaCS/ED/AHBpboRt/6ECz/A/zB9LLR64MLhnHuTe48fMyqVbX8amanpmdm57Ly5sLi0vGKtrlVllAhMKjhikaj7SBJGOakoqhipx4Kg0Gek5ndPB37tighJI36pejHxQtTmNKAYKS01rY2L5ol5bLqBQDjF/bTQN10WtaF7TZtWzs7bQ8C/xBmTXGnvoXr/dVcoN60PtxXhJCRcYYakbDh2rLwUCUUxI/rhRJIY4S5qk4amHIVEeunwhj7c1koLBpHQxRUcqj8nUhRK2Qt93Rki1ZGT3kDc9cP/7EaigkMvpTxOFOF49FeQMKgiOMgEtqggWLGeJggLqteFuIN0IkonZ+ocnMmr/5Lqft4p5o/OdSBFMEIWbIItsAMccABK4AyUQQVgcAMewTN4MW6NJ+PVeBu1ZozxzDr4BeP9G+Ykmxs=</latexit>

SA = ! Tr A ! A log ! A " !
!

i

" i log" i

<latexit sha1_base64="59ZTr5N7lrnNUHsm2b8oIzNzYhU="></latexit>

Hasenfratz+1990



Tensor network study
1+1D Ising

Transition point and value of central charge can be precisely estimated

c = 3
! SA

! (log L)

<latexit sha1_base64="Fo1NIEU/GEVgMdHVQVnM6urfdL8="></latexit>

! = 96

<latexit sha1_base64="svBra2mKVdAsb4MX3SU75P3+CRU=">AAAB8XicbVDLSgNBEOyNrxhfq4IXL4NB8CBhV0TNQQh48RjBPCAJYXYymwyZmV1mZoWw5CM8qhfx6s0/EL/Bg1+jk8dBEwsaiqpuuruCmDNtPO/LySwsLi2vZFdza+sbm1vu9k5VR4kitEIiHql6gDXlTNKKYYbTeqwoFgGntaB/NfJrd1RpFslbM4hpS+CuZCEj2Fip1iQ9dlk8a7t5r+CNgeaJPyX5kvvxVv1+3yu33c9mJyKJoNIQjrVu+F5sWilWhhFOh7lmommMSR93acNSiQXVrXR87hAdWqWDwkjZkgaN1d8TKRZaD0RgOwU2PT3rjcTjQPxnNxITXrRSJuPEUEkmu8KEIxOh0fuowxQlhg8swUQxey4iPawwMTaknM3Bn/16nlRPCv5poXhjA/FggizswwEcgQ/nUIJrKEMFCPThHh7hydHOg/PsvExaM850Zhf+wHn9Ab5qk/A=</latexit>

SA =
c
3

!
!

log ! for T "= Tc

logL for T = Tc

<latexit sha1_base64="l4LFumuo8Cg16BJpI8rAz5NVPOo="></latexit>

! /L = 1 / 2

<latexit sha1_base64="6HPFAnqUtTbsOwBlMYkRHDHCs3c=">AAAB9HicbVC7SgNBFJ2Nrxhf8VFpMxgEC0l2g6AWQsDGIkUC5oHJEmYnN8mQ2dllZjYQlnyBraXaiK0/4TdY+Bd+gpNHoYkHLhzOuZd77/FCzpS27S8rsbS8srqWXE9tbG5t76R396oqiCSFCg14IOseUcCZgIpmmkM9lEB8j0PN69+M/doApGKBuNPDEFyfdAXrMEq0ke6bwHmueO3k8q10xs7aE+BF4sxIpnBQ/v4oHj6UWunPZjugkQ9CU06Uajh2qN2YSM0oh1GqGSkICe2TLjQMFcQH5caTi0f4xCht3AmkKaHxRP09ERNfqaHvmU6f6J6a98bimef/Zzci3bl0YybCSIOg012diGMd4HECuM0kUM2HhhAqmTkX0x6RhGqTU8rk4Mx/vUiq+axznr0qm0BsNEUSHaFjdIocdIEK6BaVUAVRJNAjekYv1sB6sl6tt2lrwprN7KM/sN5/AFBXlA0=</latexit>

time/space=16

Tanaka+Kadoh+Hayazaki+ST 2024 appear soon



Short summary for EE with TN

n EE for QFT can be computed with TN

n TN can directly compute EE without relying on replica method 
in contrast to MC (where replica is definitely necessary)

n EE can be used as a probe to detect a criticality and is useful 
to compute central charge : numerical demonstration for 
1+1D Ising model works well 

See Tanaka-san’s talk this afternoon



Towards QCD



Difficulties about QCD

n Large number of internal d.o.f.
n 4D system: coarse-graining is very expensive

QCD = quarks + gluons in 3+1 D space-time

Flavors (u,d,s,c,b,t)
SU(3) color

SU(3) gauge field

Time ! log(Volume) ! χ!"#$%&'! ( )*+, ! *-. &

Time ∝ Volume× #IDOF × #sampleFor MC

χ χ#IDOF



How to handle internal d.o.f.
• 2D pure fermion  Akiyama 2023
• 2D ZN + multi-flavor Yosprakob+Nishimura+ 2023

<latexit sha1_base64="vGcnoSdz1LbbuZJW4yac8Mr/pRE=">AAAB+XicbVDLSsNAFJ3UV62vaJduBkVwVRKR6rLgxpVUsA9oYphMJ+3QmUmYmRRKyNI/cCmIgiJu/RN3/ocf4PSx0NYDFw7n3Mu994QJo0o7zpdVWFpeWV0rrpc2Nre2d+zdvaaKU4lJA8cslu0QKcKoIA1NNSPtRBLEQ0Za4eBi7LeGRCoaixs9SojPUU/QiGKkjRTYtof79Da7CjJPchjleWAfOhVnArhI3Bk5rJW/H+/v/Od6YH963RinnAiNGVKq4zqJ9jMkNcWM5CUvVSRBeIB6pGOoQJwoP5tcnsMjo3RhFEtTQsOJ+nsiQ1ypEQ9NJ0e6r+a9sfif10l1dO5nVCSpJgJPF0UpgzqG4xhgl0qCNRsZgrCk5laI+0girE1YJROCO//yImmeVNxqpXpt0jgFUxTBPjgAx8AFZ6AGLkEdNAAGQ/AAXsCrlVlP1pv1Pm0tWLOZMvgD6+MH6T2Xjg==</latexit>

! N f
<latexit sha1_base64="ZMqDfRm4rtGHYSXqNI348IxmWLA=">AAAB/XicbVC7SgNBFJ31GeNrjXY2g0FIFXZTRMuAjZVEMA/IhmV2MpsMmZ1dZu4KcQl+gr9gY6GIrb2fYOeH2Dt5FJp44MLhnHu5954gEVyD43xZK6tr6xubua389s7u3r59UGjqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoYXE791y5TmsbyBUcK6EelLHnJKwEi+fXTlZ56KcDj2gEdMY48OuG8XnbIzBV4m7pwUawWv9P3x4NV9+9PrxTSNmAQqiNYd10mgmxEFnAo2znupZgmhQ9JnHUMlMZu62fT6MT41Sg+HsTIlAU/V3xMZibQeRYHpjAgM9KI3Ef/zOimE592MyyQFJulsUZgKDDGeRIF7XDEKYmQIoYqbWzEdEEUomMDyJgR38eVl0qyU3Wq5em3SqKAZcugYnaASctEZqqFLVEcNRNEdekTP6MW6t56sV+tt1rpizWcO0R9Y7z/SWJh2</latexit>

Nf ! !

<latexit sha1_base64="vGcnoSdz1LbbuZJW4yac8Mr/pRE=">AAAB+XicbVDLSsNAFJ3UV62vaJduBkVwVRKR6rLgxpVUsA9oYphMJ+3QmUmYmRRKyNI/cCmIgiJu/RN3/ocf4PSx0NYDFw7n3Mu994QJo0o7zpdVWFpeWV0rrpc2Nre2d+zdvaaKU4lJA8cslu0QKcKoIA1NNSPtRBLEQ0Za4eBi7LeGRCoaixs9SojPUU/QiGKkjRTYtof79Da7CjJPchjleWAfOhVnArhI3Bk5rJW/H+/v/Od6YH963RinnAiNGVKq4zqJ9jMkNcWM5CUvVSRBeIB6pGOoQJwoP5tcnsMjo3RhFEtTQsOJ+nsiQ1ypEQ9NJ0e6r+a9sfif10l1dO5nVCSpJgJPF0UpgzqG4xhgl0qCNRsZgrCk5laI+0girE1YJROCO//yImmeVNxqpXpt0jgFUxTBPjgAx8AFZ6AGLkEdNAAGQ/AAXsCrlVlP1pv1Pm0tWLOZMvgD6+MH6T2Xjg==</latexit>

! N f

<latexit sha1_base64="2DgqrBDeQXdqiQHfFYrufzpANo8=">AAAB63icbVC7SgNBFL3rM8ZXjKXNYBBShd0U0TJgYxnBPCAbwuxkNjtkZnaZmRXCkl/QwkIRW3/ET7DzQ+ydTVJo4oELh3Pu5d57goQzbVz3y9nY3Nre2S3sFfcPDo+OSyfljo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Dr3u/dUaRbLOzNN6EDgsWQhI9jkkk8iNixV3Jo7B1on3pJUmmW/+v3x6LeGpU9/FJNUUGkIx1r3PTcxgwwrwwins6KfappgMsFj2rdUYkH1IJvfOkMXVhmhMFa2pEFz9fdEhoXWUxHYToFNpFe9XPzP66cmvBpkTCapoZIsFoUpRyZG+eNoxBQlhk8twUQxeysiEVaYGBtP0Ybgrb68Tjr1mteoNW5tGnVYoABncA5V8OASmnADLWgDgQge4BleHOE8Oa/O26J1w1nOnMIfOO8/pdqRoQ==</latexit> ! <latexit sha1_base64="2DgqrBDeQXdqiQHfFYrufzpANo8=">AAAB63icbVC7SgNBFL3rM8ZXjKXNYBBShd0U0TJgYxnBPCAbwuxkNjtkZnaZmRXCkl/QwkIRW3/ET7DzQ+ydTVJo4oELh3Pu5d57goQzbVz3y9nY3Nre2S3sFfcPDo+OSyfljo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Dr3u/dUaRbLOzNN6EDgsWQhI9jkkk8iNixV3Jo7B1on3pJUmmW/+v3x6LeGpU9/FJNUUGkIx1r3PTcxgwwrwwins6KfappgMsFj2rdUYkH1IJvfOkMXVhmhMFa2pEFz9fdEhoXWUxHYToFNpFe9XPzP66cmvBpkTCapoZIsFoUpRyZG+eNoxBQlhk8twUQxeysiEVaYGBtP0Ybgrb68Tjr1mteoNW5tGnVYoABncA5V8OASmnADLWgDgQge4BleHOE8Oa/O26J1w1nOnMIfOO8/pdqRoQ==</latexit> ! <latexit sha1_base64="2DgqrBDeQXdqiQHfFYrufzpANo8=">AAAB63icbVC7SgNBFL3rM8ZXjKXNYBBShd0U0TJgYxnBPCAbwuxkNjtkZnaZmRXCkl/QwkIRW3/ET7DzQ+ydTVJo4oELh3Pu5d57goQzbVz3y9nY3Nre2S3sFfcPDo+OSyfljo5TRWibxDxWvQBrypmkbcMMp71EUSwCTrvB5Dr3u/dUaRbLOzNN6EDgsWQhI9jkkk8iNixV3Jo7B1on3pJUmmW/+v3x6LeGpU9/FJNUUGkIx1r3PTcxgwwrwwins6KfappgMsFj2rdUYkH1IJvfOkMXVhmhMFa2pEFz9fdEhoXWUxHYToFNpFe9XPzP66cmvBpkTCapoZIsFoUpRyZG+eNoxBQlhk8twUQxeysiEVaYGBtP0Ybgrb68Tjr1mteoNW5tGnVYoABncA5V8OASmnADLWgDgQge4BleHOE8Oa/O26J1w1nOnMIfOO8/pdqRoQ==</latexit> !

<latexit sha1_base64="ZMqDfRm4rtGHYSXqNI348IxmWLA=">AAAB/XicbVC7SgNBFJ31GeNrjXY2g0FIFXZTRMuAjZVEMA/IhmV2MpsMmZ1dZu4KcQl+gr9gY6GIrb2fYOeH2Dt5FJp44MLhnHu5954gEVyD43xZK6tr6xubua389s7u3r59UGjqOFWUNWgsYtUOiGaCS9YADoK1E8VIFAjWCoYXE791y5TmsbyBUcK6EelLHnJKwEi+fXTlZ56KcDj2gEdMY48OuG8XnbIzBV4m7pwUawWv9P3x4NV9+9PrxTSNmAQqiNYd10mgmxEFnAo2znupZgmhQ9JnHUMlMZu62fT6MT41Sg+HsTIlAU/V3xMZibQeRYHpjAgM9KI3Ef/zOimE592MyyQFJulsUZgKDDGeRIF7XDEKYmQIoYqbWzEdEEUomMDyJgR38eVl0qyU3Wq5em3SqKAZcugYnaASctEZqqFLVEcNRNEdekTP6MW6t56sV+tt1rpizWcO0R9Y7z/SWJh2</latexit>

Nf ! !

memory:

Many flavors

Non-abelian gauge theory

• 2D SU(2)&S(3), random sampling Fukuma+Kadoh+Matsumoto 2021
• 2D YM, character expansion (CE) Yosprakob+Nishimura+ 2021
• 3D SU(2) Kuwahara+Tsuchiya 2022
• 3D SU(2)&SU(3), CE Yosprakob+Okunishi 2024

CE • representation index
• matrix index can be traced out even for D≥2 dimension

• Does it work for matter + gauge?
• Further reduction for QCD

Future tasks

exponential reduction!



Progress of coarse-graining algorithm

ATRG, Triad TRG, MDTRG

Cost reduction

TNR,  Loop-TNR,  GILT,  Filtering
Removing correlation

TRG
Better accuracy 
around criticality

Higher dimensional
System and cost reduction

No truncation error but 
introducing statistical error

Information compression using 
environment (global) effect

Stochastic

TNMC, all-mode

SRG
Environment



Progress of coarse-graining algorithm

Stochastic

TNMC, all-mode

SRG
Environment

loop

tree

TRG

• What is the best combination?
• New idea?

TNR,  Loop-TNR,  GILT,  Filtering
Removing correlation

combine?

ATRG, Triad TRG, MDTRG

Cost reduction



Summary
n Tensor network is free of sign problem
n For Lagrangian approach, key point of coarse-graining scheme 

is information compression based on singular value 
decomposition

n Improvement of coarse-graining algorithm is essentially 
important and currently developing

n 4D system with simple d.o.f. is now feasible, but the road to 
lattice QCD is still long

n Development of efficient coarse-graining algorithm for 
higher dimensional system

n Further compression of internal d.o.f. when making initial 
tensor network representation

Future tasks



Future tasks

n Development of efficient coarse-graining algorithm for 
higher dimensional system

n Further compression of internal d.o.f. when making initial 
tensor network representation



Backup



Progress of coarse-graining algorithm

Higher dimensional
System and cost 
reduction

Better precision

Tensor Renormalization Group (TRG)
Levin+Nave, PRL99,120601(2007)

Tensor Network Renormalization (TNR)

Loop-TNR

Graph Independent Local Truncations (GILT)

Evenbly+Vidal, PRL115,180405(2015)

Yang+ PRL118,110504(2017)

Hauru+ PRB97,045111(2018)

Higher Order Tensor Renormalization Group (HOTRG)
Xie+ PRB86,045139(2012)

Anisotropic TRG (ATRG) Adachi+ PRB102,054432(2020)

Triad TRG Kadoh+Nakayama, arXiv:1912:02414
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d : dimensionality of system

Minimally decomposed  TRG(MDTRG)
Triad MDTRG Nakayama, arXiv:2307:14191

All-mode renormalization   Ohki+ST+ PRD107,114515(2023)
No truncation error but 
introducing statistical error
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Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)
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Bond dimension
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" = M (ij )( kl )
<latexit sha1_base64="JQWmKayDtdQzRr4sm+mmYGEe5ac=">AAAB9HicbVC7SgNBFL3rMyY+opY2o0FImrAbQW2EgI2NEsE8IFnC7GSSjJmdXWdmA2HJN1jaWChiK36IlZ2F/+LkUWjigQuHc+7l3nu8kDOlbfvLWlhcWl5ZTawlU+sbm1vp7Z2KCiJJaJkEPJA1DyvKmaBlzTSntVBS7HucVr3e+civ9qlULBA3ehBS18cdwdqMYG0k9+yyGWfZbS7b47lhM52x8/YYaJ44U5Ip7n9f3b+nPkrN9GejFZDIp0ITjpWqO3ao3RhLzQinw2QjUjTEpIc7tG6owD5Vbjw+eogOjdJC7UCaEhqN1d8TMfaVGvie6fSx7qpZbyT+59Uj3T51YybCSFNBJovaEUc6QKMEUItJSjQfGIKJZOZWRLpYYqJNTkkTgjP78jypFPLOUb5wbdI4hgkSsAcHkAUHTqAIF1CCMhC4gwd4gmerbz1aL9brpHXBms7swh9Ybz83ZZS/</latexit>

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)

M ! C! 2 ! ! 2

<latexit sha1_base64="G7bBxr0llrOKkzZdivfGihLSVEs=">AAACEHicbVC7SgNBFJ2NrxhfUUstBqNgIWE3CtoZSGMjRDAPyCZhdjKbDJmZXWZmlbDkBywt/Qrt1EZs7S38GXGSTaGJBy4czrmXe+/xQkaVtu0vKzU3v7C4lF7OrKyurW9kN7eqKogkJhUcsEDWPaQIo4JUNNWM1ENJEPcYqXn90siv3RCpaCCu9SAkTY66gvoUI22kdnb/0qUCuhzpnufFpWErdnGPtgquppyohA/b2Zydt8eAs8SZkNz59+7tQ7/8VG5nP91OgCNOhMYMKdVw7FA3YyQ1xYwMM26kSIhwH3VJw1CBzK5mPP5mCA+M0oF+IE0JDcfq74kYcaUG3DOdo7PVtDcSjzz+n92ItH/WjKkII00ETnb5EYM6gKN0YIdKgjUbGIKwpOZciHtIIqxNhhmTgzP99SypFvLOcb5wZeeKJyBBGuyAPXAIHHAKiuAClEEFYHAHHsELeLXurWfrzXpPWlPWZGYb/IH18QO5yKCh</latexit>

i
<latexit sha1_base64="IfzSCoXXkB8Y/f3bbhmHpOLIuZE=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYddYrlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4ATknkaY=</latexit>

j
<latexit sha1_base64="l6YDJY8KamEvREs+agfFU1x5B0o=">AAAB6HicbVA9SwNBEJ3zM8avaEqbwyBYhbsoaBmwsUzAfEByhL3NXLLJ3t6xuyeEI6WVjUVErIT8JDv/hz/AzUehiQ8GHu/NMDPPjzlT2nG+rI3Nre2d3cxedv/g8Og4d3JaV1EiKdZoxCPZ9IlCzgTWNNMcm7FEEvocG/7wbuY3HlEqFokHPYrRC0lPsIBRoo1UHXRyBafozGGvE3dJCuX898fkyZtWOrnPdjeiSYhCU06UarlOrL2USM0ox3G2nSiMCR2SHrYMFSRE5aXzQ8f2hVG6dhBJU0Lbc/X3REpCpUahbzpDovtq1ZuJ/3mtRAe3XspEnGgUdLEoSLitI3v2td1lEqnmI0MIlczcatM+kYRqk03WhOCuvrxO6qWie1UsVU0a17BABs7gHC7BhRsowz1UoAYUEJ5hAq/WwHqx3qz3ReuGtZzJwx9Y0x8rHpDe</latexit>

k
<latexit sha1_base64="T0edoHQVSlf1ZUfG6b0c08oYQDU=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpY9VGvWHLKzkz2KrgLKN18TzO913rFz24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDay9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs1K2b0oV+pOqXoJc+XhBE7hHFy4gircQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjBzwvkag=</latexit>

l
<latexit sha1_base64="EQf7VDZckyq4iIMTWMbbL/Q8/Zw=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYdd4rlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4AT2zkak=</latexit>

unitary matrix

: singular value! non-negative"

#$%&'()*+,)('-+.-/01203$4$0%5#,.6+

! 1 ! ! 2 ! ... ! 0
<latexit sha1_base64="F4X4cQwDefSXnEvYZlt6vRSeSco=">AAACBnicbZDLSgMxFIYz9VbrbapLEUKL4GqYqYIuC25cVrQXaMchk2amoUlmSDJCGbpyo4/ixoUibn0Gd76N6WWhrQcSPv7/HJLzhymjSrvut1VYWV1b3yhulra2d3b37PJ+SyWZxKSJE5bITogUYVSQpqaakU4qCeIhI+1weDnx2/dEKpqIWz1Kic9RLGhEMdJGCuyjnqIxR4HXi8kcawYdxzG3G9hV13GnBZfBm0O1bkd3T5WbciOwv3r9BGecCI0ZUqrruan2cyQ1xYyMS71MkRThIYpJ16BAnCg/n64xhsdG6cMokeYIDafq74kccaVGPDSdHOmBWvQm4n9eN9PRhZ9TkWaaCDx7KMoY1AmcZAL7VBKs2cgAwpKav0I8QBJhbZIrmRC8xZWXoVVzvFOndm3SOAOzKoJDUAEnwAPnoA6uQAM0AQYP4Bm8gjfr0Xqx3q2PWWvBms8cgD9lff4AlsqaDw==</latexit>

M ab =
!

m

Uam ! m (V   )mb

<latexit sha1_base64="ZSLC/v3quQnVWySYxHdMR1TvLq8="></latexit>



Tijkl
<latexit sha1_base64="bBHM0HB7Lo4VH4ckb7q9R1GGWXc=">AAAB73icbVBNS8NAEJ3Ur1q/qj2KsFgEQShJBfVY8OKxQtMW2lA22027drOJuxuhhP4JLx6U4tW/481f4V9wm/agrQ8GHu/NMDPPjzlT2ra/rNza+sbmVn67sLO7t39QPDxqqiiRhLok4pFs+1hRzgR1NdOctmNJcehz2vJHtzO/9USlYpFo6HFMvRAPBAsYwdpI7UYvZQ8jPukVy3bFzoBWibMg5drJtHThfqN6r/jZ7UckCanQhGOlOo4day/FUjPC6aTQTRSNMRnhAe0YKnBIlZdm907QmVH6KIikKaFRpv6eSHGo1Dj0TWeI9VAtezPxP6+T6ODGS5mIE00FmS8KEo50hGbPoz6TlGg+NgQTycytiAyxxESbiAomBGf55VXSrFacy0r13qRxBXPk4RhO4RwcuIYa3EEdXCDA4Rle4c16tF6sqfU+b81Zi5kS/IH18QPKqJKw</latexit>

" = M (ij )( kl )
<latexit sha1_base64="JQWmKayDtdQzRr4sm+mmYGEe5ac=">AAAB9HicbVC7SgNBFL3rMyY+opY2o0FImrAbQW2EgI2NEsE8IFnC7GSSjJmdXWdmA2HJN1jaWChiK36IlZ2F/+LkUWjigQuHc+7l3nu8kDOlbfvLWlhcWl5ZTawlU+sbm1vp7Z2KCiJJaJkEPJA1DyvKmaBlzTSntVBS7HucVr3e+civ9qlULBA3ehBS18cdwdqMYG0k9+yyGWfZbS7b47lhM52x8/YYaJ44U5Ip7n9f3b+nPkrN9GejFZDIp0ITjpWqO3ao3RhLzQinw2QjUjTEpIc7tG6owD5Vbjw+eogOjdJC7UCaEhqN1d8TMfaVGvie6fSx7qpZbyT+59Uj3T51YybCSFNBJovaEUc6QKMEUItJSjQfGIKJZOZWRLpYYqJNTkkTgjP78jypFPLOUb5wbdI4hgkSsAcHkAUHTqAIF1CCMhC4gwd4gmerbz1aL9brpHXBms7swh9Ybz83ZZS/</latexit>

=
! 2
!

m =1

U(ij )m ! m V  
m (kl )

<latexit sha1_base64="CZLqzXh/bPqithU7V/Yh3AWFLTw="></latexit>

=<latexit sha1_base64="mB2RDqDzuOST73ClA/Y4xO9ZmGk=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWIQUoXdCGojBmwsEzAXSEKYnZxNxszOLjOzQljyBBZaKGLro+gb2PkYFvZOLoUm/jDw8f/nMOccL+JMacf5tFJLyyura+n1zMbm1vZOdnevpsJYUqzSkIey4RGFnAmsaqY5NiKJJPA41r3B5Tiv36JULBTXehhhOyA9wXxGiTZW5byTzTkFZyJ7EdwZ5C6+3u5b+e/3cif70eqGNA5QaMqJUk3XiXQ7IVIzynGUacUKI0IHpIdNg4IEqNrJZNCRfWScru2H0jyh7Yn7uyMhgVLDwDOVAdF9NZ+Nzf+yZqz9s3bCRBRrFHT6kR9zW4f2eGu7yyRSzYcGCJXMzGrTPpGEanObjDmCO7/yItSKBfe4UKw4udIJTJWGAziEPLhwCiW4gjJUgQLCHTzCk3VjPVjP1su0NGXNevbhj6zXH+kYkXI=</latexit> m
<latexit sha1_base64="r5u3ECp1anYJ5DeaxMHNiyxDSUI=">AAAB6HicbZDLSgMxFIYzXmu9VV26CRahqzJTQd1ZcOOyBXuBdiiZ9Ewbm2SGJCOUoU/gQheKuPVR9A3c+Rgu3JteFtr6Q+Dj/88h55wg5kwb1/10lpZXVtfWMxvZza3tnd3c3n5dR4miUKMRj1QzIBo4k1AzzHBoxgqICDg0gsHlOG/cgtIsktdmGIMvSE+ykFFirFUVnVzeLboT4UXwZpC/+Hq7bxe+3yud3Ee7G9FEgDSUE61bnhsbPyXKMMphlG0nGmJCB6QHLYuSCNB+Ohl0hI+t08VhpOyTBk/c3x0pEVoPRWArBTF9PZ+Nzf+yVmLCcz9lMk4MSDr9KEw4NhEeb427TAE1fGiBUMXsrJj2iSLU2Ntk7RG8+ZUXoV4qeifFUtXNl0/RVBl0iI5QAXnoDJXRFaqgGqII0B16RE/OjfPgPDsv09IlZ9ZzgP7Ief0BMeeRog==</latexit>

U
!

!
<latexit sha1_base64="Be3xuanl5U4+nf2IFEBt7qeElJo=">AAAB9XicbVBNS8NAEJ3Ur1q/qj2KECyCXkpSBT0WvHisYNpCE8tmu2mX7m7i7kYpof/DiwdFPAn+F2+CP8btx0FbHww83pthZl6YMKq043xZuaXlldW1/HphY3Nre6e4u9dQcSox8XDMYtkKkSKMCuJpqhlpJZIgHjLSDAeXY795T6SisbjRw4QEHPUEjShG2ki3nq/upM58RXscjTrFslNxJrAXiTsj5Vrp/eDkW/r1TvHT78Y45URozJBSbddJdJAhqSlmZFTwU0UShAeoR9qGCsSJCrLJ1SP7yChdO4qlKaHtifp7IkNcqSEPTSdHuq/mvbH4n9dOdXQRZFQkqSYCTxdFKbN1bI8jsLtUEqzZ0BCEJTW32riPJMLaBFUwIbjzLy+SRrXinlaq1yaNM5giD/twCMfgwjnU4Arq4AEGCY/wDC/Wg/VkvVpv09acNZspwR9YHz8LOpXH</latexit>

V   !
!

<latexit sha1_base64="852srQJy6EDSOaMcP7JtoLuj9lY=">AAAB/HicbVDLSsNAFJ3UV62vaJciDBZBNyWpgi4LblxWsA9oYplMJunQmUmcmQgl1F9x40JRt36IO8GPcfpYaOuBC4dz7uXee4KUUaUd58sqLC2vrK4V10sbm1vbO/buXkslmcSkiROWyE6AFGFUkKammpFOKgniASPtYHA59tv3RCqaiBs9TInPUSxoRDHSRurZ5datF6LYU3dS556iMUejnl1xqs4EcJG4M1Kpl98OTr6l1+jZn16Y4IwToTFDSnVdJ9V+jqSmmJFRycsUSREeoJh0DRWIE+Xnk+NH8MgoIYwSaUpoOFF/T+SIKzXkgenkSPfVvDcW//O6mY4u/JyKNNNE4OmiKGNQJ3CcBAypJFizoSEIS2puhbiPJMLa5FUyIbjzLy+SVq3qnlZr1yaNMzBFEeyDQ3AMXHAO6uAKNEATYDAEj+AZvFgP1pP1ar1PWwvWbKYM/sD6+AE865gR</latexit>

SVD

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)

M ! C! 2 ! ! 2

<latexit sha1_base64="G7bBxr0llrOKkzZdivfGihLSVEs=">AAACEHicbVC7SgNBFJ2NrxhfUUstBqNgIWE3CtoZSGMjRDAPyCZhdjKbDJmZXWZmlbDkBywt/Qrt1EZs7S38GXGSTaGJBy4czrmXe+/xQkaVtu0vKzU3v7C4lF7OrKyurW9kN7eqKogkJhUcsEDWPaQIo4JUNNWM1ENJEPcYqXn90siv3RCpaCCu9SAkTY66gvoUI22kdnb/0qUCuhzpnufFpWErdnGPtgquppyohA/b2Zydt8eAs8SZkNz59+7tQ7/8VG5nP91OgCNOhMYMKdVw7FA3YyQ1xYwMM26kSIhwH3VJw1CBzK5mPP5mCA+M0oF+IE0JDcfq74kYcaUG3DOdo7PVtDcSjzz+n92ItH/WjKkII00ETnb5EYM6gKN0YIdKgjUbGIKwpOZciHtIIqxNhhmTgzP99SypFvLOcb5wZeeKJyBBGuyAPXAIHHAKiuAClEEFYHAHHsELeLXurWfrzXpPWlPWZGYb/IH18QO5yKCh</latexit>

⇒ TN is sign-problem-free

i
<latexit sha1_base64="IfzSCoXXkB8Y/f3bbhmHpOLIuZE=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYddYrlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4ATknkaY=</latexit>

j
<latexit sha1_base64="l6YDJY8KamEvREs+agfFU1x5B0o=">AAAB6HicbVA9SwNBEJ3zM8avaEqbwyBYhbsoaBmwsUzAfEByhL3NXLLJ3t6xuyeEI6WVjUVErIT8JDv/hz/AzUehiQ8GHu/NMDPPjzlT2nG+rI3Nre2d3cxedv/g8Og4d3JaV1EiKdZoxCPZ9IlCzgTWNNMcm7FEEvocG/7wbuY3HlEqFokHPYrRC0lPsIBRoo1UHXRyBafozGGvE3dJCuX898fkyZtWOrnPdjeiSYhCU06UarlOrL2USM0ox3G2nSiMCR2SHrYMFSRE5aXzQ8f2hVG6dhBJU0Lbc/X3REpCpUahbzpDovtq1ZuJ/3mtRAe3XspEnGgUdLEoSLitI3v2td1lEqnmI0MIlczcatM+kYRqk03WhOCuvrxO6qWie1UsVU0a17BABs7gHC7BhRsowz1UoAYUEJ5hAq/WwHqx3qz3ReuGtZzJwx9Y0x8rHpDe</latexit>

k
<latexit sha1_base64="T0edoHQVSlf1ZUfG6b0c08oYQDU=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpY9VGvWHLKzkz2KrgLKN18TzO913rFz24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDay9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs1K2b0oV+pOqXoJc+XhBE7hHFy4gircQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjBzwvkag=</latexit>

l
<latexit sha1_base64="EQf7VDZckyq4iIMTWMbbL/Q8/Zw=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYdd4rlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4AT2zkak=</latexit>

unitary matrix

: singular value! non-negative"

#$%&'()*+,)('-+.-/01203$4$0%5#,.6+

! 1 ! ! 2 ! ... ! 0
<latexit sha1_base64="F4X4cQwDefSXnEvYZlt6vRSeSco=">AAACBnicbZDLSgMxFIYz9VbrbapLEUKL4GqYqYIuC25cVrQXaMchk2amoUlmSDJCGbpyo4/ixoUibn0Gd76N6WWhrQcSPv7/HJLzhymjSrvut1VYWV1b3yhulra2d3b37PJ+SyWZxKSJE5bITogUYVSQpqaakU4qCeIhI+1weDnx2/dEKpqIWz1Kic9RLGhEMdJGCuyjnqIxR4HXi8kcawYdxzG3G9hV13GnBZfBm0O1bkd3T5WbciOwv3r9BGecCI0ZUqrruan2cyQ1xYyMS71MkRThIYpJ16BAnCg/n64xhsdG6cMokeYIDafq74kccaVGPDSdHOmBWvQm4n9eN9PRhZ9TkWaaCDx7KMoY1AmcZAL7VBKs2cgAwpKav0I8QBJhbZIrmRC8xZWXoVVzvFOndm3SOAOzKoJDUAEnwAPnoA6uQAM0AQYP4Bm8gjfr0Xqx3q2PWWvBms8cgD9lff4AlsqaDw==</latexit>

M ab =
!

m

Uam ! m (V   )mb

<latexit sha1_base64="ZSLC/v3quQnVWySYxHdMR1TvLq8="></latexit>



Tijkl
<latexit sha1_base64="bBHM0HB7Lo4VH4ckb7q9R1GGWXc=">AAAB73icbVBNS8NAEJ3Ur1q/qj2KsFgEQShJBfVY8OKxQtMW2lA22027drOJuxuhhP4JLx6U4tW/481f4V9wm/agrQ8GHu/NMDPPjzlT2ra/rNza+sbmVn67sLO7t39QPDxqqiiRhLok4pFs+1hRzgR1NdOctmNJcehz2vJHtzO/9USlYpFo6HFMvRAPBAsYwdpI7UYvZQ8jPukVy3bFzoBWibMg5drJtHThfqN6r/jZ7UckCanQhGOlOo4day/FUjPC6aTQTRSNMRnhAe0YKnBIlZdm907QmVH6KIikKaFRpv6eSHGo1Dj0TWeI9VAtezPxP6+T6ODGS5mIE00FmS8KEo50hGbPoz6TlGg+NgQTycytiAyxxESbiAomBGf55VXSrFacy0r13qRxBXPk4RhO4RwcuIYa3EEdXCDA4Rle4c16tF6sqfU+b81Zi5kS/IH18QPKqJKw</latexit>

" = M (ij )( kl )
<latexit sha1_base64="JQWmKayDtdQzRr4sm+mmYGEe5ac=">AAAB9HicbVC7SgNBFL3rMyY+opY2o0FImrAbQW2EgI2NEsE8IFnC7GSSjJmdXWdmA2HJN1jaWChiK36IlZ2F/+LkUWjigQuHc+7l3nu8kDOlbfvLWlhcWl5ZTawlU+sbm1vp7Z2KCiJJaJkEPJA1DyvKmaBlzTSntVBS7HucVr3e+civ9qlULBA3ehBS18cdwdqMYG0k9+yyGWfZbS7b47lhM52x8/YYaJ44U5Ip7n9f3b+nPkrN9GejFZDIp0ITjpWqO3ao3RhLzQinw2QjUjTEpIc7tG6owD5Vbjw+eogOjdJC7UCaEhqN1d8TMfaVGvie6fSx7qpZbyT+59Uj3T51YybCSFNBJovaEUc6QKMEUItJSjQfGIKJZOZWRLpYYqJNTkkTgjP78jypFPLOUb5wbdI4hgkSsAcHkAUHTqAIF1CCMhC4gwd4gmerbz1aL9brpHXBms7swh9Ybz83ZZS/</latexit>

!
!!

m =1

U(ij )m ! m V  
m (kl )

<latexit sha1_base64="AaO4/gMRfG65JaaYspsGE4tBHKM="></latexit>

!
<latexit sha1_base64="tDUmE+30vwpHzHoIm3qvwYIiAuY=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EidFVmKqg7C25cVrAX6Awlk2ba0EwmJBmxlD6DuHGhiFufQ9/AnY/hwr3pZaGtPwQ+/v8ccs4JJWfauO6nk1laXlldy67nNja3tnfyu3t1naSK0BpJeKKaIdaUM0FrhhlOm1JRHIecNsL+xThv3FClWSKuzUDSIMZdwSJGsLFWw8dSquS2nS+4JXcitAjeDArnX293fvH7vdrOf/idhKQxFYZwrHXLc6UJhlgZRjgd5fxUU4lJH3dpy6LAMdXBcDLuCB1Zp4OiRNknDJq4vzuGONZ6EIe2Msamp+ezsflf1kpNdBYMmZCpoYJMP4pSjkyCxrujDlOUGD6wgIlidlZEelhhYuyFcvYI3vzKi1Avl7zjUvnKLVROYKosHMAhFMGDU6jAJVShBgT6cA+P8ORI58F5dl6mpRln1rMPf+S8/gDvrZRn</latexit>

truncation of SVD = information compression

truncation

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)

M ! C! 2 ! ! 2

<latexit sha1_base64="G7bBxr0llrOKkzZdivfGihLSVEs=">AAACEHicbVC7SgNBFJ2NrxhfUUstBqNgIWE3CtoZSGMjRDAPyCZhdjKbDJmZXWZmlbDkBywt/Qrt1EZs7S38GXGSTaGJBy4czrmXe+/xQkaVtu0vKzU3v7C4lF7OrKyurW9kN7eqKogkJhUcsEDWPaQIo4JUNNWM1ENJEPcYqXn90siv3RCpaCCu9SAkTY66gvoUI22kdnb/0qUCuhzpnufFpWErdnGPtgquppyohA/b2Zydt8eAs8SZkNz59+7tQ7/8VG5nP91OgCNOhMYMKdVw7FA3YyQ1xYwMM26kSIhwH3VJw1CBzK5mPP5mCA+M0oF+IE0JDcfq74kYcaUG3DOdo7PVtDcSjzz+n92ItH/WjKkII00ETnb5EYM6gKN0YIdKgjUbGIKwpOZciHtIIqxNhhmTgzP99SypFvLOcb5wZeeKJyBBGuyAPXAIHHAKiuAClEEFYHAHHsELeLXurWfrzXpPWlPWZGYb/IH18QO5yKCh</latexit>

⇒ TN is sign-problem-free

i
<latexit sha1_base64="IfzSCoXXkB8Y/f3bbhmHpOLIuZE=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYddYrlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4ATknkaY=</latexit>

j
<latexit sha1_base64="l6YDJY8KamEvREs+agfFU1x5B0o=">AAAB6HicbVA9SwNBEJ3zM8avaEqbwyBYhbsoaBmwsUzAfEByhL3NXLLJ3t6xuyeEI6WVjUVErIT8JDv/hz/AzUehiQ8GHu/NMDPPjzlT2nG+rI3Nre2d3cxedv/g8Og4d3JaV1EiKdZoxCPZ9IlCzgTWNNMcm7FEEvocG/7wbuY3HlEqFokHPYrRC0lPsIBRoo1UHXRyBafozGGvE3dJCuX898fkyZtWOrnPdjeiSYhCU06UarlOrL2USM0ox3G2nSiMCR2SHrYMFSRE5aXzQ8f2hVG6dhBJU0Lbc/X3REpCpUahbzpDovtq1ZuJ/3mtRAe3XspEnGgUdLEoSLitI3v2td1lEqnmI0MIlczcatM+kYRqk03WhOCuvrxO6qWie1UsVU0a17BABs7gHC7BhRsowz1UoAYUEJ5hAq/WwHqx3qz3ReuGtZzJwx9Y0x8rHpDe</latexit>

k
<latexit sha1_base64="T0edoHQVSlf1ZUfG6b0c08oYQDU=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpY9VGvWHLKzkz2KrgLKN18TzO913rFz24/okmIQlNOlOq4Tqy9lEjNKMdJoZsojAkdkQF2DAoSovLS2aAT+8w4fTuIpHlC2zP3d0dKQqXGoW8qQ6KHajnLzP+yTqKDay9lIk40Cjr/KEi4rSM729ruM4lU87EBQiUzs9p0SCSh2tymYI7gLq+8Cs1K2b0oV+pOqXoJc+XhBE7hHFy4gircQQ0aQAHhCV7g1Xqwnq03azovzVmLnmP4I+vjBzwvkag=</latexit>

l
<latexit sha1_base64="EQf7VDZckyq4iIMTWMbbL/Q8/Zw=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2ARXJWkCrqz4MZlC/YCbSiT6Uk7djIJMxOhhD6BGxeK1KWP5M7H8A2ctF1o6w8DH/9/DnPO8WPOlHacLyu3tr6xuZXfLuzs7u0fFA+PmipKJMUGjXgk2z5RyJnAhmaaYzuWSEKfY8sf3WZ56xGlYpG41+MYvZAMBAsYJdpYdd4rlpyyM5O9Cu4CSjff00zvtV7xs9uPaBKi0JQTpTquE2svJVIzynFS6CYKY0JHZIAdg4KEqLx0NujEPjNO3w4iaZ7Q9sz93ZGSUKlx6JvKkOihWs4y87+sk+jg2kuZiBONgs4/ChJu68jOtrb7TCLVfGyAUMnMrDYdEkmoNrcpmCO4yyuvQrNSdi/KlbpTql7CXHk4gVM4BxeuoAp3UIMGUEB4ghd4tR6sZ+vNms5Lc9ai5xj+yPr4AT2zkak=</latexit>

unitary matrix

: singular value! non-negative"

#$%&'()*+,)('-+.-/01203$4$0%5#,.6+

! 1 ! ! 2 ! ... ! 0
<latexit sha1_base64="F4X4cQwDefSXnEvYZlt6vRSeSco=">AAACBnicbZDLSgMxFIYz9VbrbapLEUKL4GqYqYIuC25cVrQXaMchk2amoUlmSDJCGbpyo4/ixoUibn0Gd76N6WWhrQcSPv7/HJLzhymjSrvut1VYWV1b3yhulra2d3b37PJ+SyWZxKSJE5bITogUYVSQpqaakU4qCeIhI+1weDnx2/dEKpqIWz1Kic9RLGhEMdJGCuyjnqIxR4HXi8kcawYdxzG3G9hV13GnBZfBm0O1bkd3T5WbciOwv3r9BGecCI0ZUqrruan2cyQ1xYyMS71MkRThIYpJ16BAnCg/n64xhsdG6cMokeYIDafq74kccaVGPDSdHOmBWvQm4n9eN9PRhZ9TkWaaCDx7KMoY1AmcZAL7VBKs2cgAwpKav0I8QBJhbZIrmRC8xZWXoVVzvFOndm3SOAOzKoJDUAEnwAPnoA6uQAM0AQYP4Bm8gjfr0Xqx3q2PWWvBms8cgD9lff4AlsqaDw==</latexit>

M ab =
!

m

Uam ! m (V   )mb

<latexit sha1_base64="ZSLC/v3quQnVWySYxHdMR1TvLq8="></latexit>



Image compression

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT

200 x 320 pixels B&W photograph 
= 200 x 320 real matrix

numbering !

σ!

M ab =
!

m

Uam ! m (V   )mb

<latexit sha1_base64="cvfXSXSPPH0fqJSKszLmQtD3nj8="></latexit>

|Uam | ! 1

<latexit sha1_base64="lMJnuFTw/WXmyGRIoD6/vgIyEYo=">AAAB93icbVBNSwMxFHxbv2r9qnoRvASL4EHKrhTUW8GLxwpuLbRLyabZNjTJrklWWNr+Do/qRbz6Yzz4b0y3PWjrQGCYeY83mTDhTBvX/XYKK6tr6xvFzdLW9s7uXnn/oKnjVBHqk5jHqhViTTmT1DfMcNpKFMUi5PQhHN5M/YcnqjSL5b3JEhoI3JcsYgQbKwVjvzvCYjLucIq8brniVt0caJl4c1KpH0U5Gt3yV6cXk1RQaQjHWrc9NzHBCCvDCKeTUifVNMFkiPu0banEgupglIeeoFOr9FAUK/ukQbn6e8Pm0joToZ0U2Az0ojcVz0Pxn91OTXQVjJhMUkMlmd2KUo5MjKYloB5TlBieWYKJYjYuIgOsMDG2qpLtwVv89TJpXlS9WvX6zhZSgxmKcAwncAYeXEIdbqEBPhB4hGd4hTcnc16cd+djNlpw5juH8AfO5w80BpWv</latexit>



Image compression

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT

σ!

numbering !

" !"#!" " !"#!#$

" !"#!%$ " !"#!&$

M ab !
D cut!

m =1

Uam ! m (V   )mb

<latexit sha1_base64="TFSNdJLn0nEyDncFeVRpU2BLfRY="></latexit>

Dcut = !

<latexit sha1_base64="Mvf083/ewfxwYkXOsJze87z77dI=">AAAB/HicbVDLSgMxFM34rPU12qWbYBFcSJmRgroQCrpwWcE+oDMMmTTThiaZIckUylB3/oFLQRB1I279Exf+hx9g+lho64ELh3Pu5d57woRRpR3ny1pYXFpeWc2t5dc3Nre27Z3duopTiUkNxyyWzRApwqggNU01I81EEsRDRhph72LkN/pEKhqLGz1IiM9RR9CIYqSNFNj2ZZB5kkOc6uG5h7s0sItOyRkDzhN3SoqVwvfj/Z3/VA3sT68d45QToTFDSrVcJ9F+hqSmmJFh3ksVSRDuoQ5pGSoQJ8rPxpcP4YFR2jCKpSmh4Vj9PZEhrtSAh6aTI91Vs95IPAr5f3Yr1dGpn1GRpJoIPNkVpQzqGI6SgG0qCdZsYAjCkppzIe4iibA2eeVNDu7s1/Okflxyy6WzaxNIGUyQA3tgHxwCF5yACrgCVVADGPTBA3gBr9at9Wy9We+T1gVrOlMAf2B9/ACS/phf</latexit>



truncated SVD

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)



truncated SVD

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)

SVD



truncated SVD

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)

SVD



contraction

renormalization!

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)

contractSVD



rotationrescale

SVD contract

Repeating this cycle, 
one can attain large volume

Coarse-graining Tensor renormalization group (TRG)
PRL99,120601(2007)



Tensor network rep. of !
n Scalar field (non-compact)

n Orthonormal basis expansion
!"#$#%&'$()*+",-*./00 *'1234526778692752:4';<,'='>&?)?#@A
B>;CC476327892772:

n Gauss Hermite quadrature !<A<#'/0'<.*4'DEFB789275C:5G5

n Gauge field (compact : SU(N), CP(N) etc.)
n Character expansion : maintain symmetry, better convergence   

H/&I#@//0'<.*4'B>JCC476K77692758:

n Fermion field (Dirac/Majorana)
!"#$#%&'='L&I<$<-"#B>JM7475G67C9275G:4'!N'='O(-"#$&I<'BNFB92756:7G8P75

n Grassmann number θ! =0 -> finite sum

depends on property of field and interaction

In principle, we can treat any fields
e!" = 1 + !" =

1!

n =0

(!" )n
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T=1.70  L=32
T=1.70  L=1024
T=2.27  L=32
T=2.27  L=1024
T=2.70  L=32
T=2.70  L=1024

! cut=32
T

T(kj )( il ) =
!

m

u(kj )m ! m vm (il )

L = 2#RG step

T<Tc

T>Tc

Tc

Hierarchy of singular value
2D Ising model

• Off criticality: good hierarchy (small S)
• Near criticality: hierarchy gets worse (large S) like critical slowing 

down in MC
Tensor network renormalization (TNR) Evenbly&Vidal 2014 can help the situation

Tc = 2 / [ln(1 +
!

2)]

= 2 .269...



Renormalization group TRG

s

H (K ; { s} ) =
!

i

K i Oi ({ s} )

i, j, k, l

Tijkl (K )

Z =
!

{ s}

e! ! H Z =
!

i,j,k,l,...

"
Tijkl á á á

Block spin transf., Migdal-Kadanoff RG SVD + contraction

K ! = R K (K )
K ! = R K (K ! )

T ! = R T (T)

Kadanoff et al, Rev.Mod.Phys.86,647(2014)

T! = R T (T ! )

7 spins : indexes

RR

H =
!

i

K i Oi ! H ! =
!

i

K !
i O

!
i

target7critical exponent etc target7partition function etc

!

i,j,k,l,...

"
Tijkl á á á!

!

i,j,k,l,...

"
T !

ijkl á á á

7fixed point 7fixed point tensor



Space of theory

Sign problem

No sign problem

No entanglement problem

Entanglement problem

From point of view of TN
From point of view of MC

Is there a region where any method cannot access ?

Is entanglement problem NP-hard ?



SVD
rank-" # ! $ real matrix %&( #&≥ $&≥ "&) is given by

A = U! V T

' " # ! # orthonormal matrix :  ' =(( 1! ( 2!…! ( ! )!" ' " ')'' " )&*!

+ " $ ! $ orthonormal matrix :  +=(, 1! , 2!…! , #)! +" +)++ " )* #

A =
k!

l =1

! l ul vT
l Decomposition using rank-1 tensor

# " # ! $ diagonal matrix :  # =diag(- 1! - 2!…! - #) 

$%&'&"- 1 ≥ - 2 ≥ … ≥ - $ (" - $%! = … = - # )"* ) 

(full SVD)

For simplicity



Low-rank approximation

n !"# !"( < #") $%&'()&*+&,-./0
123&*+ $ 456789:*+ %;<

n 56789:=>?@ABCDEF  &&$' %&&! "G6H

n IJKL56789:*+;<

min
X ! Rm ! n ,rank( X )" r

||A ! X ||

||Y ||2F !
m!

i =1

n!

j =1

y2
ij = tr

"
Y YT #

89:;<=>?@AB



Best approximation of !" ?

truncated at ! "

A =
k!

l =1

! l ul vT
l

B =
r!

l =1

! l ul vT
l =B

=

!

A U
V



Proof of Eckart & Young theorem
CDEF #$' < %( <GH &$@IJK ''( )&'' $%@LMNOPQRS

||A ! X ||2F = tr
!
(A ! X )(A ! X )T "

= tr
!
UUT (A ! X )V VT (A ! X )T "

= tr
!
UT (A ! X )V (UT (A ! X )V )T "

= tr
!
(! ! G)( ! ! G)T "

=
k#

i =1

(! i ! gii )2 +
n#

i = k+1

g2
ii +

#

i != j

g2
ij

* $T  &$<UVW:XY

UUT = I m

V VT = I n

G = UT XV
! = UT AV



Proof of Eckart & Young theorem
CDEF #$' < %( <GH &$@IJK ''( )&'' $%@LMNOPQRS

||A ! X ||2F = tr
!
(A ! X )(A ! X )T "

= tr
!
UUT (A ! X )V VT (A ! X )T "

= tr
!
UT (A ! X )V (UT (A ! X )V )T "

= tr
!
(! ! G)( ! ! G)T "

=
k#

i =1

(! i ! gii )2 +
n#

i = k+1

g2
ii +

#

i != j

g2
ij

CDE #$ZK ''( )&'' $%@LMNO[ *$: K+!!, - ! ' ., #/0/# ()8\<]^:O_`ab

G = diag( ! 1, ! 2, ..., ! r , 0, ..., 0) X = UGVT =
r!

l =1

! l ul vT
l

UUT = I m

V VT = I n

G = UT XV
! = UT AV

* $T  &$<UVW:XY



Z =
!

{ s}

exp

"
!

<x,y>

! sx sy

#

=
!

{ s}

$

<x,y>

exp(! sx sy )

= (cosh ! )2V
!

{ s}

$

<x,y>

1!

i xy =0

(sx sy tanh ! )i xy

= (cosh ! )2V
!

{ i }

!

{ s}

$

<x,y>

(sx

%
tanh ! ásy

%
tanh ! )i xy

= (cosh ! )2V
!

{ i }

!

{ s}

$

x

(sx

%
tanh ! )i xy (sx

%
tanh ! )i xz (sx

%
tanh ! )i xw (sx

%
tanh ! )i xv

= (cosh ! )2V
!

{ i }

!

{ s}

$

x

(
%

tanh ! )i xy + i xz + i xw + i xv si xy + i xz + i xw + i xv
x

= (cosh ! )2V
!

{ i }

$

x

(
%

tanh ! )i xy + i xz + i xw + i xv
!

sx = ± 1

si xy + i xz + i xw + i xv
x

= (cosh ! )2V
!

{ i }

$

x

(
%

tanh ! )i xy + i xz + i xw + i xv 2" (mod(i xy + i xz + i xw + i xv , 2))

Tensor network rep. for 2D Ising

Nearest Neighbor

x y

e.g. 2D Ising model



Z =
!

{ s}

exp

"
!

<x,y>

! sx sy

#

=
!

{ s}

$

<x,y>

exp(! sx sy )

= (cosh ! )2V
!

{ s}

$

<x,y>

1!

i xy =0

(sx sy tanh ! )i xy

= (cosh ! )2V
!

{ i }

!

{ s}

$

<x,y>

(sx

%
tanh ! ásy

%
tanh ! )i xy

= (cosh ! )2V
!

{ i }

!

{ s}

$

x

(sx

%
tanh ! )i xy (sx

%
tanh ! )i xz (sx

%
tanh ! )i xw (sx

%
tanh ! )i xv

= (cosh ! )2V
!

{ i }

!

{ s}

$

x

(
%

tanh ! )i xy + i xz + i xw + i xv si xy + i xz + i xw + i xv
x

= (cosh ! )2V
!

{ i }

$

x

(
%

tanh ! )i xy + i xz + i xw + i xv
!

sx = ± 1

si xy + i xz + i xw + i xv
x

= (cosh ! )2V
!

{ i }

$

x

(
%

tanh ! )i xy + i xz + i xw + i xv 2" (mod(i xy + i xz + i xw + i xv , 2))

Tensor network rep. for 2D Ising

V = # of lattice sites

sx = ± 1exp(! sx sy ) = cosh(! sx sy ) + sinh( ! sx sy )

= cosh ! + sx sy sinh!

= cosh ! (1 + sx sy tanh ! )

= cosh !
1!

i xy =0

(sx sy tanh ! )i xy

x y

i xy

e.g. 2D Ising model

new d.o.f.
bond variable



Z =
!

{ s}

exp

"
!

<x,y>

! sx sy

#

=
!

{ s}

$

<x,y>

exp(! sx sy )

= (cosh ! )2V
!

{ s}

$

<x,y>

1!

i xy =0

(sx sy tanh ! )i xy

= (cosh ! )2V
!

{ i }

!

{ s}

$

<x,y>

(sx

%
tanh ! ásy

%
tanh ! )i xy

= (cosh ! )2V
!

{ i }

!

{ s}

$

x

(sx

%
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summation is done

new d.o.f. : index of tensor
= Ti xy i xz i xw i xv

e.g. 2D Ising model



Tensor network rep. for 2D Ising

Z = 2 V (cosh! )2V
!

..,i,j,k,l,m,n,o,..

á á áTijkl Tmnio á á á

Tijkl = (
!

tanh ! )i + j + k+ l " (mod(i + j + k + l), 2)

!

"
"
#

T0000 T0001 T0010 T0011

T0100 T0101 T0110 T0111

T1000 T1001 T1010 T1011

T1100 T1101 T1110 T1111

$

%
%
& =

!

"
"
#

1 0 0 tanh!
0 tanh ! tanh ! 0
0 tanh ! tanh ! 0

tanh ! 0 0 (tanh ! )2

$

%
%
&

size and elements of tensor depend on a model

e.g. 2D Ising model


