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Tensor Networks can and have been used in:

1) representing wavefunctions of quantum models (MPS, PEPS, MERA)

(c) MERA

2) (TODAY) representing partition function of classical models and doing RG
[Levin Nave 2006]

Related but different problems (ideas can be often borrowed)

“Lagrangian approach” (talk by Shinji Takeda)
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-Introduction to RG using tensor networks

-Newton Method search for fixed points

-Discussion

- the need to disentangle
- evidence for FP from singular values

- evidence for FP from Hilbert-Schmidt norm convergence

- Jacobian eigenvalues at the FP

- the curse of eigenvalues 1

- “rotating RG maps”, 1 → − 1
- evidence for FP from Hilbert-Schmidt norm convergence
- extracting CFT quantities
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In other words, such a tensor is a map from I
n to R. n-leg tensors may also be referred to as “n-tensors” or “n-index

tensors” or “tensors with n legs”.
The Hilbert-Schmidt (HS) norm of an n-tensor A(n) is defined as

(2.1) →A(n)
→ =

(
∑

i1,...,in→I
|Ai1...in |

2

)1/2

.

This is the norm we will use most often. A tensor with a finite HS norm will be called HS. All n-tensors with n ↭ 3
considered in this work will be HS.

For the special case of n = 2 (2-tensors) we will also consider a different norm →A→op, the operator norm. It is defined
as the norm of the linear operator from ω2(I) to ω2(I) associated with the tensor A. We can compute this norm as
→A→op = sup

∣∣∣
∑

i,j→I Aijviwj

∣∣∣, the sup being taken over v,w ↑ ω2(I) having ω2 norm 1 and a finite number of nonzero
elements. As is well known, →A→op ↫ →A→ for 2-tensors.

The above definitions admit obvious generalizations to n-tensors whose every leg is indexed by its own index set
I1, . . . ,In.

For any two n-tensors A and B, we define their sum as follows:

• If both tensors are indexed by the same index sets I1, . . . ,In, then the sum A + B is the usual element-wise sum.
• If the two collections of index sets I

A

1 , . . . ,IA

n
and I

B

1 , . . . ,IB

n
are not the same, we first extend each tensor by

zeros to a larger tensor defined on (IA

1 ↓I
B

1 )↔ . . .↔ (IA

n
↓I

B

n
), and then take the usual element-wise sum of such

extended tensors.
• If the index sets for at least one of the n legs do not overlap, say I

A

1 ↗I
B

1 = ↘, we define the sum as in the previous
case, and call it a “direct sum” A ≃ B.

2.1. Graphic notation. Contractions

In graphic notation, an n-tensor is drawn as a box with n legs coming out. E.g. a 4-tensor A and its components Aijkl is
denoted by a diagram:

(2.2) A A

j

l

A = Aijkl = ik .

In general, no symmetry will be assumed for n-tensors, so one has to pay attention to the order of the indices. In (2.2),
Aijkl is denoted by the diagram with i, j, k, l on the right, top, left, bottom legs.

We will also consider contractions of tensors. E.g. for two 4-tensors A and B we may define tensor C contracting the
first leg of A with the third leg of B, i.e.

(2.3) Cmnjklp =
∑

i→I
AijklBmnip .

Contraction is only defined if the two contracted legs have the same index set. In graphic notation, contraction is denoted
by gluing the legs of contracted tensors. Eq. (2.3) may then be represented as:

(2.4) C A B= .

The following proposition follows easily from the Cauchy-Schwarz inequality, and we omit its proof.

Proposition 2.2. Let C be a tensor formed by contracting one leg of a tensor A with one leg of a tensor B.

(a) If A and B are HS, then so is C , and →C→ ↫ →A→→B→.

(b) If A is HS, while B is a 2-tensor with a finite operator norm, then C is HS, and →C→ ↫ →A→→B→op.

i, j, k, l = 1…χ (bond dimension)

-  is finite in numerics (truncations)


- in rigorous analysis can (and must) consider  imposing 

    Hilbert-Schmidt condition:

χ

χ = ∞

∥A∥ := (∑ |Aijkl |
2 )1/2 < ∞
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Meaning: i,j,k,l - degrees of freedom (on the bonds)


  - interactionAijkl

Figure 1: A tensor network built out of a four-tensor A. It is assumed that, after a large
number of periodic repetitions, the outgoing bonds on network sides are joined pairwise, so
that no uncontracted indices remain.

An RG transformation (or map) is a coarse-graining of the tensor network. It
rewrites the tensor network in terms of new tensors, fewer in number than the original
ones. The simplest rule defines a new tensor T by contracting four A tensors, as follows:

, (1.2)

but more sophisticated rules can also be considered (see below). One then iterates this
map and studies the resulting RG flow.

We see that T is naturally defined on W ⌦ W ⌦ W ⌦ W where W = V ⌦ V . It is
in fact a general feature of tensor RG maps that they raise the index space dimension.
In numerical calculations, reviewed in Appendix C, it is customary to truncate W to
a subspace of the same dimension as V , chosen to minimize the truncation error. In
contrast, in this paper we will not use any truncation. Our RG maps will preserve
the partition function exactly. Our tensors will be defined in an infinite-dimensional
real Hilbert space V with a countable basis. For such V there exists a (non-unique)
isomorphism1 between V and V ⌦ V . Fixing some such isomorphism J , we define the
final RG-transformed tensor A0 as

. (1.3)

Now, tensors A and A0 live on the same Hilbert space and can be compared. The RG
fixed point equation in this setting reads

A0 = NA, (1.4)

1I.e. a one-to-one isometric linear map. See also footnote 5.
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i

j
k

l

Any finite-range spin model can be transformed into TN form.  
E.g. nearest-neighbor Ising:

we use in this paper is the same as used in [3]. In this method the lattice for the Ising

model is rotated by ω/4 with respect to the tensor network. In Fig. 13 the sites for the

Ising spins are represented by black dots. The coupling constants on the bonds between

these spins are equal to Jy for the red bonds and Jx for the green bonds. Note that the

Ising spins are located at the midpoints of the bonds in the tensor network. Each leg in

the tensor network only takes on the values →1, +1, corresponding to the values of the

Ising spin. The contraction of the tensor network is then equal34 to the NN Ising partition

function if we define the components of the tensor A by

= exp((Jyε1ε2 + Jxε2ε3 + Jyε3ε4 + Jxε4ε1)/T ) . (B.1)

The final step in the definition of the initial A is to apply a gauge transformation that

transforms the states |+↑,|→↑ to the Z2 even and odd states given by

|0↑ =
1

↓
2
(|+↑ + |→↑), |1↑ =

1
↓

2
(|+↑ → |→↑) (B.2)

We define a = Jy/Jx. For the isotropic case we set Jx = Jy = 1 and then define the

reduced temperature by t = T/Tc so that t = 1 is the critical point. For the anisotropic

case we set Jy = a, Jx = 1, and again let t = T/Tc where now the critical temperature

depends on a.35 As in the isotropic case, the critical point is given by t = 1. Only the

parameters t and a are used in our discussions of the numerical results. In the numerical

results the critical point is not exactly at t = 1 since the bond dimension is finite.

Since the Ising lattice is rotated with respect to the tensor network, in the anisotropic

case the initial A is not invariant under horizontal or vertical reflections. However, it is

invariant under the composition of these two reflections.

The initial tensor, which we normalize to have unit Hilbert-Schmidt norm, will be

denoted ANN(t, a), or ANN(t) if a = 1.

Another method for representing the Ising partition function as the contraction of a

tensor network can be found in [5, 10]. In this approach the Ising lattice is not rotated

with respect to the tensor network.

C More details about Gilt-TNR

We reviewed the general structure of the non-rotating Gilt-TNR algorithm in Section 3.1

and here we will provide some more details.

The basic procedure for choosing Q = Q1 (see [10, Sec. IV.B] and [19, App. A]) consists

of four steps:

34Because of the lattice rotation by ω/4, the equality requires non-standard periodic boundary conditions

on the Ising side, assuming the usual periodic boundary conditions on the tensor network side.
35The critical temperature is given implicitly by sinh(2Jy/Tc) sinh(2Jx/Tc) = 1.

– 35 –

= exp(β(σ1σ2 + σ2σ3 + σ3σ4 + σ4σ1))

σi = ± 1 χ = 2
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Such an arrangement of tensors is an example of a tensor network (TN). Performing all contractions in a network, we get
a number called its “value” or “partition function”. This terminology is natural because partition functions of many lattice
models can be represented by tensor networks, see Section 3.

We will sometimes abuse the language and will use the expression “tensor network” to refer to both the tensor network
and its partition function. We denote the partition function of the TN (2.7) by Z(A,Lx,Ly).

Proposition 2.3. Suppose that A is HS, and that Lx,Ly ↭ 2. Then the partition function of tensor network (2.7) is finite

and satisfies the bound |Z(A,Lx,Ly)| ↫ →A→
LxLy .

This follows from a more general result.

Proposition 2.4. Let A1, . . . ,AN
be tensors which are HS. Let C be a tensor formed by contracting some collection

of pairs of their legs. Assume that in each pair the two contracted legs do not belong to the same tensor (“no self-

contraction”). Then C is HS and →C→ ↫ ∏
N

i=1 →Ai
→.

Remark 2.5. The no self-contraction condition is important, because finite HS norm does not guarantee finiteness of the
trace.

Proof. We use induction on N . In the base case N = 1 the proposition is trivially true, since C = A1 as no self-
contractions are allowed.

Now assume the proposition is true for N tensors. Let CN+1 be some contraction of A1, . . . ,AN+1 satisfying the no
self-contraction condition. Let CN be the contraction of A1, . . . ,AN formed using all the contractions in CN+1 that do
not involve AN+1. By the inductive hypothesis, CN is HS and →CN

→ ↫ ∏
N

i=1 →Ai
→.

The tensor CN+1 is formed by contracting some of the legs of CN with some of the legs of AN+1. We group the
legs in CN being contracted and group the legs in AN+1 being contracted. Then, by Prop. 2.2(a) we have →CN+1

→ ↫
→CN

→→AN+1
→ and, by the inductive hypothesis,

(2.8) →CN+1
→ ↫

N+1∏

i=1

→AN+1
→,

proving the induction step.
It may happen that there are actually no legs to contract as AN+1 is disconnected from CN (the proposition does not

assume that the network is connected). In this case CN+1 is the element-wise product of CN and AN+1. Such a CN+1

is trivially HS and satisfies →CN+1
→ = →CN

→→AN+1
→. So Eq. (2.8) follows as well.

2.4. Transformations of tensor networks

It is possible that two networks are built of different tensors but have the same value. We call such networks equiva-
lent. Here we will describe several equivalence transformations of tensor networks: general and simple RG, gauge, and
disentangler transformations.

Z(A, N × M) =

Tensor Network Partition Function:

Tensor RG transformation:

ℛ : A ↦ A′￼

Z(A, N × M) = Z(A′￼,
N
b

,
M
b

)so that

b - scale factor
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Coarse-graining

Gauge-transformation
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The next example will be used frequently. We form a tensor T by contracting 4 copies of an HS tensor A, as follows:

(2.5)
A A

A A

T = .

The tensor T is well defined: it’s easy to see that each component is given by an absolutely convergent series. Moreover,
T is HS and →T→ ↭ →A→

4. This is easy to prove directly, and is also a consequence of the general Prop. 2.4 below.

2.2. Leg grouping and reindexing

The tensor T in (2.5) has 8 legs indexed by I (same index set as A). These 8 legs come naturally grouped in 4 pairs (right,
up, left, down). We may consider each of these 4 pairs of legs as a single leg with an index set I ↑ I . Viewed this way, T
becomes a 4-tensor indexed by I ↑ I . This is an example of leg grouping, which reshapes the tensor but does not change
its components. We can also group more than two legs.1

Another simple operation is reindexing. Let I1 and I2 be two index sets of the same cardinality, and let ω be a one-to-
one map from I1 onto I2 (reindexing map). If A is a tensor with a leg indexed by I1, we can use ω to transform A to a
tensor A→ where the same leg is indexed by I2.

Leg grouping and reindexing just reshuffle tensor components but do not change their numerical values. In particular,
these operations preserve the norm.

Here is an equivalent view of reindexing. Let J be a 2-tensor with the only nonzero components Jii→ = 1 if i→ = ω(i).
We call J a reindexing tensor; it has operator norm 1. The reindexed tensor A→ is then obtained by contracting A with J .
We write this graphically as:

(2.6) A→ A= Ji→ i→ .

Below we will often apply leg grouping followed by reindexing, as follows. Consider two legs of a tensor with index
set I . We group them, obtaining a leg with an index set I ↑ I . Suppose that either |I| = 1 or |I| = ↓. Then I ↑ I has
the same cardinality as I . We can then apply reindexing as above with I1 = I ↑ I and I2 = I . After reindexing, the leg
is indexed with I .

Let us see how this works for the tensor T defined by (2.5). As explained, after leg grouping we can view it as a
4-tensor with legs indexed by I ↑ I . We then apply reindexing on each of this legs, and obtain a 4-tensor indexed by I ,
the same index set we started with.

Our main case of interest will be |I| = ↓. In this case the reindexing map from I ↑ I to I is vastly non-unique.
Without loss of generality, we can take I = N. Choosing the reindexing map ω then amounts to enumerating N ↑ N in
some particular order. In our constructions below, we will fix the first few elements of the enumeration sequence, and the
rest of it will be left arbitrary.

2.3. Tensor networks

Consider a finite periodic square lattice of size Lx ↑Ly . Suppose we put a 4-tensor A at every vertex (n,m) of the lattice,
contracting its legs with the legs of tensors at neighboring vertices, and taking into account periodicity, as shown in this

1In the python package numpy, often used for numerical tensor manipulations, leg grouping can be performed by the function reshape().

7

2.4.1. Tensor RG transformations

Let b be a positive integer. A tensor RG transformation with a lattice rescaling factor b is a map of 4-tensors A →↑ A→

which has the following basic property: for any Lx,Ly divisible by b, the partition function of Lx ↓ Ly tensor network
made of A equals the partition function of (Lx/b) ↓ (Ly/b) tensor network made of A→:

(2.9) Z(A,Lx,Ly) = Z(A→,Lx/b,Ly/b) .

Note that A→ may in general have an index set different from A. We are mostly interested in b ↭ 2 so that the number of
tensors is reduced, although gauge transformations (see Section 2.4.3 below) have b = 1.

Constructing such tensor RG transformations and using them to understand the phase diagram of lattice models will
be the main point of our work. We will construct them by combining judiciously three basic equivalence transformations
discussed below.

2.4.2. Simple RG transformations

A simple RG transformation is an example of a tensor RG transformations. It divides tensors A comprising the network
into small groups, and defines new tensors A→ by contracting tensors within each group. The resulting network has fewer
tensors than the original one. It has the same value by construction.

As an example, consider network (2.7) and assume that Lx and Ly are even. We group tensors A in 2↓ 2 groups. This
gives an equivalent (same value) TN:

(2.10)

T T

T T

...

...

......

Lx/2

Ly/2
.

where T is the contraction of four A tensors defined in (2.5). The map A →↑ T is a simple RG transformation. It has lattice
rescaling factor b = 2.

2.4.3. Gauge transformations

Gauge transformations map a TN to an equivalent one having the same number of tensors. This can be thought as a tensor
RG transformation having lattice rescaling factor b = 1.

Let G be a bounded, invertible linear map on ω2(I) whose inverse G↑1 is also bounded. We denote the corresponding
2-tensors by the same symbols G, G↑1. In graphic notation:

(2.11)

<latexit sha1_base64="KZDVF23YJ4ZatG7ko9Kgtlng1ww="></latexit>

G
<latexit sha1_base64="pSn7E6VBfcPybMwZZ7sxbYpoSbg="></latexit>

G! 1<latexit sha1_base64="jDQzghFYdy+uRHFqhsZkutNEuSg="></latexit>

i
<latexit sha1_base64="ZZAGumZpOhAWv0kaoQLwYici1pA="></latexit>

j
<latexit sha1_base64="F7iha8XPbV4gmhYJO/2lJ4Cae8I="></latexit>

= ( G)ij

<latexit sha1_base64="1QAKN803OgjkzeLQGLGw74Rwdb4="></latexit>

= ( G! 1)ij

<latexit sha1_base64="0u7dJCda1LxskN9N3B4UCIsTaw4="></latexit>=

<latexit sha1_base64="jDQzghFYdy+uRHFqhsZkutNEuSg="></latexit>

i
<latexit sha1_base64="ZZAGumZpOhAWv0kaoQLwYici1pA="></latexit>

j

<latexit sha1_base64="KZDVF23YJ4ZatG7ko9Kgtlng1ww="></latexit>

G
<latexit sha1_base64="pSn7E6VBfcPybMwZZ7sxbYpoSbg="></latexit>

G! 1

Take two bounded maps Gx and Gy as above and consider network (2.7) built out of tensors A. Gauge transformation
of this network consists of two operations:

• insert the product GxG↑1
x

= I on every horizontal link, and GyG↑1
y

= I on every vertical link of the network;
• regroup the tensors, passing to the equivalent network built out of tensor A→ (which is HS by Prop. 2.2(b)):

(2.12) <latexit sha1_base64="LnYO0M99xyXtn1IohqVH2zV5OWc="></latexit>=
<latexit sha1_base64="fNoWw2o2KD8VJlGNFmvE9mlt3j8="></latexit>

A
<latexit sha1_base64="zRefAtreS3ky+zMZXa2mwQoBaTA="></latexit>

A ! <latexit sha1_base64="sewcgIhPAsqk+++gYksLaIr4Qug="></latexit>

Gx

<latexit sha1_base64="eNK6R9gIeha+A+I/tJ+iF/HIZSE="></latexit>

G! 1
x

<latexit sha1_base64="Qe48LSUqk7iwdRrinqLYGmhzxnc="></latexit>

G! 1
y

<latexit sha1_base64="NHQ8hmVJCqTM0zif1iPTu88THBY="></latexit>

Gy
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“Disentangling by unitaries”:

Approximate disentangling around a plaquette:

8

2.4.4. Disentangler transformations
Like gauge transformations, disentangler transformations will preserve the number of tensors in the network.

Let us Þrst deÞne ÒdisentanglersÓ. Disentanglers are like gauge transformation tensors but acting on two legs at the
same time. Namely, a disentanglerR is a bounded, invertible linear map on! 2(I ! I ) whose inverseR! 1 is also bounded:

(2.13)
<latexit sha1_base64="GveU2Bc345mUv6wyBfYeCtigL4Q="></latexit>

R! 1<latexit sha1_base64="oeSdy7sRCQyN6uA2FG35ohy2kcI="></latexit>

R
<latexit sha1_base64="GveU2Bc345mUv6wyBfYeCtigL4Q="></latexit>

R! 1<latexit sha1_base64="oeSdy7sRCQyN6uA2FG35ohy2kcI="></latexit>

R
<latexit sha1_base64="Z7/AsWBJzHXKVfcvigLT9ZNuFeQ="></latexit>

RR! 1 = <latexit sha1_base64="0u7dJCda1LxskN9N3B4UCIsTaw4="></latexit>=
<latexit sha1_base64="WmUH4a5TC9LVIl6zqeSHMUOEALM="></latexit>

R =
<latexit sha1_base64="Ild9w+Bh42U+fiG7d/LQXR/LnJs="></latexit>

R! 1 =

Let us now deÞne disentangler transformations. LetX andY be two 4-tensors indexed by the same index set. They may
be different or identical. Consider a network made of these two tensors, putting them in alternation on the odd and even
rows:

(2.14)

<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X

<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y

<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X

<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X

<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y

<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y

<latexit sha1_base64="h0uzRU7RporC9maXweg85a09Q/w="></latexit>. . .

<latexit sha1_base64="h0uzRU7RporC9maXweg85a09Q/w="></latexit>. . .

<latexit sha1_base64="h0uzRU7RporC9maXweg85a09Q/w="></latexit> ..
.

<latexit sha1_base64="h0uzRU7RporC9maXweg85a09Q/w="></latexit> ..
.

A disentangler transformation of this network consists of two steps:

D1. InsertRR! 1 = I , whereR is a disentangler, on the pairs of horizontal links:

(2.15)

<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X

<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y

<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X

<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X
<latexit sha1_base64="XIziE6cR3xpWcIbqUTtIQZsGfvU="></latexit>

X

<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y

<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y
<latexit sha1_base64="rgv6IO/5bAZVnPOJQ57OpoThKFc="></latexit>

Y

<latexit sha1_base64="h0uzRU7RporC9maXweg85a09Q/w="></latexit>. . .

<latexit sha1_base64="h0uzRU7RporC9maXweg85a09Q/w="></latexit>. . .

<latexit sha1_base64="h0uzRU7RporC9maXweg85a09Q/w="></latexit> ..
.

<latexit sha1_base64="h0uzRU7RporC9maXweg85a09Q/w="></latexit> ..
.

<latexit sha1_base64="oeSdy7sRCQyN6uA2FG35ohy2kcI="></latexit>

R

<latexit sha1_base64="oeSdy7sRCQyN6uA2FG35ohy2kcI="></latexit>

R

<latexit sha1_base64="Tmt0lrOdzvspc7XNVcA4Kq9wKHE="></latexit>

R! 1
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The next example will be used frequently. We form a tensorT by contracting 4 copies of an HS tensorA, as follows:

(2.5)
A A

A A

T = .

The tensorT is well deÞned: itÕs easy to see that each component is given by an absolutely convergent series. Moreover,
T is HS and! T! ! ! A! 4. This is easy to prove directly, and is also a consequence of the general Prop.2.4below.

2.2. Leg grouping and reindexing

The tensorT in (2.5) has 8 legs indexed byI (same index set asA). These 8 legs come naturally grouped in 4 pairs (right,
up, left, down). We may consider each of these 4 pairs of legs as a single leg with an index setI " I . Viewed this way,T
becomes a 4-tensor indexed byI " I . This is an example of leg grouping, which reshapes the tensor but does not change
its components. We can also group more than two legs.1

Another simple operation is reindexing. LetI 1 andI 2 be two index sets of the same cardinality, and let! be a one-to-
one map fromI 1 onto I 2 (reindexing map). IfA is a tensor with a leg indexed byI 1, we can use! to transformA to a
tensorA! where the same leg is indexed byI 2.

Leg grouping and reindexing just reshufße tensor components but do not change their numerical values. In particular,
these operations preserve the norm.

Here is an equivalent view of reindexing. LetJ be a 2-tensor with the only nonzero componentsJii ! = 1 if i ! = ! (i ).
We callJ a reindexing tensor; it has operator norm 1. The reindexed tensorA! is then obtained by contractingA with J .
We write this graphically as:

(2.6) A! A= Ji ! i ! .

Below we will often apply leg grouping followed by reindexing, as follows. Consider two legs of a tensor with index
setI . We group them, obtaining a leg with an index setI " I . Suppose that either|I| = 1 or |I| = # . ThenI " I has
the same cardinality asI . We can then apply reindexing as above withI 1 = I " I andI 2 = I . After reindexing, the leg
is indexed withI .

Let us see how this works for the tensorT deÞned by (2.5). As explained, after leg grouping we can view it as a
4-tensor with legs indexed byI " I . We then apply reindexing on each of this legs, and obtain a 4-tensor indexed byI ,
the same index set we started with.

Our main case of interest will be|I| = # . In this case the reindexing map fromI " I to I is vastly non-unique.
Without loss of generality, we can takeI = N. Choosing the reindexing map! then amounts to enumeratingN " N in
some particular order. In our constructions below, we will Þx the Þrst few elements of the enumeration sequence, and the
rest of it will be left arbitrary.

2.3. Tensor networks

Consider a Þnite periodic square lattice of sizeL x " L y . Suppose we put a 4-tensorA at every vertex(n, m) of the lattice,
contracting its legs with the legs of tensors at neighboring vertices, and taking into account periodicity, as shown in this

1In thepython packagenumpy , often used for numerical tensor manipulations, leg grouping can be performed by the functionreshape().
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Why disentangle?

9

Corner-Double-Line (CDL) tensor pollution
Figure 1: A tensor network built out of a four-tensor A. It is assumed that, after a large
number of periodic repetitions, the outgoing bonds on network sides are joined pairwise, so
that no uncontracted indices remain.

An RG transformation (or map) is a coarse-graining of the tensor network. It
rewrites the tensor network in terms of new tensors, fewer in number than the original
ones. The simplest rule defines a new tensor T by contracting four A tensors, as follows:

, (1.2)

but more sophisticated rules can also be considered (see below). One then iterates this
map and studies the resulting RG flow.

We see that T is naturally defined on W ⌦ W ⌦ W ⌦ W where W = V ⌦ V . It is
in fact a general feature of tensor RG maps that they raise the index space dimension.
In numerical calculations, reviewed in Appendix C, it is customary to truncate W to
a subspace of the same dimension as V , chosen to minimize the truncation error. In
contrast, in this paper we will not use any truncation. Our RG maps will preserve
the partition function exactly. Our tensors will be defined in an infinite-dimensional
real Hilbert space V with a countable basis. For such V there exists a (non-unique)
isomorphism1 between V and V ⌦ V . Fixing some such isomorphism J , we define the
final RG-transformed tensor A0 as

. (1.3)

Now, tensors A and A0 live on the same Hilbert space and can be compared. The RG
fixed point equation in this setting reads

A0 = NA, (1.4)

1I.e. a one-to-one isometric linear map. See also footnote 5.
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Better be filtered away
Levin 2006
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Tensor RG algorithms

TRG, SRG, HOTRG, BTRG, …No disentangling:

With disentangling: TNR, Loop-TNR, Gilt-TNR, …

Levin, Nave 2006

Xie et al 2009

Gu, Wen 2009

Zhao et al 2010

Xie et al 2012

Adachi, Okubo, Todo 2020

Evenbly, Vidal 2015

Yang, Gu, Wen 2017

Bal et al 2017

Hauru, Delcamp, Mizera 2018

Lyu, Xu, Kawashima 2021
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Expected structure of RG fixed points  
(for 2D Ising model)

NN Ising model
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all spins inside
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#$ACDL
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Figure 4. The origin of the problem of local correlations. (a)
The block-tensor transformation A ! Ac. The spins shared
by two tensors A are summed over according to Eq. (24). The
squares are larger after the decimation. (b) The origin of the
CDL tensors. When the black square becomes large enough,
the spins on one edge are far away from those on another,
except for the spins around the four corners. The correlations
among the corner spins give rise to the CDL tensors, containing
physics at the lattice scale.

It is enlightening to put the original spin variables back
into the tensor network to get a more physical picture of
what is happening under such a block-tensor RG transfor-
mation. We refrain from drawing legs ofA and the dashed
lines of the spin lattice in Fig. 3, and surround copies of
A with squares on whose sides the spin variables sit. The
big picture for the block-tensor transformation in Eq. (23)
is shown schematically in Fig.4(a). The process is similar
to the decimation in the conventional approaches. After
the spin variables shared by every twoA tensors forming
the sameAc are summed over, we are left with four bigger
squares, with two spin variables sitting on each side of
each square. When the squares become large enough as
the block-tensor transformation goes on, we expect that,
roughly speaking, the spin variables on di! erent edges
are far away from each other and thus uncorrelated. The
only exception is for the spin variables around the four
corners. We can use a matrixC in Fig. 4(b) to capture
the correlations around the corners; the matrixC must
contain physics at the scale of the original lattice constant.
Since the spin variables around di! erent corners are far
away from each other, the tensorACDL corresponding to
this black square should factorize into the tensor product
of four corner matricesC. A tensor with the structure of
ACDL is called a corner double-line (CDL) tensor.

The CDL tensors are Þxed points of the RG equations
of the TRG [22, 23, 25, 30] and the HOTRG [33]. This
shows that the TRG and the HOTRG have di" culty
in integrating out the local interactions among the spin
variables around the corners. If we start with two temper-
atures T1 != T2, both larger than the critical temperature
Tc of the 2D Ising model, either of these two methods

T = 0

T = !

T = Tc
T = 0

T = !

No critical
Þxed pointThe critical

Þxed point

(a) (b)

Figure 5. Schematic RG ßows of the 2D Ising model, without
and with the problem of local correlations. Each point on the
dashed line represents the lattice model at a given temperature
and is the starting point of an RG transformation. The solid
lines with arrows represent di ! erent RG ßows. (a) The correct
RG ßow. There are one T = 0 Þxed point, one T = " Þxed
point and one critical Þxed point. (b) The RG ßows generated
by the TRG and the HOTRG. Due to the problem of local
correlations, the two trivial Þxed points become two Þxed lines,
and the critical Þxed point disappears.

will generate tensors ßowing to two di! erent CDL tensors
ACDL

1 != ACDL
2 , as a natural consequence of the fact that

these CDL tensors depend, directly, on the bare inter-
action constants. At criticality, the previous numerical
calculations indicate that we will never reach a critical
Þxed-point tensor [18, 25]. Their calculations suggest
tensor RG ßows shown in Fig.5(b), where the low- and
high-temperature Þxed points turn into two Þxed lines
and the critical Þxed point disappears. By comparison,
the correct RG ßow is shown in Fig.5(a). We will intro-
duce a way to solve the problem of CDL tensors for the
HOTRG in Sec. II C .

The second obstacle that prevents us from achieving
Eq. (19) is that the tensor network representation of the
partition function in Fig. 3 and Eq. (3) has gauge redun-
dancy. If two tensors ÷A and A are related through some
invertible matrices Sx , Sy by the gauge transformation

÷Aijkl =
!

m,n
p,q

Amnpq (Sx )im (Sy )jn

"
S! 1

x

#
pk

"
S! 1

y

#
ql

,

(25a)

or pictorially as

÷A = ASx

Sy

S! 1
x

S! 1
y

, (25b)

the two tensor networks formed byA and ÷A represent the
same partition function Z . Equation (25) is a equivalence
relation that deÞnes a equivalence class [A].

The gauge redundancy makes the canonical RG pre-
scription in tensor space less straightforward than that
in Hamiltonian space. Even if we have reached a repre-
sentation tensor A" of the Þxed-point equivalence class
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Without disentangling 

see redundant FPs at low/high T

and no FP at criticality:

Figs. from Lyu et al, 2102.08136
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Figure 6. RG ßow of the coarse-grained tensors, illustrated for TRG (top row) and Gilt-TNR (bottom row) for Þve di ! erent
temperatures. The horizontal axis is the linear system size, or in other words the number of RG transformations applied. At
each system size, the data points are the 60 largest singular values of the coarse-grained tensor, with the same decomposition
as that shown in (18). Thus each of the lines follows the development of one of the singular values along the RG ßow. These
singular values provide a rough, basis independent characterization of the structure of the tensor. Note how, for TRG, the
spectrum is di! erent at every temperature, even at the end of RG ßow, when a Þxed point has been reached. In contrast, for
Gilt-TNR, on both sides of the critical point the RG ßow ends in a trivial Þxed point characteristic of that phase, with either
one or two dominant singular values. At the critical point a complex Þxed point structure is found, that comes from the CFT.
This critical Þxed point is maintained over several orders of magnitude in linear system size. These results were obtained with
! = 110 for both TRG and Gilt-TNR, and " = 5 á10! 8 for Gilt-TNR.

same code, by simply turning o! the Gilt algorithm. In
these results, Gilt is seen to improve accuracy by up to
three orders of magnitude for the same bond dimension
! , with only a moderate increase in running time. The
results, which are all achievable in a couple of hours on
a laptop, reach down to a relative error of 10! 10, which
is comparable with the best results achieved with other
tensor network algorithms [30, 32].

At this point, let us remark on comparing Gilt-TNR
to other algorithms in the literature. First of all, since
Gilt-TNR builds on top of TRG, a fair comparison can
be made by simply switching on and o! the additional
Gilt performed in between coarse-graining steps of TRG.
In this setting, we Þnd that Gilt-TNR consistently out-
performs TRG by a large margin in terms of the accuracy
of physical observables.

A much more interesting comparison, however, would
be to other algorithms that implement proper RG transfor-
mations, such as TNR [30] and Loop-TNR [32]. Although

their asymptotic computational complexity is the same as
that of Gilt-TNR, namely O(! 6), actual computational
times can vary drastically, as both TNR and Loop-TNR
include iterative optimization procedures, where thou-
sands of iterations may be necessary to reach convergence.
No such optimization is necessary for Gilt-TNR, which,
for the same bond dimension, makes it signiÞcantly faster
to run in practice. However, at the same bond dimension
the other two algorithms produce more accurate results,
which exempliÞes the usual trade-o! between speed and
accuracy.7 Since a robust comparison of Gilt-TNR to

7 Note that when we quote the bond dimension ! for Gilt-TNR, this
refers to the bond dimension in the TRG step of the algorithm.
This dimension is further reduced by Gilt. The bond dimension
Gilt truncates to is determined dynamically by the threshold
", but as an example, in the run that produces the Gilt-TNR
results in Fig. 6 at criticality, Gilt typically truncates the bond
dimension from 110 to around 30.

TRG

Flow of singular values

6

a matrix, yielding E = USV  ,

=
svd
=

U
S

V  

. (16)

We call the singular valuesSi the environment spectrum
of R with respect to T. It quantiÞes what is referred to as
local correlations of the network: It tells us to what extent
R can a! ect the external legs ofT, and to what extent
it only a ! ects physics internal, or local, toT. Examples
of environment spectra for physical models are shown in
Sect. VII , in Fig. 7.

To clarify, consider a case where there are singular
values in S that are equal to zero. The corresponding sin-
gular vectors in U span the kernel ofE , i.e., the subspace
of VR that is mapped to the zero vector by E . Any com-
ponents that R may have in this subspace are therefore
irrelevant when R is contracted with E to form T. This
means that as long as we replaceR with something else,
R!, so that R ! R! stays in this kernel, we know that

= R = R! . (17)

Conversely, if R ! R! is not contained in the kernel of E ,
then we know that T = ER "= ER!. Thus we have a full
characterization of the local replacements ofR in T that
can be done without a! ecting T. In practice, the smallest
singular values in S are usually only approximately zero
and such a local replacement ofR causes a small error.

In the case where every tensor inT represents Boltz-
mann weights for some Hamiltonian, each of the legs is
some degree of freedom of the system. From this point of
view, if there are small values in the environment spec-
trum, then some subspace of the conÞguration spaceVR
is irrelevant for describing the physics on the external
legs Vext . Thus some degrees of freedom can safely be
discarded without a! ecting the physics as observed on the
scale ofT. Connections to renormalization group ideas
can begin to be seen here, and are made clear later.

Although the above procedure to Þnd the environment
spectrum can in principle be applied to any subnetwork
R, we Þnd that its importance and usefulness are clearest
when R is a single tensor, a set of legs, or even a single
leg. The latter case is the focus of the next section.

IV. TRUNCATING BONDS USING THE
ENVIRONMENT SPECTRUM

In this section, we present how the environment spec-
trum can be used in order to deÞne a general strategy to
truncate bonds in a given network. First, we brießy show
how the SVD decomposition is a special case of such a

strategy. Then we consider a more general case, and show
how the environment spectrum approach implements a
structure preserving truncation [51, 57].

A. Truncated singular value decomposition

The step at the heart of the TRG algorithm consists
in replacing a tensor by its truncated SVD. The SVD in
question is

svd
=

U S

V   . (18)

An approximate decomposition is then obtained by trun-
cating this SVD as !U !S !V   . Here !S is a diagonal matrix
with the ! ! largest singular values fromS, and !U and !V
contain the corresponding singular vectors.

This approximate decomposition can be expressed using
the environment spectrum, by considering the tensor to
be decomposed as the networkT, and the left and top
legs together as the subnetworkR:

T =
R

with R = . (19)

In other words, R is the tensor product of two identity
matrices. The environment E is just T, since cutting
away identity matrices from open legs does nothing, and
the environment spectrum is just the singular value spec-
trum S. Furthermore, the truncation of the SVD can be
rephrased as replacingR with the projector

R! = !
!

! !
! !

# !U !U  . (20)

This R! simply projects out the subspace to which the en-
vironment spectrum S gives the lowest weight. Replacing
R by R! can be seen to be equivalent with the truncated
SVD as follows.

R "# R !

$
U U 

(18)
=

U U 

U
V  

=
U

V  
.

(21)
In the same way, the truncated SVD of any tensor can be
formulated in terms of replacing legsR with a projector
R!, that projects out the vanishing part of the environ-
ment spectrum. This is of course only an unnecessarily
complicated rephrasing of a well-known procedure. In
the next section, we reveal the genuine usefulness of the
environment spectrum as it can be used to truncate a
single leg in a general setting.

Gilt-TNR

Hauru, Delcamp, Mizera 2017
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Flow of tensor after gauge-fixing

RG step n
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Figure 5 : The Hilbert-Schmidt distance between two subsequent gauge-Þxed tensors as a
function of the RG step. Gilt-TNR parameters are the same as in Fig.4.

n we get

n! ! "
log2 ! t

1 " log2 ! irr
, " ! ! ! t

1
1! 1/ log 2 ! irr . (3.8)

For ! irr = 0 .63, ! t = 10" 10, we get n! ! 20, " ! ! 10" 4, in reasonable agreement with
Fig. 5.

In Section 3.4, we will compare our Fig. 5 to the results of [19, 20], who also considered
the norm di" erence of two consecutive tensors.

Let us discuss next the tensor elements of the approximate Þxed point tensor, deÞned
as the tensorA(n) with n = n! corresponding to the minimum in the curve in Fig. 5. From
the above discussion we expect thatA(n" ) approximates the Þxed pointA[30]

! of the # = 30
Gilt-TNR map 22 with accuracy

#A(n" ) " A[30]
! # ! 5 $ 10" 5 . (3.9)

It is also interesting to record the distance from the critical nearest-neighbor Ising tensor
from which we started the RG evolution:

#A(n" ) " ANN (1)# %0.90. (3.10)

The Þrst few largest tensor elements ofA(n" ) are reported in Table 2, Column 2.
(Column 3 of the same table gives the approximate Þxed point tensor of the RG map with
rotation, to be discussed in Section4. Please ignore them for now.)

We divided the tensor elements ofA(n" ) in Table 2 into several groups. If the Þxed point
tensor preserved reßection and/or rotation invariance, tensor elements in each group would
be equal, perhaps up to a sign. Instead, we see that the tensor elements within groups are
close but not exactly equal. How should we interpret this? Recall that we started the RG
evolution from the isotropic tensor A(0) which is reßection and rotation invariant. However,

22 See Remark3.1. Apart from ! = 30, the Þxed point A[30]
" also depends of course on other parameters

of Gilt-TNR such as "gilt but we leave this dependence implicit.

Ð 16 Ð

Ebel, Kennedy, SR 2024Distance between two subsequent tensors:
Cf Evenbly-Vidal 2015

Lyu, Xu, Kawashima 2021

Guo-Wei 2023

A(23) is the best approximation to the FP tensor

χ = 30
∝ 0.63n

subleading  eigenvalue

(not in CFT - puzzle)

∇R

leading  eigenvalue

(CFT operator )

∇R
ε

NB: need “shooting method” to find the critical temperature

(here )T/Tc = 1.0000110043

Gilt-TNR
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CFT expectations for RG eigenvalues
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perturbations of CFT

temperature perturbation8 is relevant, with eigenvalue ! t = byt > 1, where as is well
known yt = 1 (below we recall how this follows from CFT). The number of iterations one
can perform is limited by numerical instabilities, and by the residual dependence ofTc on
" . These limitations motivate the goal of our workÑto propose an alternative way to get
A! , via the Newton method.

2.2 CFT expectations for RG eigenvalues

The Newton method will involve the Jacobian ! R of the RG map. To set things up, we need
to have an idea about the eigenvalues and eigenvectors of! R. This may be understood with
the help of the 2D minimal model CFT M 3,4 which as is well known describes the critical
2D Ising model. Since both the RG Þxed point and the CFT describe the same critical
state, we expect a broad correspondence between these two descriptions. In particular,
perturbations of the RG Þxed point A! should be in one-to-one correspondence with the
local translationally invariant perturbations of the CFT, given by integrals of nontrivial
(i.e. excluding the unit operator)9 CFT local operators:

#
!

d2x O(x) . (2.4)

On the CFT side, the RG transformation corresponds to rescaling distancesx " bx. When
we do this, the coupling # rescales as# " !# , where

! = b2" ! O , (2.5)

and ! O is the scaling dimension ofO. Note that this equation is only signiÞcant for
operators which are not total derivatives. For O a total derivative, perturbation Eq. ( 2.4)
vanishes. Hence, the normalization of# is ambiguous and! can be anything.10

In summary, CFT predicts that the RG Jacobian ! R at the Þxed point A! should have
a series of eigenvectors in one-to-one correspondence with nontrivial local CFT operators
O. Eigenvalues of perturbations associated withO which are not total derivatives (in CFT
parlance suchO are referred to as quasiprimaries) will be given by Eq. (2.5). Eigenvalues
of total derivative perturbations cannot be predicted by general principles; in particular
they will depend on the choice of the RG map.

Quasiprimaries of the critical 2D Ising CFT M 3,4 arise as descendants of the three
Virasoro primaries 1, $, %. In Table 1 we give the full list of nontrivial quasiprimaries
of scaling dimension! = h + øh ! 5, along with their Z2, and spin & = h # øh quantum
numbers.11 Perturbations corresponding to all these operators should appear among eigen-
vectors of ! R, with universal eigenvalues. E.g. the eigenvector corresponding to$ is the
temperature perturbation mentioned above: ! t = b2" ! ! = b.

8This standard terminology may be a bit confusing, since temperature is a microscopic variable and
cannot be varied directly around A! . What is meant is that the eigenvector arises from the temperature
perturbation of the microscopic tensor A(0) (Tc) after many RG steps.

9Perturbing by the unit operator O = 1 simply rescales the partition function. In tensor RG, this would
translate to rescaling A. Since we Þxed the normalization of A, Eq. (2.2), such a perturbation will not be
present among the ! R eigenvectors.

10 In the standard RG parlance, perturbation by a total derivative is classiÞed as ÒredundantÓ [18].
11 Many candidate quasiprimaries are null (e.g. L " 2! + . . .) and hence do not appear in the table.

Ð 5 Ð

δS =

temperature perturbation8 is relevant, with eigenvalue ! t = byt > 1, where as is well
known yt = 1 (below we recall how this follows from CFT). The number of iterations one
can perform is limited by numerical instabilities, and by the residual dependence ofTc on
" . These limitations motivate the goal of our workÑto propose an alternative way to get
A! , via the Newton method.

2.2 CFT expectations for RG eigenvalues

The Newton method will involve the Jacobian ! R of the RG map. To set things up, we need
to have an idea about the eigenvalues and eigenvectors of! R. This may be understood with
the help of the 2D minimal model CFT M 3,4 which as is well known describes the critical
2D Ising model. Since both the RG Þxed point and the CFT describe the same critical
state, we expect a broad correspondence between these two descriptions. In particular,
perturbations of the RG Þxed point A! should be in one-to-one correspondence with the
local translationally invariant perturbations of the CFT, given by integrals of nontrivial
(i.e. excluding the unit operator)9 CFT local operators:

#
!

d2x O(x) . (2.4)

On the CFT side, the RG transformation corresponds to rescaling distancesx " bx. When
we do this, the coupling # rescales as# " !# , where

! = b2" ! O , (2.5)

and ! O is the scaling dimension ofO. Note that this equation is only signiÞcant for
operators which are not total derivatives. For O a total derivative, perturbation Eq. ( 2.4)
vanishes. Hence, the normalization of# is ambiguous and! can be anything.10

In summary, CFT predicts that the RG Jacobian ! R at the Þxed point A! should have
a series of eigenvectors in one-to-one correspondence with nontrivial local CFT operators
O. Eigenvalues of perturbations associated withO which are not total derivatives (in CFT
parlance suchO are referred to as quasiprimaries) will be given by Eq. (2.5). Eigenvalues
of total derivative perturbations cannot be predicted by general principles; in particular
they will depend on the choice of the RG map.

Quasiprimaries of the critical 2D Ising CFT M 3,4 arise as descendants of the three
Virasoro primaries 1, $, %. In Table 1 we give the full list of nontrivial quasiprimaries
of scaling dimension! = h + øh ! 5, along with their Z2, and spin & = h # øh quantum
numbers.11 Perturbations corresponding to all these operators should appear among eigen-
vectors of ! R, with universal eigenvalues. E.g. the eigenvector corresponding to$ is the
temperature perturbation mentioned above: ! t = b2" ! ! = b.

8This standard terminology may be a bit confusing, since temperature is a microscopic variable and
cannot be varied directly around A! . What is meant is that the eigenvector arises from the temperature
perturbation of the microscopic tensor A(0) (Tc) after many RG steps.

9Perturbing by the unit operator O = 1 simply rescales the partition function. In tensor RG, this would
translate to rescaling A. Since we Þxed the normalization of A, Eq. (2.2), such a perturbation will not be
present among the ! R eigenvectors.

10 In the standard RG parlance, perturbation by a total derivative is classiÞed as ÒredundantÓ [18].
11 Many candidate quasiprimaries are null (e.g. L " 2! + . . .) and hence do not appear in the table.

Ð 5 Ð

RG step:

temperature perturbation8 is relevant, with eigenvalue ! t = byt > 1, where as is well
known yt = 1 (below we recall how this follows from CFT). The number of iterations one
can perform is limited by numerical instabilities, and by the residual dependence ofTc on
" . These limitations motivate the goal of our workÑto propose an alternative way to get
A! , via the Newton method.

2.2 CFT expectations for RG eigenvalues

The Newton method will involve the Jacobian ! R of the RG map. To set things up, we need
to have an idea about the eigenvalues and eigenvectors of! R. This may be understood with
the help of the 2D minimal model CFT M 3,4 which as is well known describes the critical
2D Ising model. Since both the RG Þxed point and the CFT describe the same critical
state, we expect a broad correspondence between these two descriptions. In particular,
perturbations of the RG Þxed point A! should be in one-to-one correspondence with the
local translationally invariant perturbations of the CFT, given by integrals of nontrivial
(i.e. excluding the unit operator)9 CFT local operators:

#
!

d2x O(x) . (2.4)

On the CFT side, the RG transformation corresponds to rescaling distancesx " bx. When
we do this, the coupling # rescales as# " !# , where

! = b2" ! O , (2.5)

and ! O is the scaling dimension ofO. Note that this equation is only signiÞcant for
operators which are not total derivatives. For O a total derivative, perturbation Eq. ( 2.4)
vanishes. Hence, the normalization of# is ambiguous and! can be anything.10

In summary, CFT predicts that the RG Jacobian ! R at the Þxed point A! should have
a series of eigenvectors in one-to-one correspondence with nontrivial local CFT operators
O. Eigenvalues of perturbations associated withO which are not total derivatives (in CFT
parlance suchO are referred to as quasiprimaries) will be given by Eq. (2.5). Eigenvalues
of total derivative perturbations cannot be predicted by general principles; in particular
they will depend on the choice of the RG map.

Quasiprimaries of the critical 2D Ising CFT M 3,4 arise as descendants of the three
Virasoro primaries 1, $, %. In Table 1 we give the full list of nontrivial quasiprimaries
of scaling dimension! = h + øh ! 5, along with their Z2, and spin & = h # øh quantum
numbers.11 Perturbations corresponding to all these operators should appear among eigen-
vectors of ! R, with universal eigenvalues. E.g. the eigenvector corresponding to$ is the
temperature perturbation mentioned above: ! t = b2" ! ! = b.

8This standard terminology may be a bit confusing, since temperature is a microscopic variable and
cannot be varied directly around A! . What is meant is that the eigenvector arises from the temperature
perturbation of the microscopic tensor A(0) (Tc) after many RG steps.

9Perturbing by the unit operator O = 1 simply rescales the partition function. In tensor RG, this would
translate to rescaling A. Since we Þxed the normalization of A, Eq. (2.2), such a perturbation will not be
present among the ! R eigenvectors.

10 In the standard RG parlance, perturbation by a total derivative is classiÞed as ÒredundantÓ [18].
11 Many candidate quasiprimaries are null (e.g. L " 2! + . . .) and hence do not appear in the table.

Ð 5 Ð

temperature perturbation8 is relevant, with eigenvalue ! t = byt > 1, where as is well
known yt = 1 (below we recall how this follows from CFT). The number of iterations one
can perform is limited by numerical instabilities, and by the residual dependence ofTc on
" . These limitations motivate the goal of our workÑto propose an alternative way to get
A! , via the Newton method.

2.2 CFT expectations for RG eigenvalues

The Newton method will involve the Jacobian ! R of the RG map. To set things up, we need
to have an idea about the eigenvalues and eigenvectors of! R. This may be understood with
the help of the 2D minimal model CFT M 3,4 which as is well known describes the critical
2D Ising model. Since both the RG Þxed point and the CFT describe the same critical
state, we expect a broad correspondence between these two descriptions. In particular,
perturbations of the RG Þxed point A! should be in one-to-one correspondence with the
local translationally invariant perturbations of the CFT, given by integrals of nontrivial
(i.e. excluding the unit operator)9 CFT local operators:

#
!

d2x O(x) . (2.4)

On the CFT side, the RG transformation corresponds to rescaling distancesx " bx. When
we do this, the coupling # rescales as# " !# , where

! = b2" ! O , (2.5)

and ! O is the scaling dimension ofO. Note that this equation is only signiÞcant for
operators which are not total derivatives. For O a total derivative, perturbation Eq. ( 2.4)
vanishes. Hence, the normalization of# is ambiguous and! can be anything.10

In summary, CFT predicts that the RG Jacobian ! R at the Þxed point A! should have
a series of eigenvectors in one-to-one correspondence with nontrivial local CFT operators
O. Eigenvalues of perturbations associated withO which are not total derivatives (in CFT
parlance suchO are referred to as quasiprimaries) will be given by Eq. (2.5). Eigenvalues
of total derivative perturbations cannot be predicted by general principles; in particular
they will depend on the choice of the RG map.

Quasiprimaries of the critical 2D Ising CFT M 3,4 arise as descendants of the three
Virasoro primaries 1, $, %. In Table 1 we give the full list of nontrivial quasiprimaries
of scaling dimension! = h + øh ! 5, along with their Z2, and spin & = h # øh quantum
numbers.11 Perturbations corresponding to all these operators should appear among eigen-
vectors of ! R, with universal eigenvalues. E.g. the eigenvector corresponding to$ is the
temperature perturbation mentioned above: ! t = b2" ! ! = b.

8This standard terminology may be a bit confusing, since temperature is a microscopic variable and
cannot be varied directly around A! . What is meant is that the eigenvector arises from the temperature
perturbation of the microscopic tensor A(0) (Tc) after many RG steps.

9Perturbing by the unit operator O = 1 simply rescales the partition function. In tensor RG, this would
translate to rescaling A. Since we Þxed the normalization of A, Eq. (2.2), such a perturbation will not be
present among the ! R eigenvectors.

10 In the standard RG parlance, perturbation by a total derivative is classiÞed as ÒredundantÓ [18].
11 Many candidate quasiprimaries are null (e.g. L " 2! + . . .) and hence do not appear in the table.

Ð 5 Ð

𝒪(bx) = b−Δ𝒪𝒪(x)

CFT scaling dimension

N.B.: this prediction is valid only for  which is not a total derivative𝒪

Total derivative eigenvalues are not universal (explains the 0.63 puzzle)
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Z2 O ! CFT = 2 2! ! O ! of ! R ! of ! R"

+ " 2 1.9996 1.9996
+ T 1 1.0015 " 1.0010
+ T 1 0.9980 " 0.9982
+ 0.6322 0.7757
+ 0.5941± 0.1195i 0.6209

. . . . . .

" # 215/ 8 # 3.668016 3.6684 3.668014
" 1.5328 0.0027± 1.5364i
" 1.5300 0.8600
" 0.8869 0.6318± 0.0583i

. . . . . .

Table 3 : Column 1: Z2 quantum number. Column 2,3 (colored rows): the Þrst few low-
dimension CFT quasiprimaries, and their exact eigenvalues. Columns 4,5: The Þrst few
largest, in absolute value, Jacobian eigenvalues at the approximate Þxed point for the non-
rotating Gilt-TNR ( ! R) and for the rotating Gilt-TNR ( ! R" ). Uncolored rows show RG
eigenvalues corresponding to derivative interactions, which are not universal.

Note that tensor A(n! ) preservesZ2 ßip symmetry, in the sense that each of its vertical
and horizontal indices can be assigned a± 1 quantum number, such that the tensor remains
invariant when acted upon by all these sign ßips, i.e., the tensor isZ2-even.26

The full tangent space atA(n! ) , on which ! R acts, splits into a direct sum of subspaces
of perturbations which are Z2-even andZ2-odd. SinceR preservesZ2, ! R maps Z2-even
perturbations to Z2-even, and similarly for Z2-odd. Each eigenvector will be eitherZ2-even
or Z2-odd.

The Þrst few largest eigenvalues of! R at A(n! ) are reported in Table 3, column Ò!
of ! R.Ó Since! R is a large matrix of size $4 $ $4, its full diagonalization would be
too time consuming. We use KrylovÕs method implemented in aJulia [34, 35] package
KrylovKit.jl [36]. A nice feature of KrylovÕs method is that it does not require evaluation
and storage of the full matrix ! R. Instead, one provides a functionv %& !R.v, which
computes the directional derivative of R in the direction v. We evaluate this directional
derivative via a symmetric Þnite di! erence approximation:

Dh =
R(A + hv) " R(A " hv)

2h
, (3.11)

where h = 10! 4 is a small parameter, set at this value to balance truncation and roundo!
errors; see AppendixE.

Colored rows of Table3 correspond to CFT quasiprimaries. The corresponding Jaco-
bian eigenvalues can be compared to the CFT predictions in columns 2,3, computed via

26 A tensor A is Z2-even or Z2-odd if A ijkl si sj sk sl = ± Aijkl where si , sj , sk , sl are the quantum numbers
of the four legs and the sign ± is + for even, ! for odd.

Ð 19 Ð

non-universal

NB: other methods for relating tensor RG and CFT 

(transfer matrix, lattice dilatation operator). 

Important but not our main focus today (may mention at the end)

Ebel, Kennedy, SR 2024

eigs 1
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A !

Figure 3 : This Þgure corrects Fig.1 to show that we expect a two-dimensional manifold
M 2 of Þxed point tensors. (Since two of the three dimensions in the Þgure represent
directions orthogonal to the Þxed point manifold, we had to representM 2 by a one-
dimensional thick red line.) Microscopically, we may consider the anisotropic 2D Ising
model with varying Jy/J x . Tensor RG ßows starting from the critical point of this model
(dotted line) will be attracted to a one-dimensional submanifold of M 2. Adding the next
to nearest neighbor interaction we may cover the wholeM 2.

Þxed points. This contradiction shows that there must be an obstruction to setting up the
Newton method. In Section 2.6 we will see the problem more clearly from a formal point
of view. But Þrst let us discuss how we will solve the problem and get rid of eigenvalues 1.

2.5 Adding a rotation to the tensor RG map

In the discussion so far, we assumed (Section2.1) that the tensor RG map R is non-rotating,
i.e. it preserves the orientation of the underlying lattice. This was needed e.g. when applying
the prediction (2.5) for RG eigenvalues to perturbations associated with CFT operators
with spin, like the stress tensor. We saw that such maps have features (eigenvalues 1
and a manifold of Þxed points) which are problematic for our goal of using the Newton
method. To solve this problem, we propose to consider rotating RG maps, which change
the orientation. Concretely, we will consider a tensor RG mapR! which is a composition
of a non-rotating map R, followed by ! ! / 2, rotation of the tensor by ! / 2:

R! = ! ! / 2R , (2.7)

or graphically:

. (2.8)

Ð 9 Ð

2D manifold of fixed points differing by anisotropic rescaling and rotation: 

Figure 2 : Anisotropy ellipse parametrizing translationally invariant stress-tensor pertur-
bations of the CFT.

Note that the anisotropy ellipse is a physical quantity which can be associated with
any critical tensor, whether it is a Þxed point or not. We should just compute two-
point correlation functions at large distances and see for which metricg they scale as
powers of |x|g. DeÞned this way, the anisotropy ellipse is an RG invariant on the critical
manifold for the kind of RG maps we are considering (non-rotating RG maps changing both
lattice dimensions by the same factorb), and all points on the RG trajectory will have the
same anisotropy ellipse as the initial critical tensor. In the case at hand the initial tensor
represents the nearest-neighbor isotropic Ising model on the square lattice, for which the
anisotropy ellipse is of course the circle. So, the same will be true for the Þxed pointA!

which we will therefore call Òisotropic Þxed pointÓ. The previous observation explains why
RG iterations get attracted to a single Þxed point rather than start wandering around the
Þxed point manifold M 2.

Now that we know that the Þxed point A! is isotropic, does this help us to Þnd it?
The answer would be yes if we had a tensor RG algorithm preserving lattice rotation
symmetry. In that case we could be sure thatA! belongs to a subspace of rotation-
symmetric tensors. We could restrict RG evolution to this subspace, within which ! R
would be free of eigenvalues 1. It would have been trivial then to set up the Newton
method. But in the absence of manifest rotation symmetry, the situation is not so rosy.
Even though A! is isotropic, there is nothing manifestly special aboutA! as a tensor which
could help us to limit the search. We are forced to work in a larger space of all tensors,
which contains the above perturbations, and hence! R will have eigenvalues 1.14

Now, it is well known that eigenvalues 1 present a problem for solving a Þxed point
equation via the Newton method. At an intuitive level, the problem can be explained as
follows. If the Newton method does work, we can rewrite the Þxed point equation in an
equivalent form so that the map becomes a contraction in a neighborhood of the solution.
A contraction has a unique Þxed point. Thus, we conclude that the solution must be
isolated. However we have seen that the solution is not isolatedÑthere is a manifold of

14 If we used a tensor RG algorithm preserving one or both axis reßections, such as [6, 9, 29, 30], we could
project out the second perturbation in ( 2.6), but the Þrst one would still be present.

Ð 8 Ð
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Newton method converges for both stable and unstable fixed points

(no need for “shooting”)

A = R(A) ⇔ f(A) = A − R(A) = 0

An+1 = An − [I − ∇R(An)]−1 f(An)

BUT:   I − ∇R must be invertible - cannot allow eigenvalues 1
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So, the rotating map R! maps a tensor network of sizeN ! M to one which has size
M/b ! N/b , see Eq. (A.3):

M

N M/b

N/b

<latexit sha1_base64="SRNfSVFaYI2LTdz/C2SxJ55KGcw="></latexit>

R!

. (2.9)

Adding a rotation to the RG map may appear strange, and indeed recognizing that this is
useful is the main idea of our paper.15

Starting from the isotropic 2D Ising tensor A(0) (T), the RG evolution of R! is expected
to show the same pattern of Þxed points as that ofR in Fig. 1. In particular, the ßow from
A(0) (Tc) will lead to a critical isotropic Þxed point tensor, which we denoteA!

" . (Note that
A!

" "= A" , the Þxed point tensor of R, becauseR does not preserve rotations.) Jacobian
eigenvalues around the Þxed pointA!

" can be computed using the CFT data, up to a change
having to do with the rotation. On the CFT side, a spin ! operator O transforms under
rotation by angle " as

O #$ ei !" O . (2.10)

In our case" = #/ 2. This implies that Eq. ( 2.5) for the Jacobian eigenvalues needs to
be modiÞed in case ofR! as follows:

$ = ( i )"O b2# ! O . (2.11)

Applying this to the CFT stress tensor which has spin± 2, we conclude that the eigenvectors
of %R! corresponding to the stress tensor componentsT, T will have eigenvalues&1, and
not 1 as for %R. Relatedly, when extended to anisotropic and not-rotationally invariant
tensors, the map R! will not have a two-dimensional manifold of Þxed points asR did,
Fig. 3. Instead, the isotropic Þxed point A!

" will be isolated, and its neighborhood will
contain a two-parameter manifold of period-2 orbits ofR! .

Eigenvalues&1 pose no problem for the Newton method, and we expect to use the
Newton method to Þnd the Þxed pointA!

" of R! . We stress that the Þxed pointA!
" of R!

is as good asA" of R for describing the critical point physics. It is only that A!
" can be

found using the Newton method, whileA" cannot.

2.6 Newton method

Let us Þnally set up the Newton method. As mentioned, we will be solving the Þxed point
equation R! (A) = A, which has an isolated solution atA!

" . We rewrite the equation as

f (A) = 0 , where f (A) = A & R! (A) . (2.12)

15 The earliest tensor RG map [1] did change the orientation, however the point we will makeÑthat this
eliminates eigenvalues 1Ñdid not play a role in that pioneering paper which was focused on other issues.
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A !

Figure 3 : This Þgure corrects Fig.1 to show that we expect a two-dimensional manifold
M 2 of Þxed point tensors. (Since two of the three dimensions in the Þgure represent
directions orthogonal to the Þxed point manifold, we had to representM 2 by a one-
dimensional thick red line.) Microscopically, we may consider the anisotropic 2D Ising
model with varying Jy/J x . Tensor RG ßows starting from the critical point of this model
(dotted line) will be attracted to a one-dimensional submanifold of M 2. Adding the next
to nearest neighbor interaction we may cover the wholeM 2.

Þxed points. This contradiction shows that there must be an obstruction to setting up the
Newton method. In Section 2.6 we will see the problem more clearly from a formal point
of view. But Þrst let us discuss how we will solve the problem and get rid of eigenvalues 1.

2.5 Adding a rotation to the tensor RG map

In the discussion so far, we assumed (Section2.1) that the tensor RG map R is non-rotating,
i.e. it preserves the orientation of the underlying lattice. This was needed e.g. when applying
the prediction (2.5) for RG eigenvalues to perturbations associated with CFT operators
with spin, like the stress tensor. We saw that such maps have features (eigenvalues 1
and a manifold of Þxed points) which are problematic for our goal of using the Newton
method. To solve this problem, we propose to consider rotating RG maps, which change
the orientation. Concretely, we will consider a tensor RG mapR! which is a composition
of a non-rotating map R, followed by ! ! / 2, rotation of the tensor by ! / 2:

R! = ! ! / 2R , (2.7)

or graphically:

. (2.8)
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Figure 2 : A non-rotating RG map (left) vs a rotating RG map (right)

of unit Hilbert-Schmidt norm:

R(A) = ! R(A)! ! 1R(A) . (2.3)

The normalized RG map preserves the partition function up to rescaling by a constant
factor ! R(A)! NM/b 2

.
The RG maps R and R above are called non-rotating because they preserve the ori-

entation of the lattice. The associated rotating RG map R " is deÞned [1] by composingR
with a ! / 2 rotation ! ! / 2:

R " = ! ! / 2R , (2.4)

or graphically:

(2.5)

(and analogouslyR" ). So, the rotating map R " maps a tensor network of sizeN " M to
one which has sizeM/b " N/b , Fig. 2, and Eq. (2.2) is modiÞed accordingly:

Z (A, N " M ) = Z (R " (A), M/b " N/b ) . (2.6)

The above discussion was for an exact tensor RG map. In practical calculations, tensors
A and A#related by an RG map are represented as numerical tensors of the same Þnite bond
dimension " , depending on the available computer resources. It is then usually impossible
to satisfy Eq. (2.2) exactly, but only approximately. Di " erent tensor RG algorithms [4Ð13]
have been devised to minimize the truncation error in satisfying this equation. In this
paper as in [1] we will use the Gilt-TNR algorithm [ 13], reviewed in [1, App. C].

2.3 Critical Þxed point via ÒshootingÓ method

The partition function of any statistical physics lattice model with a Þnite-range interaction
Hamiltonian can be transformed into tensor network form [23, Prop. 3.2]. Consider the
nearest-neighbor 2D Ising model. We focus on the isotropic case of equal horizontal and
vertical couplings (in [1] the anisotropic case was also considered). The resulting tensor

Ð 4 Ð
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So, the rotating map R! maps a tensor network of sizeN ! M to one which has size
M/b ! N/b , see Eq. (A.3):

M

N M/b

N/b
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Adding a rotation to the RG map may appear strange, and indeed recognizing that this is
useful is the main idea of our paper.15

Starting from the isotropic 2D Ising tensor A(0) (T), the RG evolution of R! is expected
to show the same pattern of Þxed points as that ofR in Fig. 1. In particular, the ßow from
A(0) (Tc) will lead to a critical isotropic Þxed point tensor, which we denoteA!

" . (Note that
A!

" "= A" , the Þxed point tensor of R, becauseR does not preserve rotations.) Jacobian
eigenvalues around the Þxed pointA!

" can be computed using the CFT data, up to a change
having to do with the rotation. On the CFT side, a spin ! operator O transforms under
rotation by angle " as

O #$ ei !" O . (2.10)

In our case" = #/ 2. This implies that Eq. ( 2.5) for the Jacobian eigenvalues needs to
be modiÞed in case ofR! as follows:

$ = ( i )"O b2# ! O . (2.11)

Applying this to the CFT stress tensor which has spin± 2, we conclude that the eigenvectors
of %R! corresponding to the stress tensor componentsT, T will have eigenvalues&1, and
not 1 as for %R. Relatedly, when extended to anisotropic and not-rotationally invariant
tensors, the map R! will not have a two-dimensional manifold of Þxed points asR did,
Fig. 3. Instead, the isotropic Þxed point A!

" will be isolated, and its neighborhood will
contain a two-parameter manifold of period-2 orbits ofR! .

Eigenvalues&1 pose no problem for the Newton method, and we expect to use the
Newton method to Þnd the Þxed pointA!

" of R! . We stress that the Þxed pointA!
" of R!

is as good asA" of R for describing the critical point physics. It is only that A!
" can be

found using the Newton method, whileA" cannot.

2.6 Newton method

Let us Þnally set up the Newton method. As mentioned, we will be solving the Þxed point
equation R! (A) = A, which has an isolated solution atA!

" . We rewrite the equation as

f (A) = 0 , where f (A) = A & R! (A) . (2.12)

15 The earliest tensor RG map [1] did change the orientation, however the point we will makeÑthat this
eliminates eigenvalues 1Ñdid not play a role in that pioneering paper which was focused on other issues.
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So, the rotating map R! maps a tensor network of sizeN ! M to one which has size
M/b ! N/b , see Eq. (A.3):
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Starting from the isotropic 2D Ising tensor A(0) (T), the RG evolution of R! is expected
to show the same pattern of Þxed points as that ofR in Fig. 1. In particular, the ßow from
A(0) (Tc) will lead to a critical isotropic Þxed point tensor, which we denoteA!

" . (Note that
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" "= A" , the Þxed point tensor of R, becauseR does not preserve rotations.) Jacobian
eigenvalues around the Þxed pointA!

" can be computed using the CFT data, up to a change
having to do with the rotation. On the CFT side, a spin ! operator O transforms under
rotation by angle " as

O #$ ei !" O . (2.10)

In our case" = #/ 2. This implies that Eq. ( 2.5) for the Jacobian eigenvalues needs to
be modiÞed in case ofR! as follows:

$ = ( i )"O b2# ! O . (2.11)

Applying this to the CFT stress tensor which has spin± 2, we conclude that the eigenvectors
of %R! corresponding to the stress tensor componentsT, T will have eigenvalues&1, and
not 1 as for %R. Relatedly, when extended to anisotropic and not-rotationally invariant
tensors, the map R! will not have a two-dimensional manifold of Þxed points asR did,
Fig. 3. Instead, the isotropic Þxed point A!

" will be isolated, and its neighborhood will
contain a two-parameter manifold of period-2 orbits ofR! .

Eigenvalues&1 pose no problem for the Newton method, and we expect to use the
Newton method to Þnd the Þxed pointA!

" of R! . We stress that the Þxed pointA!
" of R!

is as good asA" of R for describing the critical point physics. It is only that A!
" can be

found using the Newton method, whileA" cannot.

2.6 Newton method

Let us Þnally set up the Newton method. As mentioned, we will be solving the Þxed point
equation R! (A) = A, which has an isolated solution atA!

" . We rewrite the equation as

f (A) = 0 , where f (A) = A & R! (A) . (2.12)

15 The earliest tensor RG map [1] did change the orientation, however the point we will makeÑthat this
eliminates eigenvalues 1Ñdid not play a role in that pioneering paper which was focused on other issues.
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For stress tensor :      T, T̄ 1 → − 1
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Figure 9 : Convergence of the Newton method for approximations of Jacobian that use
di! erent rank s of the Ps projector in Eq. (2.16).

All tensors corresponding to points at the bottom of Fig. 9 should approximate the
critical tensor equally well. We have checked their pairwise distances and they are all
! 10! 9, see Fig.10.

For further numerical tests we consider thes = 54 Newton iteration sequence and pick
from it the tensor A(m! ) with m" = 14, which is the last iteration when " A(m+1) # A(m)"
decreases. From the above discussion, we expect thatA(m! ) is an excellent approximation to

the (unique) Þxed point A#[30]
" of rotating ! = 30 Gilt-TNR (for the given Gilt parameters),

with error

" A(m! ) # A#[30]
" " ! 10! 9 . (4.2)

Applying the RG map to A(m! ) , we obtain that this shifts the tensor by

" R#(A(m! ) ) # A(m! ) " $ 3 %10! 10 , (4.3)

providing a further check of (4.2). We also report the distance from the initial tensor for
Newton iterations

" A(m! ) # A(0) " $ 3 %10! 3, (4.4)

which gives an idea of the size of the convergence domain for our implementation of the
Newton method, as well as the distance from the critical nearest-neighbor Ising tensor

" A(m! ) # ANN (1)" $ 0.89. (4.5)
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Figure 11 : The geometry on the unit Hilbert-Schmidt sphere corresponding to the dis-
tances (3.10),(4.5),(4.6). The Hilbert-Schmidt sphere has large dimension, but since there
are three tensors involved, the geometry can be shown on a two-dimensional unit sphere
as in this Þgure.

determination of the Þnite-! Þxed point tensors. It is not clear to us why the" eigenvalue
is special in this regard.

As for the non-rotating case, we also see in Table3 a bunch of non-universal eigenval-
ues of ! R! , associated with derivative interactions. Of some interest here is the leading
irrelevant Z2-even eigenvalue#irr " 0.78, as it would control the rate of approach to the
Þxed point if the traditional ÒshootingÓ method were used instead of the Newton method,
see Remark4.1 below.

Another curious observation may be made about the subleadingZ2-odd eigenvalues
0.0027± 1.5364i , which are very close in absolute value to the pair of subleadingZ2-odd
eigenvalues 1.5328 and 1.5300 of! R reported in the same table, but are almost imaginary
rather than real. It is tempting to speculate that these eigenvalues are associated with
the CFT derivative operators $" , $" , with the phase ± i being due to %/ 2 rotation of
an operator with spin ± 1. Could it be that while the magnitude of derivative operator
eigenvalues is not predictable, their phase may be at least approximately predictable for the
rotating RG map? Similarly, there are almost imaginary ! R! eigenvalues in theZ2-even
sector which may be associated with$&, $&and with $T, $ T (not shown in Table 3 since
they belong to the lower part of the spectrum). While we do not quite see how to make
this correspondence rigorous for the Jacobian eigenvalues, we will see in [21] that the same
pattern holds rigorously for the eigenvalues of the lattice dilatation operator.

Remark 4.1. It is interesting to discuss what it would take to approach the critical Þxed
point tensor with the traditional ÒshootingÓ method as closely as 10" 9 achieved here with
the Newton method. To use the shooting method we would need to determine the critical
temperature su! ciently precisely and then use a su! ciently large number of iterations to
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Figure 5 : Exact spectrum of the critical 2D Ising CFT.

we compute spin modulor = 2 using the translation generator eigenvalues. In the crossed
TM case, we also compute spin modulo 1 +r 2 = 5 from the phase of the TM eigenvalues.

Let us Þrst describe the qualitative results of these numerical tests and then show some
numbers. In each of the four cases, the central charge and scaling dimensions, the number
of states, and their spins extracted from TM eigenvalues were in excellent agreement with
the CFT up to ! = 3 (3 1Ú8) in the even (odd) sector. In particular, up to this level
the scaling dimensions were clearly approximately quantized in agreement with the CFT.
Starting from ! = 4 (4 1Ú8) in the even (odd) sector, the TM spectrum ceases to be clearly
quantized and TM levels cannot be clearly assigned to CFT levels. So we do not show the
results beyond! = 3 1Ú8.

The numerical results for the TM spectrum can be found in a spreadsheet accompany-
ing this article. The accuracy of the central charge prediction and of the scaling dimensions
up to ! = 3 1Ú8 is summarized in Table 4. These errors can be compared with the errors
for the scaling dimensions of quasiprimaries determined from the eigenvalues from the RG
map Jacobians, Table3.

The errors displayed in Table 4 for R and R ! are comparable. We do not see a
signiÞcant improvement of scaling dimensions in theR ! case, even though for these results
we used a better Þxed point approximationA(m! ) found by the Newton method. In fact,
some scaling dimensions in theR ! case are even slightly worse than in theR case. Our
Newton method for the rotating algorithm began with a tensor A(0) which is found using
the shooting method with ! t ! 10" 10 and whose accuracy! ! 3 " 10" 3 is rather poor.
We additionally computed the scaling dimensions using TM for this less accurate Þxed
point approximation A(0) . The result can be found in the spreadsheet accompanying this
article. A comparison of TM results for A(0) and A(m! ) showed that the scaling dimensions
precision for A(m! ) is only slightly better for scaling dimensions in Table 4 in the direct
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Z2 O ! CFT = 2 2! ! O ! of ! R ! of ! R"

+ " 2 1.9996 1.9996
+ T 1 1.0015 " 1.0010
+ T 1 0.9980 " 0.9982
+ 0.6322 0.7757
+ 0.5941± 0.1195i 0.6209

. . . . . .

" # 215/ 8 # 3.668016 3.6684 3.668014
" 1.5328 0.0027± 1.5364i
" 1.5300 0.8600
" 0.8869 0.6318± 0.0583i

. . . . . .

Table 2 : Column 1: Z2 quantum number. Column 2,3 (colored rows): the Þrst few low-
dimension CFT quasiprimaries, and their exact eigenvalues. Columns 4,5: The Þrst few
largest, in absolute value, eigenvalues of the Jacobians! R and ! R" at the approximate
Þxed points of the two maps. Uncolored rows show RG eigenvalues corresponding to
derivative interactions, which are not universal. Table from [1].

! R ! R "

! = 1Ú8 # 0.13% 0.00066%
! = 1 " 0.03% 0.026%
! = 2 T, T 0.15% 0.13%

Table 3 : Relative errors for scaling dimensions of quasiprimaries of! ! 2 extracted from
! R and ! R " eigenvalues.

Relative errors for the scaling dimensions of#, ", T,T extracted from the corresponding
! R and ! R " eigenvalues are summarized in Table3. The errors are similar for the two
RG transformations, except for the uncanny accuracy that! R " gives for #.

This Þnishes our brief review of the main results of [1].

3 Transfer matrix

Apart from the Jacobian eigenvalues discussed above, there are two other ways of extracting
CFT scaling dimensions from the RG: transfer matrix (TM) [ 6] and lattice dilatation
operator [19]. In this section we will consider the transfer matrix method. We Þrst discuss
the theory behind this method, and then present the numerical results.

3.1 Theory

The use of TM on a Þnite-length chain to extract CFT eigenvalues goes back to [27]. That
a single Þxed point tensor can be used to extract for this purpose was Þrst pointed out in
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Transfer matrix:

R, direct R ! , direct R , crossed R ! , crossed

c 0.1% 0.05% 0.01% 0.014%

! = 1Ú8 0.06% 0.01% 0.003% 0.031%
! = 1 0.19% 0.20% 0.08% 0.09%
! = 1 1Ú8 0.29% 0.28% 0.08% 0.04%
! = 2 0.76% 0.66% 0.18% 0.09%
! = 2 1Ú8 1.71% 1.14% 0.30% 0.18%
! = 3 1.24% 1.09% 0.30% 0.50%
! = 3 1Ú8 1.46% 1.80% 0.44% 1.89%

Table 4 : Relative errors for the central charge and scaling dimensions extracted via direct
and crossed TM, with r = 2, applied to the approximate Þxed points of R and R ! . For
degenerate scaling dimensions, we show the maximal value of the error. In all cases shown in
this table, the number of states and the partially available spin information agree between
the TM and the CFT.

TM case. In the crossed TM case, some scaling dimensions forA(m! ) have slightly larger
errors than those for A(0) , but they are still comparable in general. The small changes
in precision and the lack of a clear improvement for all scaling dimensions when using a
better Þxed point tensor in these tests suggest that the TM method is not particularly
sensitive to the precision of the Þxed point approximation at least for the bond dimension
! = 30. This may be due to the error being dominated by Þnite bond dimension e" ects.
It is still possible, that for larger bond dimensions the precision of the Þxed point tensor
approximation will play a more noticeable role.

As mentioned, the number of states and the partially available spin information agrees
between the TM and the CFT for all cases shown in Table4. Let us give a couple of
examples. CFT predicts 6Z2-odd local operators of! = 3 1Ú8, of spins

" = ± 3, ± 1, ± 3. (3.12)

The r = 2 direct TM applied to the approximate Þxed point of R ! has exactly 6 eigenvalues
in the range of interest, of scaling dimensions

3.0689, 3.0791, 3.1392, 3.1397, 3.1507, 3.1591 (maximal deviation 1.80%) (3.13)

and their spin mod 2 extracted from the T eigenvalue are 1, 1, 1, 1, 1, 1, as it should be.
Similarly, the r = 2 crossed TM applied to the approximate Þxed point of R ! has 6

eigenvalues of scaling dimensions

3.1251, 3.1251, 3.1338, 3.1338, 3.1841, 3.1841 (maximal deviation 1.89%). (3.14)

Their spin mod 5 extracted from the phase of the eigenvalues are

± 1.96± 1.03, ± 1.80, (3.15)

rather close to the exact values (3.12) mod 5, which would be ± 2, ± 1, ± 2.

Ð 15 Ð

Jacobian:
The TM will be constructed from r ! 1 copies of the tensorA! . For an exact Þxed point

tensor, r = 1 would already be enough to extract the exact CFT spectrum. Working with
a numerical approximate Þxed point, usingr > 1 improves the accuracy of the method.

We will consider two kinds of TMs, ÒdirectÓ and ÒcrossedÓ. The direct TMM r is
deÞned by the following equation:
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r legs

<latexit sha1_base64="nnsuFd/MiUsBZdIpL5vLD72xWZI=">AAAC2nicbVG7btswFKXVV+q+nHbsQtQJUHQwpKCPjAG6dEyAOglgqQZFXdlE+BDIqzYGoSVb0aVDh35N1+YX+jelZA+xnQsQODznXNxXXknhMI7/9aI7d+/df7DzsP/o8ZOnzwa7z0+dqS2HMTfS 2POcOZBCwxgFSjivLDCVSzjLLz62+tlXsE4Y/RkXFWSKzbQoBWcYqOngIDVBzi3j4NN5NWcajfKlsU3zJUW4RL9n95aASpi5pulPB8N4FHdBt0GyAkOyiuPpbu9nWhheK9DIJXNuksQVZp5ZFFxC009rBxXjF2wGkwA1U+Ay3w3X0P3AFDR0FJ5G2rE3M/zl0rjGMeXc QuUhWzGcu02tJW/VCtcWuU2a1FgeZl7oqkbQfNlXWUuKhraLpYWwwFEuAmDcijAa5XMWFoth/f39m1Wg5kw261xb0LrSbc3RNtSyGr5xoxTThU9zWUMzSTLv02543xHDpNnwWSjWbO2/c4UbJpsX2wanB6Pk/ejdydvh0ZvVNXfIS/KKvCYJ+UCOyCdyTMaEk9/kD/lL rqM0uoq+Rz+W1qi3ynlB1iL69R/IzOwE</latexit>

r legs
!"#$

<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM=">AAACrHicbVHLSsNAFJ3Gd33r0k2wFMRFScTXUnDjUqGtQhJkMrlpx84jzEzUEvIPbvXP/BsnaRd9eGHgzDnncl9xxqg2nvfbcFZW19Y3Nrea2zu7e/sHh0d9LXNFoEckk+olxhoYFdAz1DB4yRRg HjN4jkf3lf78DkpTKbpmnEHE8UDQlBJsLNUPWSKNfj1oeR2vDncZ+FPQQtN4fD1sfIWJJDkHYQjDWge+l5mowMpQwqBshrmGDJMRHkBgocAcdFTU7ZZu2zKJm0plnzBuzc5mFJ8T4xyHudZjHttsjs1QL2oV+a+W6KrIf1KQm/Q2KqjIcgOCTPpKc+Ya6VarchOqgBg2 tgATRe1oLhlihYmxC222Z6tATjAr57mqoNKpXpqjaqhiBXwQyTkWSRHGLIcy8KOiCOvhi5po+eWCT0EyZ6v+tcve0F+82DLoX3T8687V02Xr7nx6zU10gk7RGfLRDbpDD+gR9RBBb+gLfaMfp+N0ncCJJlanMc05RnPhpH/Xv9h3</latexit>. . .

<latexit sha1_base64="F6LT9CRjqHV4dHkDKXQA2QjZ9Ac=">AAAC6nicbVFLbxMxEHaWR0t4pXDkYpFUQj1EuwgKxwIXjkUibaXsEnm9s41VP1Z+QCPL/wFxQ1w58Gu4Av8G7yaHJulIlj5/841mvpmy4czYNP3XS27cvHV7Z/dO/+69+w8eDvYenRjlNIUJVVzp s5IY4EzCxDLL4azRQETJ4bS8eNfmTz+DNkzJj3bRQCHIuWQ1o8RGajZ4mztZgS41oeDzeTMn0irha6WF4ySEWW7h0vqRHi0BpqphYLCqAx69+XQwCv3ZYJiO0y7wNshWYIhWcTzb633NK0WdAGkpJ8ZMs7SxhSfaMsoh9HNnoCH0gpzDNEJJBJjCd2YD3o9MheOA8UmL O/Zqhb9cCtc4IoxZiDJWC2LnZjPXktfmKtM2uS41dbZ+XXgmG2dB0uVctePYKtwuGldMA7V8EQGhmkVrmM5J3LON5+jvX+0CjhIe1rm2oTa12fLRDtSyEr5QJQSRlc9L7iBMs8L7vDPvO2KYhQ2dhmpN1v47VbxhtnmxbXDyfJwdjl9+eDE8Olhdcxc9QU/RM5ShV+gI vUfHaIIo+oV+oz/ob8KTb8n35MdSmvRWNY/RWiQ//wMQzfG0</latexit> ! "# $
r copies of A !

<latexit sha1_base64="8Bm0HRGn6An+bmW6kNOvNA6xTaQ=">AAACs3icbVFNS8QwEM3W7/Vbj16Ki+BpacVVj4IXL4KCq0JbljSdajBJa5KqS+h/8OZVf5b/xqS7B3fXgcDLmzfMm5m0ZFTpIPhpeXPzC4tLyyvt1bX1jc2t7Z07VVSSQJ8UrJAPKVbAqIC+pprB QykB85TBffp84fL3ryAVLcStHpaQcPwoaE4J1pZKYo71E8HMXNUDOdjqBN2gCX8WhGPQQeO4Hmy3PuKsIBUHoQnDSkVhUOrEYKkpYVC340pBickzfoTIQoE5qMQ0rmv/wDKZnxfSPqH9hv1bYd5HwgkOc6WGPLXVzrmazjny31ymXJP/UlGl87PEUFFWGgQZ+cor5uvC dxvzMyqBaDa0ABNJ7Wg+ecISE2332j742wUqu8t6knMNpcrVzBzOkGMFvJGCcywyE6esgjoKE2PiZnjTEJ2wntJJyCZk7t+o7A3D6YvNgrujbnjS7d0cd86Px9dcRntoHx2iEJ2ic3SJrlEfEfSCPtEX+vZ6XuSlXjaSeq1xzS6aCI//Akti25E=</latexit>

M r (direct) , (3.3)

Its eigenvalues are given in terms of the scaling dimensions! k of CFT local operators
(both quasiprimaries and descendants), by7

µk = e" 2!
r (! k " c/ 12) (direct) . (3.4)

The direct TM commutes with the translation generator T which permutes the legs circu-
larly:

<latexit sha1_base64="l8unssd9BQfCziz6kc1hFLvrtzc="></latexit>=
<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM="></latexit>. . .

<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM="></latexit>. . .

<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM="></latexit>. . .

<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM="></latexit>. . .

<latexit sha1_base64="kPQ0w1sSqw1Jjp6blt1gSjvjLQs="></latexit> ! "# $
r legs

<latexit sha1_base64="J2LFfO1y845ewEIrB9SJhUxgR6M="></latexit>

T . (3.5)

SinceT r = I , the eigenvalues ofT are r -th roots of unity. Let us assume that the RG map
is (h, 0)-twist friendly for b|h. Then more can be said, namely that the eigenvalues ofT
are given by

! k = ei 2!
r ! k (3.6)

in terms of the spins"k of the CFT operators. This fact can be used to determine"k mod r .
Finally we deÞne the crossed TM!M r by

<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM=">AAACrHicbVHLSsNAFJ3Gd33r0k2wFMRFScTXUnDjUqGtQhJkMrlpx84jzEzUEvIPbvXP/BsnaRd9eGHgzDnncl9xxqg2nvfbcFZW19Y3Nrea2zu7e/sHh0d9LXNFoEckk+olxhoYFdAz1DB4yRRg HjN4jkf3lf78DkpTKbpmnEHE8UDQlBJsLNUPWSKNfj1oeR2vDncZ+FPQQtN4fD1sfIWJJDkHYQjDWge+l5mowMpQwqBshrmGDJMRHkBgocAcdFTU7ZZu2zKJm0plnzBuzc5mFJ8T4xyHudZjHttsjs1QL2oV+a+W6KrIf1KQm/Q2KqjIcgOCTPpKc+Ya6VarchOqgBg2 tgATRe1oLhlihYmxC222Z6tATjAr57mqoNKpXpqjaqhiBXwQyTkWSRHGLIcy8KOiCOvhi5po+eWCT0EyZ6v+tcve0F+82DLoX3T8687V02Xr7nx6zU10gk7RGfLRDbpDD+gR9RBBb+gLfaMfp+N0ncCJJlanMc05RnPhpH/Xv9h3</latexit>. . .

<latexit sha1_base64="MJiVRD5VzsdAYmvytKHsfYEyYHg=">AAAC3HicbVHLbtNAFJ2YVwmvFJZsRqSVEEiRjUphWYkNyyKRtlLsRuPxdTLqPKyZ69Jo5B07hMSKBV/DFv6Av2HsZNEkvdJIZ845V/eVV1I4jON/vejW7Tt37+3c7z94+Ojxk8Hu0xNnasthzI00 9ixnDqTQMEaBEs4qC0zlEk7ziw+tfnoJ1gmjP+OigkyxmRal4AwDNR0cpCbIuWUcfDqv5kyjUb40tmnOU4Qr9Hv2dbK3hFTCzDVNfzoYxqO4C7oNkhUYklUcT3d7P9LC8FqBRi6Zc5MkrjDzzKLgEpp+WjuoGL9gM5gEqJkCl/luvIbuB6agoafwNNKOvZ7hr5bGNY4p 5xYqD9mK4dxtai15o1a4tshN0qTG8n3mha5qBM2XfZW1pGhou1paCAsc5SIAxq0Io1E+Z2G1GA7Q379eBWrOZLPOtQWtK93WHG1DLavhCzdKMV34NJc1NJMk8z7thvcdMUyaDZ+FYs3W/jtXuGGyebFtcPJmlByO3n46GB69Wl1zhzwnL8hLkpB35Ih8JMdkTDj5RX6T P+RvdB59jb5F35fWqLfKeUbWIvr5HwgF7HQ=</latexit>

r + 1 legs
!"#$

<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM=">AAACrHicbVHLSsNAFJ3Gd33r0k2wFMRFScTXUnDjUqGtQhJkMrlpx84jzEzUEvIPbvXP/BsnaRd9eGHgzDnncl9xxqg2nvfbcFZW19Y3Nrea2zu7e/sHh0d9LXNFoEckk+olxhoYFdAz1DB4yRRg HjN4jkf3lf78DkpTKbpmnEHE8UDQlBJsLNUPWSKNfj1oeR2vDncZ+FPQQtN4fD1sfIWJJDkHYQjDWge+l5mowMpQwqBshrmGDJMRHkBgocAcdFTU7ZZu2zKJm0plnzBuzc5mFJ8T4xyHudZjHttsjs1QL2oV+a+W6KrIf1KQm/Q2KqjIcgOCTPpKc+Ya6VarchOqgBg2 tgATRe1oLhlihYmxC222Z6tATjAr57mqoNKpXpqjaqhiBXwQyTkWSRHGLIcy8KOiCOvhi5po+eWCT0EyZ6v+tcve0F+82DLoX3T8687V02Xr7nx6zU10gk7RGfLRDbpDD+gR9RBBb+gLfaMfp+N0ncCJJlanMc05RnPhpH/Xv9h3</latexit>. . .

<latexit sha1_base64="La7fBENcRZ4uzpfVHReo3maGeoo=">AAAC3XicbVFLixNBEO6MrzW+snr00phdEIUwI656XPDicQWzu5AZhp6emqTZfgz90A1NH72JePPgr/Gqv8B/Y88kh02yBQ1ff/UVVV9V1XJmbJr+GyQ3bt66fWfv7vDe/QcPH432H58a5TSFKVVc 6fOKGOBMwtQyy+G81UBExeGsunjf5c8+gzZMyU922UIhyFyyhlFiI1WOjnIna9CVJhR8vmgXRFolfKN0CGVu4dL6A/0yO1hBzGFuQhiWo3E6SfvAuyBbgzFax0m5P/iR14o6AdJSToyZZWlrC0+0ZZRDGObOQEvoBZnDLEJJBJjC9/4CPoxMjeNM8UmLe/Zqhb9cCTc4 IoxZiipWC2IXZjvXkdfmatM1uS41c7Z5V3gmW2dB0tVcjePYKtztFtdMA7V8GQGhmkVrmC5IXK2NFxgeXu0CjhIeNrmuoTaN2fHRDdSxEr5QJQSRtc8r7iDMssL7vDfve2KchS2dhnpD1v17Vbxhtn2xXXD6apK9mRx9fD0+frG+5h56ip6h5yhDb9Ex+oBO0BRR9Av9 Rn/Q36RMvibfku8raTJY1zxBG5H8/A8iRezh</latexit> !"#$
r + 1 legs

<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM="></latexit>...

<latexit sha1_base64="F6LT9CRjqHV4dHkDKXQA2QjZ9Ac=">AAAC6nicbVFLbxMxEHaWR0t4pXDkYpFUQj1EuwgKxwIXjkUibaXsEnm9s41VP1Z+QCPL/wFxQ1w58Gu4Av8G7yaHJulIlj5/841mvpmy4czYNP3XS27cvHV7Z/dO/+69+w8eDvYenRjlNIUJVVzp s5IY4EzCxDLL4azRQETJ4bS8eNfmTz+DNkzJj3bRQCHIuWQ1o8RGajZ4mztZgS41oeDzeTMn0irha6WF4ySEWW7h0vqRHi0BpqphYLCqAx69+XQwCv3ZYJiO0y7wNshWYIhWcTzb633NK0WdAGkpJ8ZMs7SxhSfaMsoh9HNnoCH0gpzDNEJJBJjCd2YD3o9MheOA8UmL O/Zqhb9cCtc4IoxZiDJWC2LnZjPXktfmKtM2uS41dbZ+XXgmG2dB0uVctePYKtwuGldMA7V8EQGhmkVrmM5J3LON5+jvX+0CjhIe1rm2oTa12fLRDtSyEr5QJQSRlc9L7iBMs8L7vDPvO2KYhQ2dhmpN1v47VbxhtnmxbXDyfJwdjl9+eDE8Olhdcxc9QU/RM5ShV+gI vUfHaIIo+oV+oz/ob8KTb8n35MdSmvRWNY/RWiQ//wMQzfG0</latexit> ! "# $
r copies of A !

<latexit sha1_base64="l8unssd9BQfCziz6kc1hFLvrtzc=">AAACp3icbVHLSsNAFJ3Gd33r0k2wCOqiJOJrIwhu3NmCrYU2yM3kRgdnJmFmopaQL3DjQj/Ov3GSdmFbLwycOedc7itMOdPG835qztz8wuLS8kp9dW19Y3Nre6erk0xR7NCEJ6oXgkbOJHYMMxx7 qUIQIceH8OWm1B9eUWmWyHszTDEQ8CRZzCgYS7WvHrcaXtOrwp0F/hg0yDhaj9u1z0GU0EygNJSD1n3fS02QgzKMcizqg0xjCvQFnrBvoQSBOsirTgv3wDKRGyfKPmnciv2bkb+PjBMcCK2HIrTZAsyzntZK8l8t0mWR/6R+ZuLLIGcyzQxKOuorzrhrErfckhsxhdTw oQVAFbOjufQZFFBjd1k/+FsFMwq8mOTKgkrHemaOsqGSlfhGEyFARvkg5BkWfT/I80E1fF4RDb+Y8imMJmzlv3LZG/rTF5sF3ZOmf948a582ro/H11wme2SfHBKfXJBrcktapEMoQfJBvsi3c+TcOV2nN7I6tXHOLpkIB34B8xnWAA==</latexit>=
<latexit sha1_base64="xWyvoJHL/PMcZzi1XqtzbVLgqpQ=">AAACw3icbVHBahsxEJW3TZM6aeO0x1yWmkBOZrckaY6BUuilkEKdBLyL0WpnE2FJu0izTY3QoX/Qv+i1/Zz8TaS1D7GdAcHTmzfMvJmiEdxgkjz0ohcvt15t77zu7+69ebs/OHh3ZepWMxizWtT6 pqAGBFcwRo4CbhoNVBYCrovZ55C//gna8Fr9wHkDuaS3ilecUfTUdHBos3teAnJRgs0kxTtGhf3mnJvq6WCYjJIu4k2QLsGQLONyetD7k5U1ayUoZIIaM0mTBnNLNXImwPWz1kBD2YzewsRDRSWY3HYuXHzkmTKuau2fwrhjn1bYXwvhCkelMXNZ+Oowu1nPBfLZXGlC k+dSkxar89xy1bQIii3mqloRYx2HDcYl18BQzD2gTHNvLWZ3VFOGfs/9o6ddoPXbdKtcaKhNZTZ8hIECq+Ce1VJSVdqsEC24SZpbm3XmbUcMU7em01CuyMK/U/kbpusX2wRXH0fp2ej0+8nw4mR5zR1ySD6QY5KST+SCfCWXZEwY+U3+kn/kf/QlmkU6woU06i1r3pOViNwjAmXiVQ==</latexit>

!M r (crossed). (3.7)

Its eigenvalues are given by

µk = e" 2! r
1+ r 2 (! k " c/ 12)+ i 2!

1+ r 2 ! k (crossed). (3.8)

This equation holds provided that the RG map is (0, v)-twist friendly for b|v. We see that
the phase of crossed TM eigenvalues determines the spin"k modulo 1 + r 2.

Most of the literature so far used the direct M r with r = 1 or r = 2 (but without
using the information from T eigenvalues) [2, 3, 9Ð11, 13, 19, 21, 28, 29]. The possibility

7To avoid confusion, we will denote Jacobian eigenvalues! k , TM eigenvalues µk , and lattice dilatation
operator eigenvalues" k .

Ð 12 Ð

The TM will be constructed from r ! 1 copies of the tensorA! . For an exact Þxed point
tensor, r = 1 would already be enough to extract the exact CFT spectrum. Working with
a numerical approximate Þxed point, usingr > 1 improves the accuracy of the method.

We will consider two kinds of TMs, ÒdirectÓ and ÒcrossedÓ. The direct TMM r is
deÞned by the following equation:

<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM=">AAACrHicbVHLSsNAFJ3Gd33r0k2wFMRFScTXUnDjUqGtQhJkMrlpx84jzEzUEvIPbvXP/BsnaRd9eGHgzDnncl9xxqg2nvfbcFZW19Y3Nrea2zu7e/sHh0d9LXNFoEckk+olxhoYFdAz1DB4yRRg HjN4jkf3lf78DkpTKbpmnEHE8UDQlBJsLNUPWSKNfj1oeR2vDncZ+FPQQtN4fD1sfIWJJDkHYQjDWge+l5mowMpQwqBshrmGDJMRHkBgocAcdFTU7ZZu2zKJm0plnzBuzc5mFJ8T4xyHudZjHttsjs1QL2oV+a+W6KrIf1KQm/Q2KqjIcgOCTPpKc+Ya6VarchOqgBg2 tgATRe1oLhlihYmxC222Z6tATjAr57mqoNKpXpqjaqhiBXwQyTkWSRHGLIcy8KOiCOvhi5po+eWCT0EyZ6v+tcve0F+82DLoX3T8687V02Xr7nx6zU10gk7RGfLRDbpDD+gR9RBBb+gLfaMfp+N0ncCJJlanMc05RnPhpH/Xv9h3</latexit>. . .<latexit sha1_base64="l8unssd9BQfCziz6kc1hFLvrtzc=">AAACp3icbVHLSsNAFJ3Gd33r0k2wCOqiJOJrIwhu3NmCrYU2yM3kRgdnJmFmopaQL3DjQj/Ov3GSdmFbLwycOedc7itMOdPG835qztz8wuLS8kp9dW19Y3Nre6erk0xR7NCEJ6oXgkbOJHYMMxx7 qUIQIceH8OWm1B9eUWmWyHszTDEQ8CRZzCgYS7WvHrcaXtOrwp0F/hg0yDhaj9u1z0GU0EygNJSD1n3fS02QgzKMcizqg0xjCvQFnrBvoQSBOsirTgv3wDKRGyfKPmnciv2bkb+PjBMcCK2HIrTZAsyzntZK8l8t0mWR/6R+ZuLLIGcyzQxKOuorzrhrErfckhsxhdTw oQVAFbOjufQZFFBjd1k/+FsFMwq8mOTKgkrHemaOsqGSlfhGEyFARvkg5BkWfT/I80E1fF4RDb+Y8imMJmzlv3LZG/rTF5sF3ZOmf948a582ro/H11wme2SfHBKfXJBrcktapEMoQfJBvsi3c+TcOV2nN7I6tXHOLpkIB34B8xnWAA==</latexit>=
<latexit sha1_base64="Ofv+wBoYY9aUh7I7pstSysilTLM=">AAACrHicbVHLSsNAFJ3Gd33r0k2wFMRFScTXUnDjUqGtQhJkMrlpx84jzEzUEvIPbvXP/BsnaRd9eGHgzDnncl9xxqg2nvfbcFZW19Y3Nrea2zu7e/sHh0d9LXNFoEckk+olxhoYFdAz1DB4yRRg HjN4jkf3lf78DkpTKbpmnEHE8UDQlBJsLNUPWSKNfj1oeR2vDncZ+FPQQtN4fD1sfIWJJDkHYQjDWge+l5mowMpQwqBshrmGDJMRHkBgocAcdFTU7ZZu2zKJm0plnzBuzc5mFJ8T4xyHudZjHttsjs1QL2oV+a+W6KrIf1KQm/Q2KqjIcgOCTPpKc+Ya6VarchOqgBg2 tgATRe1oLhlihYmxC222Z6tATjAr57mqoNKpXpqjaqhiBXwQyTkWSRHGLIcy8KOiCOvhi5po+eWCT0EyZ6v+tcve0F+82DLoX3T8687V02Xr7nx6zU10gk7RGfLRDbpDD+gR9RBBb+gLfaMfp+N0ncCJJlanMc05RnPhpH/Xv9h3</latexit>. . .

<latexit sha1_base64="5KzqGf1t4aX0mnWKoBQZQaugBHA=">AAAC23icbVG5bhsxEKU2l6NcclKmISIbCFIIu85ZGkiT0gYi24B2IXC5sxJhHgseiQWCVbrAhZsU+Zq0ySf4b8JdqbAkD0Dg8c0bzLyZsuHM2DS97iV37t67/2DnYf/R4ydPnw12n58Y5TSFMVVc 6bOSGOBMwtgyy+Gs0UBEyeG0PP/c5k+/gTZMya920UAhyEyymlFiIzUdvM2drECXmlDw+byZE2mV8LXSIUxzCxfW7+m9JcAcZiaE/nQwTEdpF3gbZCswRKs4mu72rvJKUSdAWsqJMZMsbWzhibaMcgj93BloCD0nM5hEKIkAU/jOXcD7kalwnCg+aXHH3qzwF0vhGkeE MQtRxmpB7Nxs5lry1lxl2ia3pSbO1p8Kz2TjLEi6nKt2HFuF283iimmgli8iIFSzaA3TOYmLtXH//f2bXcBRwsM61zbUpjZbPtqBWlbCd6qEILLyeckdhElWeJ935n1HDLOwodNQrcnaf6eKN8w2L7YNTg5G2YfR++N3w8M3q2vuoJfoFXqNMvQRHaIv6AiNEUW/0R/0 F/1LiuRH8jO5XEqT3qrmBVqL5Nd/4kLscQ==</latexit> !"#$
r legs

<latexit sha1_base64="nnsuFd/MiUsBZdIpL5vLD72xWZI=">AAAC2nicbVG7btswFKXVV+q+nHbsQtQJUHQwpKCPjAG6dEyAOglgqQZFXdlE+BDIqzYGoSVb0aVDh35N1+YX+jelZA+xnQsQODznXNxXXknhMI7/9aI7d+/df7DzsP/o8ZOnzwa7z0+dqS2HMTfS 2POcOZBCwxgFSjivLDCVSzjLLz62+tlXsE4Y/RkXFWSKzbQoBWcYqOngIDVBzi3j4NN5NWcajfKlsU3zJUW4RL9n95aASpi5pulPB8N4FHdBt0GyAkOyiuPpbu9nWhheK9DIJXNuksQVZp5ZFFxC009rBxXjF2wGkwA1U+Ay3w3X0P3AFDR0FJ5G2rE3M/zl0rjGMeXc QuUhWzGcu02tJW/VCtcWuU2a1FgeZl7oqkbQfNlXWUuKhraLpYWwwFEuAmDcijAa5XMWFoth/f39m1Wg5kw261xb0LrSbc3RNtSyGr5xoxTThU9zWUMzSTLv02543xHDpNnwWSjWbO2/c4UbJpsX2wanB6Pk/ejdydvh0ZvVNXfIS/KKvCYJ+UCOyCdyTMaEk9/kD/lL rqM0uoq+Rz+W1qi3ynlB1iL69R/IzOwE</latexit>
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M r (direct) , (3.3)

Its eigenvalues are given in terms of the scaling dimensions! k of CFT local operators
(both quasiprimaries and descendants), by7

µk = e" 2!
r (! k " c/ 12) (direct) . (3.4)

The direct TM commutes with the translation generator T which permutes the legs circu-
larly:
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T . (3.5)

SinceT r = I , the eigenvalues ofT are r -th roots of unity. Let us assume that the RG map
is (h, 0)-twist friendly for b|h. Then more can be said, namely that the eigenvalues ofT
are given by

! k = ei 2!
r ! k (3.6)

in terms of the spins"k of the CFT operators. This fact can be used to determine"k mod r .
Finally we deÞne the crossed TM!M r by
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!M r (crossed). (3.7)

Its eigenvalues are given by

µk = e" 2! r
1+ r 2 (! k " c/ 12)+ i 2!

1+ r 2 ! k (crossed). (3.8)

This equation holds provided that the RG map is (0, v)-twist friendly for b|v. We see that
the phase of crossed TM eigenvalues determines the spin"k modulo 1 + r 2.

Most of the literature so far used the direct M r with r = 1 or r = 2 (but without
using the information from T eigenvalues) [2, 3, 9Ð11, 13, 19, 21, 28, 29]. The possibility

7To avoid confusion, we will denote Jacobian eigenvalues! k , TM eigenvalues µk , and lattice dilatation
operator eigenvalues" k .
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cf Lyu, Xu, Kawashima 2021
Ebel, Kennedy, SR 2024

Gu, Wen 2009
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Lattice dilatation operator:

Graphically the same equation is represented as follows:

(4.3)

If this holds, we call D an LDO. We may think that it is composed of various pieces of the
RG map, which cannot be recombined due to the presence of the hole, and are left behind
to form D.

Some remarks are in order here. First, note that we posit the existence of an operator
D which acts from the networks with 2 ! 2 holes to networks with 2! 2 holes. ItÕs not
obvious that the hole shape may be so preserved. Instead, it can happen that the hole
shrinks or expands in size. The shrinking hole case will be discussed in AppendixC, where
we will explain some aspects of the results of [2, 3] (see footnote6). Here in the main text
we focus on the 2! 2 hole preserving case since this turns out to be relevant for Gilt-TNR.

Second, from the logic by which we were led to (4.2), appealing to locality of the RG
map, it is plausible that if we create multiple 2 ! 2 holes in the network, then to obtain the
same state after an RG step, we should simply surround each hole with theD operator as
shown in Eq. (4.3). We will assume that this is the case. Again one can check that this
holds for Gilt-TNR.

For a rotating RG map R ! given by (2.4), Eqns. (4.2) and (4.3) are modiÞed accord-
ingly, swapping M/b and N/b in the r.h.s. The analogue of (4.2) takes the form

V N " M
J = V M/b " N/b

I D! I
J " J . (4.4)

The rotating LDO is related to the LDO for the corresponding non-rotating map by

D! I
J = ( ! 2" 2)I

I ! DI !

J (4.5)

where ! 2" 2 permutes the external (I ) LDO indices in a way corresponding to the ! / 2
rotation of the 2 ! 2 hole (it is the analogue of! ! / 2 appearing in (2.4) but for a tensor
with 8 legs). Note that the internal ( J ) indices are left intact.

4.2 LDO eigenvalues and scaling operators

The most amazing property of LDO is that it allows us to construct local scaling opera-
tors. These are local defects inserted into the tensor networks whose correlation functions

Ð 17 Ð

R R !

! = 1Ú8 0.19% 0.12%
! = 1 0.07% 0.05%
! = 1 1Ú8 0.12% 0.09%
! = 2 0.18% 0.15%
! = 2 1Ú8 0.29% 0.29%
! = 3 0.32% 0.26%
! = 3 1Ú8 0.46% 0.36%
! = 4 0.39% 0.30%
! = 4 1Ú8 0.93% 0.77%

Table 5 : Relative errors for the scaling dimensions extracted using LDO for the approx-
imate Þxed points of the non-rotating map R and the rotating map R ! . For degenerate
scaling dimensions, we show the maximal value of the error. In all cases shown in this
table, the number of states and the partially available spin information agree between the
LDO computation and the CFT.

For the non-rotating map, the LDO computation does not give the spins. For the
rotating map the spins can be computed mod 4 using Eq. (4.8). The results are considerably
more accurate than the TM computations. For example, consider! = 3 1Ú8. The LDO
method Þnds the spin values mod 4 are

± 0.99982, ± 0.99992, ± 1.00007 (4.15)

which are quite close mod 4 to the CFT values of! 3, ! 3, ! 1, 1, 3, 3.
These can be compared with the spins mod 5 given in Eq. (3.15) from the crossed TM.

We should note that with LDO the spin can only be found mod 4, while for the crossed
TM one can in principle Þnd the spin mod 1 + r 2 for r = 2 , 3, . . ..

We can conclude on the grounds of Table5 that LDO is more robust than the TM for
recovering CFT states of higher scaling dimensions. This fact, known to some practition-
ers,15 does not seem to be properly appreciated in the literature. For TM we only reported
results up to ! = 3 1Ú8 in Table 4, because higher results could not be properly assigned to
CFT levels. On the other hand, for LDO everything looks great in Table 5 up to ! = 4 1Ú8.

Since we wanted to see when the LDO method eventually breaks down, we pushed the
eigenvalue analysis for even higher levels than reported in Table5 (for the non-rotating LDO
only). We found approximate level quantization with the number of states in agreement
with CFT at levels 5, 5 1Ú8 and 6, with the maximal absolute(relative) error of at most 0.13
(2%)! Since the exact levels are split by 1 in eachZ2 sector, a reasonable criterion for the
approximate level quantization breakdown is when the absolute error exceeds 0.5. This
happens for the Þrst time at level 61Ú8.

Small TM eigenvalues control exponentially subleading contributions in the partition
function on a long torus (Appendix A), while small LDO eigenvalues control correlation

15 We thank Cl«ement Delcamp for a discussion.
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and further, up to Δ = 6

Evenbly, Vidal 2016
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Future directions

25

- Enlarge the region of convergence of the Newton method  
- ideally start from NN critical and converge 
   (in our work converged in ball of radius ~0.01 around the FP)

- Newton method for other tensor RG algorithms 

- Numerical evidence for convergence of FP tensor as  χ → ∞

- Existence of exact FP tensor for   
(can one prove this as a theorem, realizing Ken Wilson’s dream?)

χ = ∞
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Backup

26
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Newton method setup
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f(A) = A − R(A) = 0 An+1 = An − [I − ∇R(An)]−1 f(An)

The Newton method solves the latter equation via iterations16

A(m+1) = g(A(m)), where g(A) = A ! [J (A)]! 1f (A) , (2.13)

and J (A) = I ! " R" (A) is the Jacobian of the mapf .
As discussed," R" (A"

#) does not have eigenvalues 1. This implies thatJ (A"
#) is invert-

ible and g(A) is well deÞned in a neighborhood ofA"
#.17 Furthermore, if we compute " g

and evaluate it at A"
# using f (A"

#) = 0, we Þnd

" g(A"
#) = 0 . (2.14)

This implies in particular that g(A) is a contraction near A"
#. Therefore, Newton iterations

(2.13) will converge for a su! ciently good initial approximation.
The Jacobian J (A) entering the deÞnition of g(A) is rather expensive to evaluate and

invert, so we will replace it by a constant matrix J$ which approximates J (A"
#). In other

words we will use the approximate Newton map

g$ (A) = A ! [J$ ]! 1f (A) , (2.15)

For any invertible J$ the solutions of f (A) = 0 and g$ (A) = A coincide. We will be
solving the latter equation by iterations. We just need to chooseJ$ so that g$ is a
contraction near A"

#. The following approximation works well in practice. Let A(0) be a
tensor su! ciently close to A"

#. Diagonalize " R" (A(0) ), arrange eigenvalues in the order of
decreasing absolute value, and letPs be the orthogonal projector on the subspace spanned
by the Þrst s eigenvectors. We will use

J$ = I ! Ps" R" (A(0) )Ps. (2.16)

We must have s ! 3, so that the relevant eigenvalue corresponding to the! and the two
! 1 eigenvalues corresponding toT, øT are subtracted. We will see below that takings > 3
speeds up convergence.

Remark 2.1. In this section by the Jacobian we meant the Jacobian restricted to the
subspace ofZ2-even tensors. Thus, onlyZ2-even Jacobian eigenvalues play a role in the
considerations concerning the Newton method. Below, when extracting the CFT spectrum
from the linearized RG map, we will also consider the Jacobian in theZ2-odd subspace.

3 Results for the non-rotating Gilt-TNR

We now proceed to concrete tensor RG computations, based on the Gilt-TNR algorithm.
We will start in this section with several in-depth studies using the original Gilt-TNR
algorithm, which is non-rotating. We will thus be able to compare with the prior work

16 To distinguish them better, we use superscripts to number RG iterates ( 2.1) and subscripts for Newton
iterates.

17 On the contrary, if we try to apply this to R instead of R! , ! R has eigenvalues 1,J is not invertible,
and the Newton method fails.
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Replace by approximate Jacobian:

projector on the first s largest eigenvalues
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To apply Newton method we need

28

1) tensor RG algroithm with manifest lattice rotation symmetry =>

eigenvalues 1 perturbations can be projected away (not currently available)

EITHER

2) somehow get rid of eigenvalues 1 perturbations

OR

Main idea of our work:  
turn eigenvalues 1 to -1 by including rotation into the RG map
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Eq. 31]:

. (C.13)

Ref. [2] did not extract scaling dimensions using the LDO method discussed here.
Instead, they used the linearized RG transformation method. Furthermore, as mentioned
earlier, they considered a frozen version of the RG mapR when evaluating the Jacobian.
For the frozen map, the Jacobian ! R is given by the expression [Þgure adapted from
Ref. [2], Eq. 40]:

. (C.14)

Now, looking at (C.14) and (C.13), we see that the two expressions are very similar. The
only di! erence is the presence of additional isometries and halves ofQ matrices in the
middle of ! R . We expect that these network components mainly Þlter local correlations
and do not signiÞcantly a! ect the result of contraction. This expectation, however, should
be supported by a numerical study similar to what we presented in AppendixB.1. Here,
we simply assume that our expectation holds. We then conclude that:

! R " ÷D. (C.15)

Eq. (C.15) implies that the spectrum of ! R satisÞes Eq. (C.11). Substituting the
scaling factor b = 2 to Eq. ( C.11), we obtain the relationship between eigenvalueµ of ! R
and the scaling dimension of the corresponding operatorO in the underlying CFT:

µ = 2 2! ! O . (C.16)

Note in this respect that tensor A" is by construction an eigenvector of ÷D with eigenvalue
4; it corresponds to the unit CFT operator.

Eq. (C.16) is exactly the formula used in [2]. We emphasize that Eq. (C.16) holds
for any operators O, including total derivatives. This explains the surprising agreement of
scaling dimensions obtained in Ref. [2] with the exact values for total derivative operators.
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Differentiability test
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Figure 15 : The result of the di! erentiability test for Gilt-TNR at the approximate Þxed
point for ! = 30 given in Table 2. The green and red lines illustrate the qualitative behavior
of asymptotics and serve to guide the eye. The coe" cients for the h2 and 1/h terms in
both lines have been Þxed manually to get a visually reasonable agreement, and not as a
result of a Þt. The 10! 11 coe" cient of the 1/h term gives an idea of the roundo! error of
Gilt-TNR.

Our Þrst goal is to test this equation. We will do it by computing Dh for a discrete
sequence of values ofh, hq ! 0 geometrically, and monitoring the di! erencesDhq " Dhq+1 .
Fig. 15 shows the result of this test for Gilt-TNR parameters: ! = 30, "gilt = 6 # 10! 6, for
A = A(n! ) from Table 2, and for two choices of a unit-normalized directionv. The Þrst
direction is along the eigenvector of$ R with the largest Z2-even eigenvalue,# % 2.43 The
second direction is a random tensor. (We repeated this test for several randomvÕs, with
similar results.) On the vertical axis of Fig. 15 we show the di! erence&Dhq " Dhq+1 & as a
function of hq = 10! 3! 0.05q.

Let us discuss what we observe in Fig.15. Consider Þrst the test result for the random
direction. In this case,Dh converges asO(h2) for 7# 10! 5 < h < 5# 10! 4. For h > 5# 10! 4,
the points deviate from O(h2), indicating that higher-order terms become signiÞcant. For
h < 7 # 10! 5, the points exhibit chaotic behavior until around h = 10! 6, where they start
aligning with the O("R/h ) line as predicted. The poor agreement of the test result with
Eq. (E.3) for 10! 6 < h < 7 # 10! 5 may be due to the fact that the random vector v has a
large overlap with the lower part of the $ R spectrum, which is perhaps more sensitive to

43 We obtained the eigenvector using KrylovÕs method. For this, we approximated ! R.v using Þnite
di! erence formula Eq. (E.1) with h = 10 " 4.

Ð 49 Ð

Þxed point for our map would then be natural, given that the Jacobians of our map and of
the ÒphantomÓ RG map are close, and that it is the Jacobian which enters into the Newton
method. The non-rigorous part of this argument is that we havenÕt proved the existence
of the ÒphantomÓ RG map.

As to the RG map without rotation, we can try to think along the same lines (with
Table 2, column 2 instead of column 3), up to one further subtlety. Namely, as discussed
many times in this paper, the map without rotation has eigenvalues 1 due to the existence
of aspect-ratio changing deformations of the Þxed point. Consider the set of critical tensors
corresponding to aspect ratio 1 (rotation symmetry). These are the tensors for which the
anisotropy ellipse is a circle. It is a nonlinear submanifold of the space of all tensors, over
which we have little control apart from its existence. The RG map preserves the criticality
and the aspect ratio, hence acts within this submanifold (see Section2.4). Within the
submanifold there are no eigenvalues 1, and the above argument may apply.

We stress again that the just given arguments are highly non-rigorous. Unfortunately
we donÕt have better arguments for the moment.

E Gilt-TNR di ! erentiability

Let R be the Gilt-TNR map described in Section3.1 followed by the gauge Þxing procedure
from Appendix D. In this appendix, we will explore the smoothness properties of this RG
map. In particular, we will provide evidence that the map R is thrice di! erentiable in a
neighborhood of the critical Þxed point tensorA! .

Let A be an approximation of A! and v be a four-legged tensor with the same bond
dimension. We can try to evaluate the derivative of R at A in the direction v using the
symmetric Þnite di! erence approximation. This approximation depends on the step sizeh
and is given by Eq. (3.11) which we copy here

Dh =
R(A + hv) ! R(A ! hv)

2h
. (E.1)

Without loss of generality, we assume thatv is unit-normalized.
Standard considerations[43, Sec. 5.7] suggest that we will have

Dh = ( " R).v + ! t + ! r , (E.2)

where ! t is the truncation error (from truncating the Taylor series), and ! r is the roundo!
error due to accumulated numerical errors in the evaluation ofR(A ± sv). For R thrice
di! erentiable in a neighborhood ofA! , we may Taylor-expand R(A ± hv), up to h3 terms
given the di! erentiability assumption. The O(h0) and O(h2) terms canceling when using
the symmetric di! erence, we obtain! t # h2. On the other hand ! r can be estimated as
! r # ! R/h where ! R is the roundo! error in evaluation of R. We thus expect

Dh = ( " R)(A).v + O(h2) + O(! R/h ) . (E.3)

Note that the O(h2) truncation error is expected to scale smoothly with h, with overall
size which depends on the direction ofv, while the O(! R/h ) roundo! error is expected to
be random but of a magnitude which is largelyv independent.
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Fixed point tensor

31

ijkl
!
A(n! )

"
ijkl

!
A(m! )

"
ijkl

1+ 1+ 1+ 1+ 0.3411 0.3520
1+ 1+ 1! 1! 0.2107 0.2119
1! 1+ 1+ 1! 0.2105 0.2027
1! 1! 1+ 1+ 0.1969 0.2042
1+ 1! 1! 1+ 0.1971 0.2135
1! 1! 1! 1! 0.1807 0.1829
1+ 1! 1+ 1! 0.1481 0.1474
1! 1+ 1! 1+ 0.1438 0.1503
1+ 1+ 2! 2! ! 0.1067 ! 0.1056
2! 1+ 1+ 2! 0.1068 0.1024
1+ 2! 2! 1+ 0.1015 0.1069
2! 2! 1+ 1+ ! 0.1016 ! 0.1033
1! 1+ 1! 2+ 0.1048 0.08593
2+ 1! 1+ 1! 0.08648 0.08152
1+ 1! 2+ 1! 0.08705 0.09959
1! 2+ 1! 1+ 0.07821 0.08898

Table 2 : The Þrst few largest tensor elements of the (approximate) Þxed point tensor.
The tensor legs are ordered as left-top-right-bottom. The leg indices are numbered in
the notation p± where ± is the Z2 quantum number and p = 1 , 2, 3, . . . is the index in
the correspondingZ2 sector on the corresponding leg. Column 1: tensor element indices.
Column 2: the approximate Þxed point tensorA(n! ) of the non-rotating Gilt-TNR. Column
3: the approximate Þxed point tensorA(m! ) of the rotating Gilt-TNR, to be discussed in
Section 4.

as we already mentioned, Gilt-TNR does not preserve these symmetries (although it does
preserve the spin ßipZ2). ThatÕs why the Þxed point tensor in Table2 does not respect
these symmetries.23

In Fig. 6 we show absolute values of tensor elements of approximate Þxed point tensors
for ! = 30 as well as for ! = 10, 20, for comparison.24 Absolute values of tensor elements
are sorted in descending order and indexed as|A|I where I = 1 , 2, . . . is the position in
the sorted list. We then plot |A|I as a function of I . The left Þgure shows the Þrst 50
tensor elements, while the right Þgure gives a global of view of all tensor elements, in the

23 One can also see from Table2 that the horizontal reßection is broken by a smaller amount than
rotations and the vertical reßection. E.g. in column 2 we have A1+ 1+ 1! 1! ! A1! 1+ 1+ 1! , A1! 1! 1+ 1+ !
A1+ 1! 1! 1+ (horizontal reßections) hold to a much better accuracy than say A1+ 1+ 1! 1! ! A1! 1! 1+ 1+

(vertical reßection). A likely reason for this is given in footnote 36.
24 For ! = 10 , 20 we follow the same procedure as for! = 30. First, we Þnd approximate tc by bisecting

to 10" 10 and looking for the longest plateau in singular values as in Fig. 4. We Þnd t ! =10 = 1 .0012778632
("gilt = 10 " 4) and t ! =20 = 1 .0000618664 ("gilt = 2 " 10" 5). Then, we produce a plot of Hilbert-Schmidt
distances between subsequent gauge-Þxed tensors, as in Fig.5. The approximate Þxed point tensor is
deÞned asA( n ) corresponding to the minimum of this plot.
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Figure 6 : Absolute values of tensor elements of approximate Þxed point tensors for! =
10, 20, 30, see the text.

log-log scale. The dashed line in this Þgure corresponds to the slope|A|I ! I ! 1/ 2, which
marks the boundary for the Þniteness of the Hilbert-Schmidt norm for inÞnite-dimensional
tensors. It is reassuring that the Þxed point tensors seem to remain below that line as! is
increased, although barely so.

3.3 Jacobian eigenvalues

Now that we provided evidence for the existence of a Þxed point tensor, we would like
to explore the RG map Jacobian at the approximate Þxed point. First of all we can
speak of the Jacobian as our map is di! erentiable in a neighborhood of the Þxed point.
Evidence for this is provided in Appendix E. This statement is less trivial than it may
seem. To make Gilt-TNR robustly di ! erentiable we had to tweak the algorithm a bit. In
the original Gilt-TNR (see Appendix C where this is referred to as ÒdynamicQ-choiceÓ),
matrices Q1, Q2, Q3, Q4 are chosen iteratively, and the number of iterations is determined
at runtime depending on a certain internal parameter called "conv. For constant "conv,
the number of iterations may jump for small variations of tensor A causing a tiny but
noticeable discontinuity (and hence non-di! erentiability) in R(A). To avoid this problem,
we are using a modiÞed algorithm in which the number of iterations is kept Þxed, referred
to as ÒstaticQ-choiceÓ in AppendixC.25

So, let R be the non-rotating Gilt-TNR RG map with ! = 30 and other parameters as
in Fig. 4. Let " R be the Jacobian ofR at the tensor A(n! ) from Table 2. We are interested
in the eigenvalues of" R.

25 Other tensor RG algorithms involving disentanglers, such as e.g. TNR [ 6], also involve iterative opti-
mization of disentanglers, to minimize a cost function expressing a truncation error. It would be interesting
to see if those algorithms are, or may be made, continuous or di! erentiable in a small neighborhood of the
critical Þxed point. To our knowledge this has never been tested carefully.
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Fixed points for varying anisotropy parameter a = Jx /Jy
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Figure 7 : Dependence of the Þrst few singular values ofA(20) (t ! tc(a), a) on a. The
singular values are obtained via SVD decomposition as in Eq. (3.6). The largest singular
value is normalized to 1 as in Fig.4.

times that eigenvalues of derivative operators are not universal and do not have to agree
between RG and CFT, and indeed they do not agree for us. So why do they agree for
them? This was not discussed in [19, 20].

The answer to this puzzle is instructive. It turns out that the frozen RG map of [19, 20]
is very special: its Jacobian coincides with the lattice dilatation operator. This coincidence,
which does not hold for our RG mapsR and R! , explains the puzzle, because lattice
dilatation operator eigenvalues are universal and reproduce all CFT operator eigenvalues,
including total derivatives. It would require too much preparatory work to explain this
point in detail here; it will be done in [ 21].

3.5 Anisotropy: manifold of Þxed points

In the previous sections we studied the RG ßow starting from the isotropic 2D Ising model.
We would now like to show the new features which appear when introducing anisotropy.
Namely, we consider the nearest neighbor Ising model with anisotropy parametera =
Jy/J x ! 1. We transform the partition function of this model to a tensor network as
detailed in Appendix B. The resulting tensor has bond dimension 2 and depends on the
reduced temperaturet and the anisotropy parameter a. Starting from this tensor A(0) =
ANN (t, a) we repeatedly apply the non-rotating Gilt-TNR algorithm to get a sequence
A(n) (t, a), n = 1 , 2, . . . , see Eq. (2.1).

We have two goals in this section: 1) We want to verify Fig. 3 showing that a
parametrizes a one-dimensional manifold of Þxed points. To our knowledge, this has never
been checked using tensor RG. 2) We want to demonstrate that eigenvalues of" R corre-
sponding to quasiprimaries are universal across this manifold and eigenvalues that do not
correspond to quasiprimaries can vary.
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Figure 8 : The Þrst few largest eigenvalues of! R computed at A(20) (t " tc(a), a) as a
function of the anisotropy parameter a. Note the vertical log2-scale. We use the following
color scheme: red/blue forZ2-even/odd quasiprimaries, light-orange/light-violet for other
Z2-even/odd eigenvalues. Fora = 1 the spectrum agrees with the Ò! of ! RÓ column of
Table 3.

Let us start with the Þrst goal. As discussed in Section2.4we expect a two-dimensional
manifold of RG Þxed points for a non-rotating RG map. The critical model corresponds to
t = 1 in our notation, for all values of a. However, as in the isotropic case, for Þnite bond
dimension the value oft that gives convergence to the approximate Þxed point is not exactly
1 and will depend on a. We denote it by tc(a).30 If we start with a critical anisotropic
nearest neighbor Ising model (t = tc(a)), then iterations of the RG map will converge to a
Þxed point that depends on the anisotropy parametera. To show that di ! erent values ofa
do indeed produce di! erent Þxed points, we consider the singular values of the Þxed point
decomposed along a diagonal as deÞned in Eq. (3.6). If we plot these singular values as a
function of the RG step, we see curves that are qualitatively similar to Fig.4. In particular
for t " tc(a) there is a range of RG steps where the singular values are almost constant.
However, these constant values depend ona. We compute these singular values at the 20th
RG step for a ranging from 0.5 to 1.0 and t " tc(a), and plot them as a function of a in
Fig. 7. The variation of these values with a shows that as we varya, the RG Þxed point is
varying along a one-dimensional manifold. We expect that by considering a more general
initial Ising model with two parameters we could obtain the full two-dimensional manifold
of Þxed points.

Let us proceed with the second goal. As discussed in Section2.2 the eigenvalues of the
RG Jacobian ! R should be of two types: those that correspond to quasiprimaries in the
CFT and those that correspond to total derivatives. The former are given by Eq. (2.5) and

30 Approximate values of tc(a) were obtained by the bisection method as explained after Eq. (3.6) with
! t = 10 ! 10 .
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Figure 12 : Period-2 behavior for the rotating RG map. The Þgure shows the ßow of
tensors starting from A(0) corresponding to the Ising model at the reduced temperature
t = 1 .0000094857 and with anisotropya = 0 .8. As in Fig. 4 we plot the 20 largest singular
values along the diagonal normalized by the Þrst one.

on the diagonal, proving the lemma. In the general case, we work in the basis obtained
by the Gram-Schmidt process from the eigenvectors ofM . In this basis, all the involved
matrices are upper-triangular with eigenvalues on the diagonal. In particularM s is upper-
triangular with ( 4.10) on the diagonal.

4.2 Anisotropy: period-2 oscillations

Recall that for the non-rotating RG map the eigenvalues of the Jacobian corresponding
to the stress tensor componentsT,T are 1, and we expect a two-dimensional manifold
of Þxed points for this map. (A one-dimensional slice of this manifold was studied in
Section 3.5.) On the contrary, for the rotating RG map these eigenvalues are! 1 and we
expect an isolated Þxed point embedded in a two-dimensional manifold of period-2 orbits
(see Section2.5). We can see this period-2 behavior by studying the ßow of the singular
values ofA across the diagonal as we did in Fig.4 for the non-rotating RG map. We start
with an initial A representing the anisotropic Ising model witha = 0 .8. The ßow of the
resulting singular values shown in Fig.12 clearly shows period-2 behavior. Fig.12 only
shows a single value ofa, but we observed that the amplitude of the oscillations increases
for larger |a ! 1|. These results conÞrm our intuition about the structure of the RG ßow.

5 Summary and open problems

In this paper we showed that the Þxed point equation of tensor RG can be solved via the
Newton method. This needs a judicious modiÞcation of the RG map, to include a! / 2
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Rotating RG map:

Period-2 behavior for anysotropic initial conditions


