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Why tensor networks?

m Good

m Applicable to any models even for complex action

= no sign problem
m Extremely large volume (thermodynamic limit)

m High-precision is attainable in 2D system with simple internal
d.o.f.

m Bad

m Expensive for systems with high dimensionality and high

internal d.o.f.



Why tensor networks?

m Good

m Applicable to any models even for complex action

= no sign problem

Challenge to

/" m QCD+u

m O-term

m Lattice SUSY

m Real-time dynamics

K- Chiral gauge theory

Other methods to overcome
sign problem
Complex Langevin
Lefshetz thimble
Path optimization
Quantum computing



Notational rules

Rank 2 tensor (matrix)
Jj—o—i = A

A

)

Tensor : vertex
index : link




Notational rules

Rank 2 tensor (matrix) Rank 3 tensor

j_j_i = Aij Aj: Bijik
L” B ™1

Rank 4 tensor

1]
Tensor : vertex
: O | e




Contraction (summation) rule

1 m
e
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J z




Contraction (summation) rule

0 m
A B
> < — Z Aiik Brim
J z

index shared by two tensors : summation

index connecting with a single tensor : no summation



Example: TN for square lattice

What’s tensor network?
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What’s tensor network?

Example: TN for square lattice

1T ™MT
O 7 T = E Lk o
[ O 1,9,k

A target quantity (wave function/partition function)
is represented by tensor network



Two approachesin TN

Hamiltonian approach

Lagrangian approach

Classical statistical system,

target uantum many-bod :
5 q Y Y Path-integral rep. of quantum
system system :
field theory
TN is used . - : :
wave function partition function, path integral

to express
combinin . coarse-graining (real-space

. & | variational method 5 . 8 P
with renormalization group)

\

This talk




Working flow of Lagrangian approach

[Target model in continuum space-time ]

‘ Lattice regularization

[Lattice model ] MC if no sign problem

4

[Tensor network representation of Z ]

I 1
JT [T
[ ]
T T
?
— /[d¢]6—5[¢] — Z .. 'Tijlemni0° ..

ikl



Working flow of Lagrangian approach

[Target model in continuum space-time J

‘ Lattice regularization

[Lattice model J MC if no sign problem
‘ * Non-trivial step, but
[TN rep. of Z ] * OK for scalar, gauge, and fermion fields
as long as the interaction is local
T * Scalar : Shimizu 2012, Sakai+ 2018
Gauge: Meurice+ 2013, Nishimura+ 2021, Fukuma+ 2021

Fermions: Shimizu+Kuramashi 2014

-
7 = [d¢]6—5[¢] — Z .. TijlemniO c..

ikl



Working flow of Lagrangian approach

[Target model in continuum space-time ]

‘ Lattice regularization

[Lattice model ] MC if no sign problem

4

[TN rep. of Z ] For each model, tensor is prepared

Bond dimension

\

cost ocy?V for 1<i,j,...<x

([t

7 = /[d¢]6—5[¢] — o Tiirt Do - - -



Working flow of Lagrangian approach

[Target model in continuum space-time ]

‘ Lattice regularization

[Lattice model ] MC if no sign problem

4

[TN rep. of Z ] For each model, tensor is prepared

$

[Coa rse-graining ] like spin-blocking/real space renormalization group

ﬂ .

. J :
7 _ » I I » . | 7@ A Z TZ(JTZ
[ ij




CO a rS e_g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)
T . NJ
- Lol .
/‘ T | ~ iji]
i

less modes

Information compression based on
singular value decomposition (SVD)

original
truncated SVD
k
SVD: Mg, = ZuamAm(vT)mb ~ Z uamAm('UT)mb
m

many modes

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT



From tensor to physical quantity

Thermo-dynamic quantities

— MC—
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Entanglement entropy

coarse-grained tensor
J/ Sa =Tr[palnpy]




From tensor to physical quantity

Thermo-dynamic quantities

— MC—
{U}

\field configurationj

200F

xxxxxxx

/TN
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coarse-grained tensor/
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Entanglement entropy

Sa=Tr[palnpa]




What can TN do?

m Solving sign problem
m Spectroscopy
m Entanglement Entropy

Check out talks this afternoon (1t session)
e Akiyama: 1+1D gauge-higgs + ©

* Yosprakob: 3D Yang-Mills

e Pai: 1+1D two-color QCD + p

* Tanaka: Entanglement Entropy with TN



TN study for systems with sign problem

finite density

O term

real-time

2D system
m  Gross-Neveu model + p ST+Yoshimura PTEPO43B01(2015)
m  Hubbard model Akiyama+Kuramashi PRD104(2021)014504
m  Two-color QCD + p Pai+Akiyama+Todo arXiv:2410.09485

3D

m  Hubbard model Akiyama+Kuramashi+Yamashita PTEP(2022)023101

m  SU(2) principle chiral Akiyama+Jha+Unmuth-Yockey PRD110,034519(2024)
4D

m  Complex &% + p Akiyama+ JHEP09(2020)177

m  NJL model Akiyama+Kuramashi+ JHEPO1(2021)121

m 7, gauge-Higgs + u Akiyama+Kuramashi JHEP05(2022)102

m  Z;gauge-Higgs + p Akiyama+Kuramashi JHEP10(2023)077
2D

m  QED,+ 0 Shimizu+Kuramashi PRD90,074503(2014), Kanno+ Lattice 2024
‘ m CP(1) + 8 Kawauchi+ST PRD93,114503(2016), Aizawa+ST Lattice 2024

m  U(1) gauge-higgs + 8 Akiyama+Kuramashi JHEP09(2024)086

2D
m  ¢* ST Lattice 2019 & 2021



2d CP(l) mOdel toy model of QCD

e asymptotic free
e confinement
* instanton

continuum

) , .0 2z e C?
S:/d z | B|Dpz|” +i—€,,0,A, )
2T /
/

U(1) auxiliary field

plaquette loop

_ A,
on the lattice U“ =€ N mod 21t

N\
Siat = —18)Y_ [/ (2)2(e + D) UL(@) + (c.c)] - z‘ >_d@) e

sign problem!



Phase structure

\ 15t PT

O\ Boc1/g OO\

Strong coupling limit Continuum limit



Phase structure

2T




Phase structure

15t PT

Boxl/g O



Phase structure

2T

15t PT

2nd T
?

Bol/g

0@



Phase structure

Haldane’s conjecture : mass gap of O(3) vanishes at B=mt
/ =~CP(1)

27T
15t PT /

0 I )

2nd T

O 50 ﬁocl/g o0

expected universality class : k = 1 SU(2) WZNW



Tensor network study

We make two improvements

m Using better initial tensor

m Previous studies use character expansion which has a bad
convergence! iy

n

m Using quadrature scheme to improve the initial tensor

m New analysis based on CFT

transfer matrix

EV of TM
Jf* = % = Ao >N\ > ..
space

t—> time

coarse-grained tensor

central charge scaling dimension
= 1 A
= 6 —h 4+ h = —1 20
¢ = —log(Ao) . Sl o 8 i
r N/

conformal weight (1=1.2.3,...)



central charge
o o o o =
N S o [e+] o
)

o
[=]
|

Central charge

c =1 © free boson CFT

o
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tet¢

scaling dimension

critical

T T T T T T
0.1 0.2 0.3 0.4 0.5 0.6 0.7
inverse coupling g

Bond weighted TRG k£ = —0.5
Adachi+Okubo+Todo 2021

Scaling dimension

quartet
1 - x1
T1 =2 =3 =T4 X < e x
2 —o— X3
—o— x4
056 058 060 062 064 066 068

B

& k=1SU(2) WZNW

15t PT

0 =TT *Illlll

2nd pT

0.6 5




Spectroscopy using TN



Spectroscopy with MC

(01(1H)0(0)) = 3 [(QAO(0) ) [2e=""
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Hadron spectrum
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Energy spectrum
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Spectroscopy with MC

(01(1)0(0)) = >~ (21O (0) n) e

,,.l.].],,,,.,”]...I...]...
g ]
a4 + } x

Problems:

Hadron spectrum

* Need large time extent and
time separation t

* Need large statistics to
extract higher excited states



Spectroscopy with MC
(0'(H0(0)) = Z\ (Q]O(0)[n)[ent

(MeV)

Problems:

:ﬂ
IIIIIIIIIIIIIIIIII
: ’ z T Q

Hadron spectrum

* Need large time extent and

time separation t
TN can solve it

* Need large statistics to
extract higher excited states

TN has no signal-to-ratio issue



Tensor network + Transfer matrix

TN rep. of transfer matrix

| S G
T 17 7 7T

x = O(100)

coarse-graining

-> %} = UenUT

Get spectrum!

It is easy to get spectrum, but quantum number of
each energy eigenstate |n) is not known in advance

How to determine the quantum number of |n)?



Selection rule + Matrix elements

A discrete symmetry (Z, for Ising model) derives

(gngo — 1)(2]OIn) =0 (g = +1)
/
unknown

Thus, if <Q|(9\n> # 0 —} n — 4O

TN rep.\ v A
0O 0O 0O 0O
N N N N

known

The impurity TN can be
evaluated by coarse-graining

O e.g. HOTRG
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Spectroscopy for 1+1dim Ising

T=244>T. L=64 x=80
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n



T =244 >

0.50

0.45 A
0.40
0.35 1
0.30 1
0.25 1
0.20 1

0.15 1

Spectroscopy for 1+1dim Ising

T. L=64 x=80 _

e g=+1 |
e g=-1_
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,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

1 2 3 45 6 7 8 91011121314151617 18 19 20

n

Fathiyya+ST+Yamazaki 2023

Quantum number g = +1is
determined by selection rule



T=244>T, L=64 x=80
0.50 : : :
e 4= +1§ | p=28n/L
0.45- ; .
A O é R
0407 p==6n/L e : P
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Spectroscopy for 1+1dim Ising

1 2 3 4 5 6 7 8 91011121314151617181920

n

lattice: w(p) = cosh™*

continuum: w(p) =

(1 — cosp + coshm)

v/ m?2 + p?

0.6 1

0.5 1

0.4 1

0.3 1

0.2 1

Fathiyya+ST+Yamazaki 2023

Quantum number g = +1is
determined by selection rule

The momentum is also
determined by selection rule

—— dispersion relation
® hotrg
continuum
) &
e
0.0 0.1 0.2 0.3 0.4 0.5 0.6
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Scattering phase shift

T—=244>T. L=64 x=280 _
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0301 e
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Fathiyya+ST+Yamazaki 2023



T =2.44
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Scattering phase shift
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Elastic region
2m < w < 4dm

5Ising — 5

s

—1.45 A

5 —1.50 A

—1.55 A

«—

-1.60

: 2-particle state energy

<— Luescher’s formula

(5 : scattering phase shift

— -n/2
e elastic
o inelastic o
164
Elastic X
— .
Inelastic
o 80
320 169 32 °
640 641
0 1 3 4 5
o kim

relative momentum

A 1-particle rest mass



Entanglement Entropy with TN



Entanglement Entropy

Def : measure of quantum correlation between two

subsystems A and B L
SA:!TFA!AlOg!A s | a
!A :TrB!A+B timeT_)

!
Quantum information
A key quantity to understand BH

EE can also be used as “order parameter” to study
guantum phase transition



Monte Carlo study

I 3+1dim pure SU(3) gauge theory

1 Order parameter of confinement
1 1+1, 2+1dim Ising

I Computation of c-function

Renyi Entropy

replica trick

Difficulties in MC

nf 1

1
TrA(!A)” I SA

(n) _
Sp = 1! n

e extrapolationn — 1 OK?
* To realize zero temperature, one needs large Euclidean time

la+g ' |O#P| for TP O



Tensor network study

EE can be directly computed without relying on replica method

m TN representation of p,

Tensor network rep. of -
Transfer matrix — C_|_|_|_|_|_|_)
thne‘T

space



Tensor network study

EE can be directly computed without relying on replica method

m TN representation of p,

I
N

Coarse-grained Transfer matrix




Tensor network study

EE can be directly computed without relying on replica method

m TN representation of p,

-A+B

time

B A

N N N

N

v U UV

L,

space

pile up



Tensor network study

EE can be directly computed without relying on replica method

- TrB n
m TN representation of p, N
C D
C D
Ma)an: =Trelasg T ¢ >
timeLS D
\J

space n



Tensor network study

EE can be directly computed without relying on replica method

Trg
m TN representation of p, N
C D)
C D)
(adant =Trglass v < >
C D)
\J

= Spa=!Tralalog!a ™!  "ilog",




Tensor network study

EE can be directly computed without relying on replica method

TrB n
m TN representation of p, M
C D)
C D)
Ma)an: =Trelasg T ¢ >
C D)
1 7 [ 1] [ 1] u nl
= Spa=!Tralalogla"! i log"
[
m 1+1dim O(3)
o 1 for off-critical ntral char
: | central charge
20l C
SAzélog! hly g2

correlation length

= ¢=1.97(9)




Entanglement Entropy: S

Tensor network study

Tanaka+Kadoh+Hayazaki+ST 2024 appear soon

15F

I
kS
T

13F

-
N
T

-
-
T

1.0f

[1+1D Ising\

I =96
| Sp
c=3 ﬁ /L =1/2
! (loglL) -
time/space=16
\_ J

0.5

04F
(9]

= 03f
o
o
S

0.2
o

S W
2.2%00 2.2%25 2.22550 2.22575 :2.2‘700 2.2‘725 2.2‘750 2.2‘775 2.2%00 0.1r
T
0.0
C IO ! for T & T 22600 22625 22650 22675 22700 22725 22750 22775 22600
Sp = = ! c :
A — A - —
3 logL forT=T. L2 - =102
—— L =128 —=— L=512

Transition point and value of central charge can be precisely estimated



Short summary for EE with TN
m EE for QFT can be computed with TN

m TN can directly compute EE without relying on replica method
in contrast to MIC (where replica is definitely necessary)

m EE can be used as a probe to detect a criticality and is useful
to compute central charge : numerical demonstration for

1+1D Ising model works well

See Tanaka-san’s talk this afternoon



Towards QCD



Difficulties about QCD

[ QCD = quar\ks + gluo\ns in 3+1 D space-time ]

"
Flavors (u,d,s,c,b,t) SU(3) gauge field
SU(3) color
m Large number of internal d.o.f. X — XIPOF

m 4D system: coarse-graining is very expensive

Time ! log(Volume)! x"#%%& (1 % &

ForMC Time < Volume X #IDOF X #sample



How to handle internal d.o.f.

© I Nf
[ Many fIavors] * 2D pure fermion
e 2D Z\ + multi-flavor

!
memory: | N N¢! ! exponential reduction! /o
[ Non-abelian gauge theory ] \ v J
N¢ ! |
2D SU(2)&S(3), random sampling
2D YM, character expansion (CE)
3D SU(2)
3D SU(2)&SU(3), CE
CE { * representation index
* matrix index can be traced out even for D=2 dimension

Does it work for matter + gauge?
* Further reduction for QCD

Future tasks



Progress of coarse-graining algorithm

Environment . . .
Information compression using

SRG environment (global) effect
I Removing correlation :
_ _ Bett
TRG l TNR, Loop-TNR, GILT, F|Iter|ng] around criticaity

I Cost reduction !

lATRG, Triad TRG, IVIDTRG]

Higher dimensional
System and cost reduction

IStochastic l
l TNMC, all-mode

No truncation error but
introducing statistical error




Progress of coarse-graining algorithm

Environment

SRG

I loop
I Removing correlation | ]

lTNR, Loop-TNR, GILT, Filtering

TRG

combine?

I Cost reduction ! tree

lATRG, Triad TRG, IVIDTRG]

IStochastic l
l TNMC, all-mode

] e What s the best combination?
e New idea?




Summary
Tensor network is free of sign problem

For Lagrangian approach, key point of coarse-graining scheme
is information compression based on singular value
decomposition

Improvement of coarse-graining algorithm is essentially
important and currently developing

4D system with simple d.o.f. is now feasible, but the road to
lattice QCD is still long

Future tasks

Development of efficient coarse-graining algorithm for
higher dimensional system

Further compression of internal d.o.f. when making initial
tensor network representation



Future tasks

m Development of efficient coarse-graining algorithm for
higher dimensional system

m Further compression of internal d.o.f. when making initial
tensor network representation



Backup



Progress of coarse-graining algorithm

~

Better precision (Tensor Network Renormalization (TNR)
/ Evenbly+Vidal, PRL115,180405(2015)
Loop-TNR Yang+ PRL118,110504(2017)

Graph Independent Local Truncations (GILT)
Hauru+ PRB97,045111(2018) J

Tensor Renormalization Group (TRG)
Levin+Nave, PRL99,120601(2007) \

d : dimensionality of system

‘ /Higher Order Tensor Renormalization Group (HOTRG) (! 4d! 1)\
Xie+ PRB86,045139(2012)

Anisotropic TRG (ATRG) Adachi+ PRB102,054432(2020) O(! 2d+1 )

Higher dimensional
System and cost Triad TRG Kadoh+Nakayama, arXiv:1912:02414 o(! d+3 )

reduction
Minimally decomposed TRG(MDTRG) O(! 29*1)

Qriad MDTRG O(! d+3) Nakayama, arXiv:2307:14191 /

No truncation error but L. .
. . - All-mode renormalization Ohki+ST+ PRD107,114515(2023)
introducing statistical error




Coa rse—g ra i n i n g Tensor renormalization group (TRG)




Coa rse—g ra i n i n g Tensor renormalization group (TRG)

O—O- O
I, \\
H—0—0—0
\\~ ’/
O——O——0—0 _ .
\ Bond dimension
j 1<i,j,... < X

k + | T T



COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

O O O
Pl BN
/ \
>—O—-O0—0
\
\ /

1<4i,4,...<x 1 21 1 2matrix

" Tk = My




COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

M ! C 2112
/ #$%&'()*+,)('-+.-/01203$4$0%5#,.6\\
Map = | Uam ! m (V )mb
n N/
unitary matrix
I 10
\ : singular value! non-negative" /

" Tk = My




Coarse-graining

Tensor renormalization group (TRG)
PRL99,120601(2007)

2 2
M! C™7'" =N is sign-problem-free

/%! ()*+,)(~+.-/01203$4$0%65¢, 6%

Map = Uam ' m (V' )mb
n N
unitary matrix
ETL I SN B N O
\ : singular value! non-negative" /

Tij = Myij )
I
SVD '
— U(ij ym > me(kI)

m=1



Coarse-graining

Tensor renormalization group (TRG)
PRL99,120601(2007)

2 2
M! C™7'" =N is sign-problem-free

/7 S ()5+)(~+.-101203$430%5,.6%

Map = Uam ' m (V' )mb
n N
unitary matrix
ETL I SN B N O
\ : singular value! non-negative" /

! f T T = Mo

truncaticl)n @

m=1

Uij ym'! me(kI)

[ truncation of SVD = information compression ]




Image compression
|Uam | ! 1

200 x 320 pixels B&W photograph
= 200 x 320 real matrix

numbering !

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT



Image compression

Deut = !

P cut
|Vlab! Uam!m(V )mb

i I i I I i I i I
0 20 40 60 80 100 120 140 160 180 200

numbering !

http://www.na.scitec.kobe-u.ac.jp/~yamamoto/lectures/cse-introduction2009/cse-introduction090512.PPT



COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

* * -
’. .’
* *
. *

* *
.“ ’. ." ‘.
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. .
.’0 10 —
- .
o . .

\ truncated SVD

l

!
RN




COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

SVD

* * -
’. .'
* *
. *

* *
O—0O) ." O
* *
o * o .
. .
.’0 10, —
- .
o . .

\ truncated SVD

l

!
RN




COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

K.. \ truncated SVD




COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

SVD contract

- =

\ / renormalization!




COa rse—g ra i n i n g Tensor renormalization group (TRG)

PRL99,120601(2007)

SVD contract

=N -

rescale rotation

Repeating this cycle,
one can attain large volume




Tensor network rep. of /

depends on property of field and interaction

m Scalar field (non-compact)
m Orthonormal basis expansion

m Gauss Hermite quadrature

m Gauge field (compact : SU(N), CP(N) etc.)
m Character expansion : maintain symmetry, better convergence
m Fermion field (Dirac/Majorana)

m Grassmann number 6'=0 -> finite sum 11

In principle, we can treat any fields



Hierarchy of singular value

2D Ising model | =32 7
v T
w0 | ' T=1.70 L=32 o
1 T=1.70 L=1024  ==-=--- ] k- =1
T T=2.27 L=32 .

R N T=2.27 L=1024  =-==--- (

wsra o T T=2.70 L=32 - [

N T T=2.70 L=1024  ====---

10'2 | --i.:“"" ____________ - T . . o U | v -
= etz e T e (kj)(il) — (kj ym = m Vm(il )
g1 r VN "] m

10 /’ | = o#RG step

10° | T<T, _

10 | . T. = 2/[In(A+ 2)]

107 ' o 1 = 2.269..

0 20 40 60 80 100

e Off criticality: good hierarchy (small §
* Near criticality: hierarchy gets worse (large §

like critical slowing
down in MC

Tensor network renormalization (TNR)

can help the situation



Renormalization group

Block spin transf., Migdal-Kadanoff RG

K'= Rk (K)
Rk (K*) Tfixed point

N
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TRG
m(K;{S}F | KiOa({S}N /Tijkl (K)
S 7 spins ! L], K,| :indexes
Z:— e”” / = Tijkl aé
{s}
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SVD + contraction

R
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T' = Rt (T)
T! =

Qrget?critical exponent etc /

R+ (T')7fixed point tensor

\target?partition function etc /




F int of vi fMC
rom point of view o Space of theory

From point of view of TN

Entanglement problem

No sign problem

No entanglement problem

Is there a region where any method cannot access ?

Is entanglement problem NP-hard ?



SVD

For simplicity

4 \
rank-" # ! $real matrix %of#& $& "& is given by

A=UlVT (s

YU # 1 # orthonormal matrix: ' o=(( (GGG ) )&,
+" $! $orthonormal matrix : +=(,,!,,L..1, )1 + +)++ )*,
# " # 1 $diagonal matrix : #=diag(-,!-,"..1 -,
PUE'&" 2,2 2 ("gp = =u)")
| K

A = l | U VlT Decomposition using rank-1 tensor



Low-rank approximation

"% 1< #) $%8&'()&*+&,-./0

123&*+ $ 456789:*+ %:<
min AT X||
X1 RmMED rank( X )" r
m 56789:=>7?@ABCDEF &&$0&&6H
!m !ﬂ n '-rl
INMIER yi =tr YY! 89:<=>?@AB
i=1 j=1

m [JKL56789:*+:<



Best approximation of I ?

: ] O]
A = !|U|V|T A —
=1

/ truncated at " ‘

| T
B = !|U|V|T B —
=1




Proof of Eckart & Young theorem

CDEF #<% <GH &®IIK "()&"s:@LMNOPQRS

JA! X2 =tr (A' X)A! X)T [UUT: |m]
= tr UUT(A' X)VVT (A1 X)T D VV' =1,

= tr u (A1 X)V(UT (A1 X)V)T T
! I = U"AV
=t (11 6)(1! G [G:uTxv ]
H¥ # # ,  * & &KUVWIXY

= (! gi)+ g+

=1 = k+1 I Ej



Proof of Eckart & Young theorem

CDEF #<% <GH &®IIK "()&"s:@LMNOPQRS

JAT X[2 =t (AL X)(A! X)T [UUT= Im]
= tr UUT(A' X)VVT (A1 X)T D VV' =1,
=tr Iu (AT X)V(U' (A1 X)V)!

— T
=tr (11 G)(!! G)T / ['GQBTQ\\/,]

HK , #N , # ,  * & &KUVWIXY
= (it gi)+ gi + 0
=1 iI=k+1 | E
CDE #ZK "( )&"¢@LMNO[  *$: K+, -, '., #0/#()8\<]*:0 ab

!f
G=dag(!1,!2,...!7,0,..,0) WP X =UGVT= 1 uy
=1



Tensor network rep. for 2D Ising

| ! g e.g. 2D Ising model
Z = exp l'sysy = exp(! sxsy)
{s} <Xy> {s} <xy>

=

Nearest Neighbor

|



Tensor network rep. for 2D Ising

| ! g e.g. 2D Ising model
Z = exp l'sysy = exp(! sxsy)
{s} <Xy> {s} <xy>
I
= (cosh!)?V (sxSy tanh 1) V = # of lattice sites

[9) P> by =0

nv n7

~

exp(! sxsy) = cosh(! sxsy)+sinh(! sysy)
= cosh! + sysy sinh!

= cosh! (1+ sysytanh!)
11 _
= cosh! (sxSy tanh ! )™

- AN /

new d.o.f.

bond variable



Tensor network rep. for 2D Ising

| | g e.g. 2D Ising model
Z = exp l'sysy = exp(! sxsy)
{ S} <X,y> { S} <X,y>
I _
= (cosh!)?Y (SxSy tanh 1 )h
(776 ™ o % |
= (cosh!)?V (sx tanh! &s, tanh!)'
(Y o YA A O/n




Tensor network rep. for 2D Ising

| ! g e.g. 2D Ising model
Z = exp l'sysy = exp(! sxsy)
{s} <Xy> {s} <xy>
! $ 11 _
= (cosh!)?Y (SxSy tanh 1 )h
7787 o % .
= (cosh!)?V (sx tanh! &s, tanh!)'
{i} {s} sxy>
Fol % % % %

= (cosh!)?V (sy tanh!)w (s, tanh!)* (s, tanh!) (s, tanh!)'

<X,y>

bond lattice

point




Tensor network rep. for 2D Ising

| ! g e.g. 2D Ising model
Z = exp l'sysy = exp(! sxsy)
{s} <X,y> {s} <xy>
! $ 11 _
= (cosh!)?Y (SxSy tanh 1 )h
78T o % |
= (cosh!)?V (sx tanh! &s, tanh!)'
{i} {s} <xy>
, rr- s % , % . % . % .
= (cosh!)?Y (sx tanh!)' (s, tanh!)" (s, tanh!)" (s, tanh!)"
g 0 o
= (Coshl )2\/ ( tanh! )'xy+|xz+|xw+|xv S;(xy+|xz+|xw+|xv
8 o T
- Coshl 2V tanhl Ixy""xz""xw""xv S'xy+|xz+|xw+|xv . .
( ) . ( ) X summation is done
{i} X sx=%1
P $ % ———— : _ _ _ )
= (cosh!)?Y (*tanh 1) *ie * i i 2" (mod(ixy + ixz + ixw + ixv,2))
{i} x

= Ti iy i i |
Xy Txz XWXV new d.o.f. : index of tensor



Tensor network rep. for 2D Ising

Z =2V (cosh!)?Y

Tij = ( |

Toooo
To100
F T1000
T1100

Tooo1
To1o1
T1001
T1101

Too10
To110
T1010
T1110

e.g. 2D Ising model
aadijk Tmnio AE

L),k m,n,0,..

Too11
To111
T1011
T1111

tanh! ) "1tk "(mod(i + j + k+ 1), 2)

1 0 0 tanh!
‘i{é_ w 0 tanh! tanh! 0 g
#0 tanh! tanh! 0 &
tanh ! 0 0 (tanh!)?

size and elements of tensor depend on a model



