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Kramers & Wannier, Phys. Rev. 60 , 263 (1941).

2D Ising model:

„ᶰ ρȟρ

Ὄ В ὐ„„

Exact critical point (Onsager, 1944) : 

ὑ πȢττπφψφȣ

KW approx.: ὑ πȢττπχ

Key point

Ễ Ễ
Ɑ

Ɑ
ὝⱭȟⱭ

row -to -row transfer matrix
ÅØÐ  

‪Ɑ Ễ ỄⱭ
ÅØÐ  

Ὂ
‪Ὕ‪

‪‪

‪ ÁÒÇÍÁØὊ

ᶰ Ễ Ễ
„ „ Ễ

MPS with … ς
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Tagliacozzo, et al., PRB80, 235127 (2009).

Critical exponents for the 3D Ising : 

Exp. C.-G. Conformal 
bootstrap

‌ 0.085 0.110ṏ

‍ 0.3 32 0.326ṏ

‎ 1.2 50 1.237ṏ

‏ 4.78 4.789ṏ

’ 0.6 38 0.629ṏ

– 0.0 45 0.036ṏ

Kadanoff , Physics Physique Fizika 2 , 263 (1966).
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Rams, et al., Phys. Rev. X 8 , 041033 (2018).

A prototype of a self - consistent equation for 
directly optimizing iMPS is proposed!

ṕWilsonṖ

Numerical 
renormalization 

group (NRG)

Fishman, et al., Phys. Rev. B 98 , 235148 (2018).
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Ὄ ɤὌ ὧ ȟὧȟ ὧȟὧ ȟ

Recurrence relation of the Hamiltonian:

Å Iterative numerical 
solution

Å Renormalize by ɤ

Å Keep low -energy 
states

Ễ

Ὄ Ὄ

Semi-infinite

MPS

Kondo effect:  The presence of magnetic impurities in a metal causes
 an increase in resistance at low temperatures. 

NRG: Entanglement between itinerant electrons and localized spins.

…Ḑρπππ w/o update procedures
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Affleck, Kennedy, Lieb, and Tasaki, Commun. Math.
Phys. 115, 477 (1988).

ċ Exact ground state of the Hamiltonian contains local projection operators

Å One-Way quantum computer (Raussendorf and Briegel , PRL 86, 5188, (2001) )

Å VBS for quantum computation (Verstraete and Cirac, PRA 70 , 060302(R), (2004) )

Å Variational states for quantum -many body systems
(Verstraete and Cirac, arXiv (2004) )
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כֿכֿ ︡ ︣Ḯ

SchollwĖck, Annals of Physics 326 , 96 (2011).

Infinite DMRG & Finite DMRG
Sequential optimization of tensors that constitute the TN!

Truncation with Singular value decomposition ~ Schmidt decomposition 

ὓ ὟὛὠ ὟὛὠ  , Ὓ ÄÉÁÇίȟί ίȟỄȟί ί ȟπȟỄȟπ

ὟȟὠḲUnitary matrix, ὛḲdiagonal with non -negative entries

Mixed canonical form of MPS

,

, ρ,



Brief History of Tensor Networks in 
Condensed Matter Physics [1/3]

12

1995 1996

ṕNishinoṖ ṕNishino, 
OkunishiṖ

ṕWhiteṖ
Variational approach

1992

Density matrix 
renormalization 
group (DMRG)

CTMRGDMRG

Classical

Haldane gap for S=1 Heisenberg model (white, 1992): ɝ πȢτρπυρ with … ςππ

cf ) VUMPS ɝ πȢτρπτχωςȣwith … ςπψ
Haegeman , et al., PRB 85 , 100408(R), (2012).

 One-/two -point correlation functions

Classical 2D systems (Nishino, 1995) 

Finite temperature problems of 
quantum 1D systems (Bursill , 1996)

 Thermodynamic quantity
(Specific heat, etc.)

Quantum 1D bosonic systems (Jeckelmann & White, 1998)

Randam 1D systems (Hida , 1996)

 Electron -phonon coupling

Momentum space DMRG (Xiang, 1996)

Fermionic systems (Yu & White, 1993) 

Quantum chemical systems (White & Martin, 1999)

Quantum Hall systems (Shibata & Yoshioka, 2001)

2D DMRG (Xiang et al., 2001 Ṗ

 Optimal pathways using
Entanglement entropy (EE)

Small 
EE

Large
EE
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Detection of Symmetry protected topological (SPT) phases 
(Pollmann , et al., 2010 Ṗ

Ὡ
ɫ Ὗ Ὗ ὟὟ ‌ɫȟɫȟɫ Ὗ

Time -dependent DMRG 
(White & Feiguin , 2004; Daley, et al., 2004 Ṗ

 Real- time dynamics of quantum states 
 Dynamical correlation functions

biorthonormal-block DMRG ( bbDMRG ) 
(Zhong, et al., 2024 Ṗ

 Non-Hermitian
systems

Continuous MPS for Quantum Fields (Verstraete & Cirac, 2010 Ṗ

 Continuous systems: Ex) 1D Lieb -Liniger Hamiltonian

Continuous MP Operator (MPO) Approach (Tang, et al., 2020 Ṗ

 free from any time discretization error 

Dynamical DMRG (Jeckelmann , 2002) 

 neutron scattering
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Oręs& Vidal, PRB 80 , 
094403 (2009)

Classical 2D DMRG
+ 
Baxter s CTM

CTMRG

Anisotropic CTMRG:

Provides a standard 
procedure for the contraction 
of tensors on 2D TN !

Ex) TeNeS: Tensor network solver for quantum
lattice systems ( Motoyama , et al., 2022)
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ὓ

First numerical variational optimization for TPS!

For 2D quantum systems: PEPS (Verstraete & Cirac, 2004)

Bond dimensions: Ὀ ς for TPS, … ςπ for CTMRG

Nishino, et al., Nucl . Phys. B 575 , 504 (2000).



17

2000

ṕHieida et al. Ṗ
2D quantum

ṕNishino et al. Ṗ
3D classical

2007

ṕLevin, Nave Ṗ
Projector formalism

2009

ṕGu, WenṖ
Corner double line tensor

ṕVidalṖ
Quantum info.

2012

ṕXie et al. Ṗ
3D classical

20031999

2015

ṕEvenbly , VidalṖ
Critical system

ṕVerstraete , CiracṖ

2004 2008

ṕMcCullochṖ
fMPSČ iMPS

2006

(Vidal)
Critical system

Brief History of Tensor Networks in 
Condensed Matter Physics [2/3]

Product wave  
function RG 

(RWFRG)

Time -evolving 
block decimation

(TEBD)

Projected entangled
pair state (PEPS)

Tensor Product 
Variational 

Approach (TPVA)

Multi - scale entanglement 
renormalization ansatz

(MERA)

iDMRG

Tensor RG
(TRG)

Tensor -entanglement
Filtering RG (TERG)

HOTRG Tensor -network
Renormalization

(TNR)

2014
Quantum
Computing

variational quantum 
eigensolver (VQE)

(Peruzzo et al.)

Influx of knowledge from the field of quantum information:

Canonical form for iMPS

Vidal, PRL 98 , 070201 (2007).

Provides a standard procedure for 
the contraction of tensors 
representing  quantum  circuits!

pTEBD on Fugaku
Sun, et al., PRB 110 , 085149 (2024).
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Quantum
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variational quantum 
eigensolver (VQE)

(Peruzzo et al.)

Various update scheme for obtaining ground states of the 2D quantum systems : 

Variational update for finite -size systems ( Verstraete & Cirac, 2004)

Simple update for infinite -size system (Jiang, et al., 2008) 

Full update for infinite -size system (Orus , et al., 2009) 

Variational update for infinite -size system (Corboz, et al., 2016) 

 Mean-field environment + imaginary - time evolution

 Numerically exact environment + imaginary - time evolution

 Minimization of the variational energy

Corboz, Phys. Rev. B 94, 035133 (2016).

S=1/2 HB model on the square lattice

ὕὈ

ὕὈ

ὕὈ

 Numerical cost: ὕὈ cf ) DMRG: ὕὈ

 Introduction of automatic differentiations (Liao, et al., 2019)
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Fermionic systems (Kraus, et al.; Corboz, et al., 2009) 

Finite -Temperature  systems (Czarnik, 2012) 

 2D t -J model, spinless Hubbard model

 T.F. Ising model

Excitation spectrums (Vanderstraeten , et al., 2015) 

Spectral functions (Espinoza & Corboz, 2024) 

 2D AKLT model

 Dynamical structure factor

 T.F. Ising model
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Quantum
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variational quantum 
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Critical 1D systems (Vidal, 2006) 

 Logarithmic growth of EE

2D systems (Cincio, et al., 2008) 

 2D TFI model

 Scaling dimension

Kitaev storic code (Aguado & Vidal, 2008) 

Branching MERA (Evenbly & Vidal, 2012) 

 Quantum computing

 Entropic volume -law state
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Boundary MERA (Evenbly & Vidal, 2013)

 uniform systems w/ impurities

TNR (Evenbly & Vidal, 2015) 
cf) Tensor -entanglement Filtering 

RG (TERG) ( Gu & Wen, 2009)
 Classical 2D critical systems

1D Random systems (Goldsborough & Evenbly , 2017) 

 Strong -disordered RG + ER

continuous MERA (Nozaki, Ryu, Takayanagi, 2012)
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Contraction of TN with PBC

2D classical systems (Levin & Nave, 2007)

 Honeycomb lattice

 Triangular lattice

Introducing Higher -order SVD (HOTRG) (Xie et al., 2012)

 3D classical / 2D quantum systems

 Tc = 4.5115 4 (for 3D Ising )
cf ) 4.51152 (MC calculations) 

 Finite temperature simulations
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Optimization of computational cost

Anisotropic TRG
(Adachi, et al., 2019)

Triad SRG (Kadoh , et al, 2021)

 Numerical cost: 
ὕ…

cf ) HOTRG: ὕὈ
 SRG: Environment + TRG

4D Ising (Akiyama, et al., 2019)

4D complex ͕4 
(Akiyama, et al., 2020)

(3+1)D Z3 gauge -Higgs model 
(Akiyama, et al., 2023)

ṏ please see his web page
https://akiyama -es.github.io/index.html

https://akiyama-es.github.io/index.html
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Quantum computer using photonic chips (not super conductors/ion traps)  

Classical optimizer: Nelder -Mead algorithm (simplex -based direct search)

Number of qubits: 4 

CNOT Gate fidelity: 87% 
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Computing
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Today s largest VQE (QAOA): XXZ chain (Yu, Zhao, Wei, PRR, 2023)

Classical optimizer: Matlab sfminunc functions 
(quasi -Newton algorithm & SQP algorithm)

Number of qubits: 102

Average CNOT Gate fidelity: ~95% 

Quantum computer using super conductors



26

2016

ṕStoudenmire , Schwab Ṗ
Machine Learning x TN

Brief History of Tensor Networks in 
Condensed Matter Physics [3/3]

2019

VQE with 
Fewer Qubits

(Lie, et al.)

Supervised Learning
w/ MPS

2019

ṕZaletel , Pollmann Ṗ
Isometric tensor network

TEBD 2

2020

ṕTang, et al. Ṗ
Free from trotter error

cMPO 2021

Our works

A
Q

C
E

ṕ
S

h
ir
a

k
a

w
a

, 
H

U
, 

Y
u

n
o
ki
Ṗ

A
p

p
ro

xi
m

a
te

d
 a

m
p

lit
u

d
e

 e
n

c
o

d
in

g

2022

D
e

e
p

 V
Q

E

ṕ
F

u
jii

, 
M

iz
u
ta

, 
H

U
, 
e

t 
a

l.
Ṗ

D
iv

id
e

d
 a

n
d

 C
o

n
q

u
e

r 
m

e
th

o
d

2023

sy
n

e
rg

is
ti
c 

o
p

tim
iz

a
tio

n

ṕ
W

a
ta

n
a

b
e

, 
F

u
jii

, 
H

U
Ṗ

E
n

ta
n

g
le

m
e

n
t 
a
u

g
m

e
n

ta
tio

n
 w

/ 
T

N
 s

c
h

e
m

e
 

2024

S
tr

u
ct

u
re

 s
e

a
rc

h
 w

/ 
E

R

ṕ
W

a
ta

n
a

b
e

, 
H

U
Ṗ

R
a

n
d

o
m

/
in

h
o
m

o
g
e

n
e

o
u
s

sy
s
te

m
s

Intermediate circuit 
measurement

2023
Quantum -Selected 

Configuration Interaction
(QSCI)

(Kanno, et al.)

Realistic chemical 
Hamiltonian

2024

2018

Quantum 
Circuit 
Learnig

(Mitarai, et al.)

QSCI with 
Fugaku

(Robledo -Moreno, et al.)
QC-HPC hyblid



27

2016

ṕStoudenmire , Schwab Ṗ
Machine Learning x TN

Brief History of Tensor Networks in 
Condensed Matter Physics [3/3]

2019

VQE with 
Fewer Qubits

(Lie, et al.)

Supervised Learning
w/ MPS

2019

ṕZaletel , Pollmann Ṗ
Isometric tensor network

TEBD 2

2020

ṕTang, et al. Ṗ
Free from trotter error

cMPO 2021

Our works

A
Q

C
E

ṕ
S

h
ir
a

k
a

w
a

, 
H

U
, 

Y
u

n
o
ki
Ṗ

A
p

p
ro

xi
m

a
te

d
 a

m
p

lit
u

d
e

 e
n

c
o

d
in

g

2022

D
e

e
p

 V
Q

E

ṕ
F

u
jii

, 
M

iz
u
ta

, 
H

U
, 
e

t 
a

l.
Ṗ

D
iv

id
e

d
 a

n
d

 C
o

n
q

u
e

r 
m

e
th

o
d

2023

sy
n

e
rg

is
ti
c 

o
p

tim
iz

a
tio

n

ṕ
W

a
ta

n
a

b
e

, 
F

u
jii

, 
H

U
Ṗ

E
n

ta
n

g
le

m
e

n
t 
a
u

g
m

e
n

ta
tio

n
 w

/ 
T

N
 s

c
h

e
m

e
 

2024

S
tr

u
ct

u
re

 s
e

a
rc

h
 w

/ 
E

R

ṕ
W

a
ta

n
a

b
e

, 
H

U
Ṗ

R
a

n
d

o
m

/
in

h
o
m

o
g
e

n
e

o
u
s

sy
s
te

m
s

Intermediate circuit 
measurement

2023
Quantum -Selected 

Configuration Interaction
(QSCI)

(Kanno, et al.)

Realistic chemical 
Hamiltonian

2024

2018

Quantum 
Circuit 
Learnig

(Mitarai, et al.)

MNIST Handwritten Digit Test

less than 1% test set classification error

Parameterize non-linear kernel learning model

Of course we can use TTN, MERA, ê

Regression and Classification

Ὗ ὼ: circuit that embeds input ὼ
into a quantum state

Ὗ—: parametrized circuit

ὄ: output (expectation value)

Ὢὼ: Learning data, ὒ: Cost functions
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Isometric tensor: canonical form for higher -rank tensor

ȟ

ώ

ώᴂ

ὼ

ὼᴂ

ώ

ώᴂ

ὼ ὼᴂ

ώ

ώᴂ

ὼ

ὼᴂ

Normalization condition
& TEBD-like update:

ȟ

Additional approximation:

cf ) branching operator
(Harada, PRB, 2018)

(Robledo -Moreno, et al.)
QC-HPC hyblid



29

2016

ṕStoudenmire , Schwab Ṗ
Machine Learning x TN

Brief History of Tensor Networks in 
Condensed Matter Physics [3/3]

2019

VQE with 
Fewer Qubits

(Lie, et al.)

Supervised Learning
w/ MPS

2019

ṕZaletel , Pollmann Ṗ
Isometric tensor network

TEBD 2

Our works

ṕ
F

u
jii

, 
M

iz
u
ta

, 
H

U
, 
e

t 
a

l.
Ṗ

D
iv

id
e

d
 a

n
d

 C
o

n
q

u
e

r 
m

e
th

o
d

sy
n

e
rg

is
ti
c 

o
p

tim
iz

a
tio

n

ṕ
W

a
ta

n
a

b
e

, 
F

u
jii

, 
H

U
Ṗ

E
n

ta
n

g
le

m
e

n
t 
a
u

g
m

e
n

ta
tio

n
 w

/ 
T

N
 s

c
h

e
m

e
 

2024

S
tr

u
ct

u
re

 s
e

a
rc

h
 w

/ 
E

R

ṕ
W

a
ta

n
a

b
e

, 
H

U
Ṗ

R
a

n
d

o
m

/
in

h
o
m

o
g
e

n
e

o
u
s

sy
s
te

m
s

Intermediate circuit 
measurement

Quantum -Selected 
Configuration Interaction

(QSCI)

(Kanno, et al.)

Realistic chemical 
Hamiltonian

2018

Quantum 
Circuit 
Learnig

(Mitarai, et al.)

3D isometric TN (Tepaske & Luitz , 2020)

2D Thermal states (kadow , et al., 2023)

Quantum circuit 
representation
(Lie, et al., 2019)

Gauging TN with belief propagation (Tindall & Fishman, 2023)

 For infinite isometric TN (?)

(Robledo -Moreno, et al.)
QC-HPC hyblid
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TN + amplitude encoding

Wavefunction approx. by isometric TNs with TN structure optimizations

Shirakawa, HU, Yunoki, PRR 6 , 043008 (2024).
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Course graining + VQE

Fujii, Mizuta, HU, et al., 
PRXQ 3 , 010346 (2022)



32

2016

Brief History of Tensor Networks in 
Condensed Matter Physics [3/3]

2019

Our works

ṕ
S

h
ir
a

k
a

w
a

, 
H

U
, 

Y
u

n
o
ki
Ṗ

A
p

p
ro

xi
m

a
te

d
 a

m
p

lit
u

d
e

 e
n

c
o

d
in

g

2022

D
e

e
p

 V
Q

E

ṕ
F

u
jii

, 
M

iz
u
ta

, 
H

U
, 
e

t 
a

l.
Ṗ

D
iv

id
e

d
 a

n
d

 C
o

n
q

u
e

r 
m

e
th

o
d

2023

sy
n

e
rg

is
ti
c 

o
p

tim
iz

a
tio

n

ṕ
W

a
ta

n
a

b
e

, 
F

u
jii

, 
H

U
Ṗ

E
n

ta
n

g
le

m
e

n
t 
a
u

g
m

e
n

ta
tio

n
 w

/ 
T

N
 s

c
h

e
m

e
 

2024

S
tr

u
ct

u
re

 s
e

a
rc

h
 w

/ 
E

R

ṕ
W

a
ta

n
a

b
e

, 
H

U
Ṗ

R
a

n
d

o
m

/
in

h
o
m

o
g
e

n
e

o
u
s

sy
s
te

m
s

Intermediate circuit 
measurement Realistic chemical 

Hamiltonian

MPS

π
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π
π

Add all - to -all- type QC

π
π
π
π
π

ṕapprox. ṖQCE

conventional Ḳ

# of 
additional 
gatesḲ
ὕὔ

Rudolph, et al., 
arXiv:2208.13673

Entropic  volume law

π
π
π
π
π
π
π
π

# of 
additional 
gateḲ
ὕὔ

π
π
π
π
π
π
π
π

Entropic  area law

Watanabe Fujii, HU, 
Phys. Rev. Res. 6 , 
023009 (2024).

Embed into the 
branching MERA

MERA

VQE

Our results

Fully connected 
random Ising model 
with a random 
transverse field.
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ÅBackground Ḳ

ҍTN structural optimization with ER has 

not been established.

ẓ Proposing and verifying a sequential 

local structural reconfiguration procedure

ÅSpin -1/2 1D random XY  chain
ṕⱵ , ╛ Ṗ

Improve accuracy without changing the variational parameters!

This approach can also be adapted for quantum circuit optimization.

Error

Infidelity
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Quantum dynamics on TFI modelḲNature 618, 500 (2023)ṙIBM, et al, , RIKEN Ṛ127 qubits

Recent works

G.S. search for XXZ modelḲPhys. Rev. Res. 5, 013183 (2023)ṙNYU Ṛ102 qubits

Local Integrability in Quantum Many-Body DynamicsḲarXiv:2307.07552 (2023)ṙIBM, et al., Ṛ124 qubits

Quantum reservoir computingḲarXiv:2310.06706 (2023)ṙKeioẀU. Tokyo  , et al,    Ṛ120 qubits

Preparing quantum statesḲarXiv:2309.02863 (2023)ṙIBM , et al.,                   Ṛ125 qubits

G.S. search for Schwinger modelḲPRX Quantum 5, 020315 (2024)ṙUW         Ṛ100 qubits

Long-Range Entanglement using Dynamic CircuitsḲ PRX Quantum 5, 030339 (2024) ṙIBM, et al.,         Ṛ101 qubits

Quantum chemistryṕQSCIṖḲarXiv:2405.05068 (2024)ṙIBM, et al, , RIKEN    Ṛ77 qubits

G.S. search  (Krylov sub-space method)ḲarXiv:2407.14431 (2024)ṙ U. Tokyo        , IBM      Ṛ57 qubits

Roadmap for Quantum advantage using FTQC: 
N. Yoshioka , et al., npj Quantum Information 4 , 45 (2024)



QSCI with 
Fugaku

(Robledo -Moreno, et al.)
QC-HPC hyblid
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2016

ṕStoudenmire , Schwab Ṗ
Machine Learning x TN

Brief History of Tensor Networks in 
Condensed Matter Physics [3/3]

2019

VQE with 
Fewer Qubits

(Lie, et al.)

Supervised Learning
w/ MPS

2019

ṕZaletel , Pollmann Ṗ
Isometric tensor network

TEBD 2

2020

ṕTang, et al. Ṗ
Free from trotter error

cMPO 2021
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Intermediate circuit 
measurement

2023
Quantum -Selected 

Configuration Interaction
(QSCI)

(Kanno, et al.)

Realistic chemical 
Hamiltonian

2024

2018

Quantum 
Circuit 
Learnig

(Mitarai, et al.)

Kanno, et al., arXiv:2302.11320

Robledo -Moreno, et al, arXiv:2405.05068 

IBM s quantum 
computer 

RIKEN s Fugaku



Variational Benchmarks for 
Quantum Many-Body Problems

36

Wu, et al., Science 386 , 296 (2024).

Problem with Higer V -score:
should be targeted for quantum utility!

At the same time, integrating classical heuristics is also important.



MCMC in TN Representation 37Todo, arxiv:2412.02974

Ising model on square lattice

Blue filled symbols: standard MCMC results 
N = 8ú8 (squares), 

16ú16 (circles), 

32ú32 (diamonds). 

Open diamonds: TNMC for N = 32 ú32. 

bond dimension cutoff is 

d = 2 (purple)

3 (green)

4 (orange)

6 (red).



Our plan 38

Advancement of quantum-

classical hybrids
TN tailored for the quantum 

computing era

MCMC

TN

TN ẓ   

テンソルネットワークの媒介する
量子・古典融合

Quantum utilities for Cond. Mat. Phys.

Integration and large -scale parallelization of the TNMC x TN structure search

Understanding 

of physical 

phenomena

Avoidance of the barren 

plateau problem.

Spin - liquid state Topological state Nonequilibrium Extreme universeSuper conductivity Collaboration w/ large -scale exp. facilities

Quantum -classical fusion mediated by tensor network
JST CREST (Oct. 2024 ~ Mar. 2030)

Preparation of good initial states 

for quantum many-body solvers 

using FTQC



Quantum roadmap from IBM (Oct. 2024) 39



Thank you!
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