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Tensor Networks can and have been used in:

1) representing wavefunctions of quantum models (MPS, PEPS, MERA)

(a) (b) PEPS
MPS ' '

(c) MERA A

2) (TODAY) representing partition function of classical models and doing RG

[Levin Nave 2006]
“Lagrangian approach” (talk by Shinji Takeda)

Related but different problems (ideas can be often borrowed)
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Outline

-Introduction to RG using tensor networks
- the need to disentangle
- evidence for FP from singular values

- evidence for FP from Hilbert-Schmidt norm convergence

- Jacobian eigenvalues at the FP

-Newton Method search for fixed points

- the curse of eigenvalues 1
- “rotating RG maps”, 1 —» — 1
- evidence for FP from Hilbert-Schmidt norm convergence

- extracting CFT quantities
-Discussion
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A=—A Aiji = k—A— 1
|
[

i,j,k,l=1...y (bond dimension)

- y is finite in numerics (truncations)

- in rigorous analysis can (and must) consider y = oo imposing
Hilbert-Schmidt condition:

AN == (D 1Ay 1) < oo
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Meaning: i,j,k,| - degrees of freedom (on the bonds)

Ajjx - interaction

Any finite-range spin model can be transformed into TN form.
E.g. nearest-neighbor Ising:

02

01‘%4)703 = exp(p(o,0, + 06,05 + 6304 + 6,40}))
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Tensor Network Partition Function:

) ) M
C A A —Aj

ZANX M) = A—a -4
CH 5 -

Tensor RG transformation:
KR A A

so that Z(A,NX M) = Z(A/, )

\ b - scale factor

N M
b b
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Elementary tensor RG maps

Coarse-graining

| | — A A
1T =
| — A A
| |
Gauge-transformation
5
| |
—A' = —G.'HA HGy -
I

G, ]
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Elementary tensor RG maps - “Disentangling”

Approximate disentangling around a plaquette:

X
.
A\
N

“Disentangling by unitaries”:
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Why disentangle?

Corner-Double-Line (CDL) tensor pollution

Levin 2006
Better be filtered away .
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Tensor RG algorithms

No disentangling: TRG, SRG, HOTRG, BTRG, ...

Levin, Nave 2006

Xie et al 2009

Gu, Wen 2009

Zhao et al 2010

Xie et al 2012

Adachi, Okubo, Todo 2020

With disentangling: TNR, Loop-TNR, Gilt-TNR, ...

Evenbly, Vidal 2015

Yang, Gu, Wen 2017

Bal et al 2017

Hauru, Delcamp, Mizera 2018
Lyu, Xu, Kawashima 2021
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Expected structure of RG fixed points
(for 2D Ising model)

The critical
bxed point T = 1

No critical
bxed point

Without disentangling
see redundant FPs at low/high T
and no FP at criticality:

Figs. from Lyu et al, 2102.08136
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Flow of singular values
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Flow of tensor after gauge-fixing

Distance between two subsequent tensors:

Ebel, Kennedy, SR 2024

Cf Evenbly-Vidal 2015
Lyu, Xu, Kawashima 2021
Guo-Wei 2023

Gilt-TNR x =30

\ leading VR eigenvalue
(CFT operator &)

1
014 X\ /
= Moo/ \ /7,
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< NS //'
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subleading V R eigenvalue
(not in CFT - puzzle)

A®@ s the best approximation to the FP tensor

NB: need “shooting method” to find the critical temperature

(here T/T,. = 1.0000110043)
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CFT expectations for RG eigenvalues

perturbations of CFT 5S =# d’x O(x)

RG step: % " bx O(bx) = b~200(x)

AN

st 1 | = % 'O

CFT scaling dimension

N.B.: this prediction is valid only for @ which is not a total derivative

Total derivative eigenvalues are not universal (explains the 0.63 puzzle)
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2D Ising CFT and numerical eigenvalues of VR

Z> | O lepr =2%4'o | of! R

+ | " 2 1.9996

+ I 1 1.0015 eigs 1
+ | T 1 0.9980

+ 0.6322

+

0.5941+ 0.1195 \

non-universal

" | # 298 4 3668016 3.6684
" 1.5328 /

! 1.5300
§ 0.8869

NB: other methods for relating tensor RG and CFT
(transfer matrix, lattice dilatation operator).
Important but not our main focus today (may mention at the end)
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Why eigenvalues 1?

2D manifold of fixed points differing by anisotropic rescaling and rotation:

Y
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Newton method to find the fixed point?

A =R(A) < fA)=A—-RA) =0

A=A, — - VRA)DI'fA)

Newton method converges for both stable and unstable fixed points
(no need for “shooting”)

BUT: I— VR must be invertible - cannot allow eigenvalues 1
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Suppose R is the “usual” orientation-preserving RG map which rescales both
dimensions by b.

M —— M/b

N/b

Rotating RG map R": @ N @

rotates by 90 degrees

R'
Y B
N/b
M
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Change in eigenvalues of rotating RG map

Spin £ CFT operator transformes under rotation by angle 6 as

O #%e" O

For 0 = x/2

$ = (i)or?! o

Forstresstensor 7,70 1 — —1
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Newton method convergence

Newton iteration m

Ebel, Kennedy, SR 2024

Projector rank s
-3
-—-9
—— 26

—o— 54

project VR on s largest
eigenvalues when

inverting/ — VR



Geometry on the Hilbert-Schmidt sphere

critical NN Ising tensor

Ann (1)

0.89

A y FP tensor for R°
b.g (M)

N
A( ) FP tensor for R
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I R I R’ Ebel, Kennedy, SR 2024

Jacobian: | = # 0.13% 0.00066% .
=1 " 0.03%  0.026% cf Lyu, Xu, Kawashima 2021
l =2 T,T 015% 0.13%

Transfer matrix: #—% #—#

Gu, Wen 2009 o R

f !
r copies of A' r copies of A

R, direct R', direct R, crossed R', crossed

C 0.1% 0.05% 0.01% 0.014%
| =1J 0.06% 0.01% 0.003% 0.031%

e 0.19% 0.20% 0.08% 0.09%

I =11 0.29% 0.28% 0.08% 0.04%

e 0.76% 0.66% 0.18% 0.09% r=2
I =21 1.71% 1.14% 0.30% 0.18%

e 1.24% 1.09% 0.30% 0.50%

| =31 1.46% 1.80% 0.44% 1.89%
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Lattice dilatation operator:
Evenbly, Vidal 2016

R R'

=1 0.19% 0.12%
=1 0.07% 0.05%
=11 0.12% 0.09%
=2 0.18% 0.15%
=21J 0.29% 0.29%
=3 0.32% 0.26%
=31 0.46% 0.36%
=4  0.39% 0.30%
=4 0.93% 0.77%

and further, upto A = 6
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Future directions

- Enlarge the region of convergence of the Newton method
- ideally start from NN critical and converge
(in our work converged in ball of radius ~0.01 around the FP)

- Newton method for other tensor RG algorithms

- Numerical evidence for convergence of FP tensor as y — oo

- Existence of exact FP tensor for y = o0
(can one prove this as a theorem, realizing Ken Wilson’s dream?)
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Backup
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Newton method setup

f(A)=A—-R(A)=0 A=A, —[I-VRA)I'fA,)

Replace by approximate Jacobian: Jg =11 Pg" R (A0))Ps

projector on the first s largest eigenvalues
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To apply Newton method we need
EITHER

1) tensor RG algroithm with manifest lattice rotation symmetry =>
eigenvalues 1 perturbations can be projected away (not currently available)

OR

2) somehow get rid of eigenvalues 1 perturbations

Main idea of our work:
turn eigenvalues 1 to -1 by including rotation into the RG map
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Lyu, Xu, Kawashima Phys Rev Res 3(2021) 023048

Studied V R of “frozen” RG map
(disentanglers and isometries frozen to their values at FP)

+ two similar terms

For “frozen” RG map, VR & Lattice Dilatation Operator

=> No non-universal eigenvalues
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Differentiability test

_ R(A+hv)! R(A! hv)

2h

e eigenvalue 2 direction
random direction
— 10000n*+10 */h
— 3h*+10 /h

I LERLELLRLLL | LR | LR | LA LERLELLRLLL | LR | L
10e 810 710e 6 1.k 5 00001 0.001 0.01 0.1
h

Dp = (" R)(A).v + O(h?)+ O(Ir/h)
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A e Fixed point tensor
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Fixed points for varying anisotropy parameter a = Jx/Jy

103
0.8—§ -‘
FP tensor .
dependence on a: 520 o,
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Rotating RG map:

Period-2 behavior for anysotropic initial conditions

1.0+

singular value
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