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l. Introduction

AdS/CFT correspondences  Maldacena 1997

Conformal symmetry AdS [sometry

. . . SO(d, 2) . . .

In d-dimensions In (d+1) dimensions
BDHM relation Banks-Douglas-Horowitz-Martinec 1998

Bulk scalar lim z‘AS@(z,x) = S(x) CFT scalar
z—0
Riggm” = Ag(Ag —d) z: extra coordinate in AdS Ag: conformal dimension
GKP-Witten dictionary Gubser-Klebanov-Polyakov 1998, Witten 1998
Scalar on AdS Zaas(®y) = Zepr(J) CFT with an external source

® ;: scalar with J at the boundary J: external source couple to S



GKP-Witten relation (in the large N)

solution Pal(z,z) = czd—As J(x) + zAqu(x) 4.

boundary condition

RidSmQ = AS(AS — d)

b(x) = (S(x))y = / 2y (S@)SWNI (W) + 02 GKP-Witten relation for scalar
1
RIS

This talk

We derive the GKP-Witten for an arbitrary spin at all order in J only by symmetry

using neither bulk Lagrangian nor large N expansion.

Key technique the bulk symmetry derived by conformal smearing

S. Aoki, J. Balog and K. Shimada, "Derivation of the GKP-Witten relation
by symmetry without Lagrangian”, arXiv.2411.16269.

Hereafter we work on an Euclidian AdS or CFT.



ll. Bulk operators and symmetries

5ab 1
an O(N) scalar CFT in d-dimensions (0]¢%(z)@°(y)]0) = Nz — 75 [Aso < g ]

Conformal (AdS) smearing

d—A
> w
bulk field ¢%(X) = /ddy hz,z —y)p“(y) CFT h(z,x) = Yo (xQ n z2>
X = (z,x)

~

conformal transformation ¥ =¥ U (2)UT = h(x)>¢p*(2)

!

(a part of) coordinate transformation X — X  Us*(X)UT = 6%(X)

= "AdS” isometry
Aoki-Balog-Onogi-Yokoyama 2023

This kernel agrees with the HKLL's but for a different range A, >d-1.

Hamilton-Kabat-Lifschytz-Lowe, PRD74(2006)066009



Constraints by symmetries

bulk operator (with a spin L) Ga(X):=Ga,...a,(X) L=IA|l=|s

boundary primary operator (with A and a spin L) OL(z) := 0%, .., (z)

A 92
ol [1 ) 2n L
0

O\HG"’ H 0¥ =f[1

i X, jZmt oz’
<0 TG4, (x) 11 0% (x))0)
=1 7=m-+1

Correlation functions including all guantum corrections satisfy these constraints,
which are easily solved in the Embedding space R 11,

SO(d+ 1,1) = Conformal symmetry = AdS isometry

Costa-Penedones-Poland-Rychkov 2011, Costa-Goncalves-Penedones 2014



Embedding Formalism

Embedding space = R4+

SO(d + 1,1) = Lorentz transformation in Ré4+1!

AdS space is defined by X?=-1,X°>0
1

Ga,asa, (X) XA = (X', X' XW) = E(1,z2+ x2, xH)

Boundary is defined by P?=0,P:=1P,  €R

OF, a5 (¥) P=(1,y%y")

Symmetric tensor indices are handled by W4, Z4 which satisfy X - W=Z-P =0.

Transverse condition for the tensor on P? = 0 implies invariance under Z — Z + aP.

SO(d + 1,1) invariant function:  G{ X, Wi}i=1 aaan i {Pj  Zj }j=m+1 2aa)

conditions

T

GH{Xi, 'iWihi{"jPj. #Zj + §Pj}) = _. ! gt e G({X, Wi {P;, Zi})



lll. Derivation of the GKP-Witten relation

1. Bulk-boundary 2-pt function

The bulk-boundary 2-pt function is defined as G,lf’z (X1,X2) = !O|G)31(X 1)OE?(x2)|0"

1,52

OSZ (X2)
_ 2
P2 = (1,%3,X3) X P = i(l,zf+ x%, x5
. Zl
Embedding space Os, (X2) ! O(P2,Z5) Ga(X1)! G(X1,W;)

[(! 2X 1 &P2)(W1 4Q5) + (2 W1 &P2)(X 1 4Q5)]-»2

G(X1,W1;P2,Q2)= ¢ (I 2X 1 &P,)' r2*le2

z; = 0 limit | 2X1 aP; = ' , Wy = — X1= —=+ O(z1)



. . ' ; 405 o

M (X1, WiiP2,Qa) = ¢z, 7 2, " G(Py, QuiP2, Qo)+ 21 #2 (LR 0

Z1: -

1 . 2d" 2! (@
' = (1 - ' I
We here use le!m0 2+ x2) (! 2P, &P,) © + ! (X12)

1 ' 1
= =
I X(1+ x2)!

S1, S» :symmetric and traceless ind-dimensions

. o, L . d" ! " L
zllllmoG%féz(xl,XZ) = ¢z, "2 ""210/08 (x1) O (x2)[0" + €7, P2 7215, o, 1 (D (x12)

I 1,
= CFSlE:)SZ2 (Xl, X2) c

1
o — d
e:= —!! ; dX(1+x2)!

The 2nd term is absent if A, <d/2.



2. Diagonalization of bulk operators

Given L, there are k conformal primary operators:

OF:, OP2, 44 40K withL=I!sland A, <A <--<A, . (NnO degeneracy)

We consider k bulk operators Gi (i = 1,2,---,k ), which lead to

Zlim0!0|Gigl(x1)og; (X2)]0" = ¢j F&PL (X 1,X2) cj : k! k matric

Since we can always make c; invertible by appropriate G!, we can define diagonal
operators as G;:=, c¢;'G), so that

J

I|m0'0|G' (Xl)opJ (X2)|O": "] sllpéz(xl,xz)
Z;

In the standard GKP-Witten relation, the mass in the EOM for the bulk field fixes

the conformal dimension as m*R; s = A (A, — d).



3. Bulk-boundary-boundary 3-pt function

The bulk-boundary-boundary 3-pt function is given by

Z1 ! pytLlp, * 7 I patLps

| [ P2 P3 "=
.OlGSl(Xl)Osz (X2)053 (X3)|O H81$233(X1’X2’X3) Z% +(X1# X2)2 Z% +(X1# X;::,)2

z2(X2 " X3)?
[22 + (x1" x2)2][zf + (X1 " X3)?]

spin factor

| F
. _ n 2Lp

“m H315233 - Zl IhSlsts

z1! O

spin-factor in CFT arbitrary function

We will fix the small x behavior of F(x) by the operator product expansion.

Operator product expansion (OPE)

02 (x2)O8(x3) = CE2P3P(xp! X3,!**)OB(x3)
P,S



IX1] > X2, |x3|  or Xl < [xz2l, [x3]

lei!mO!OIGLl (X1)OF2(x2)Og3 (x3)[0" = Zlilr!no' CP2P3P(x2 # X3,1%2)10|GL, (X 1)OP(x3)[0"

OPE P8
=lim 2" " CREP(xa ! xa,!7¢)"0[OR (x1)OF (xa)|OH+ &
_ .
: I p:" Lp. _ ) N
= Z||1I'!T]OZ1 Pi P |O|O£'1 (X;L)Ospz2 (Xz)Ogg’ (x3)|0" + ac *

OPE back

+ az contributions from delta-functions

Therefore F(x) behaves for small x as

im F(x)! x° 20 =1 g+ Lp,+ ! g+ Lp, ! Iy

%l 0 |!Lpi

This behaves leads to * holds for all operator orderings.



4. Bulk-boundary n-pt function

GP 22380 (X1,X2,888Xn) 1= 10|Gg, (X1)OF?(x2) 44@E" (xn)|0" nt o3

We will show the following equality by the mathematical induction.

. PP | pyi" L, i , w2
* lim G229 (X1,Xp,aaaxn) = z; "% " 10|05 (x1)OF? (x2) aa@t" (x,)|0" + a¢

Z1! 0

(1) It is correct at n = 3.
(2) We assume that it holds at » . Then it holds atn+1 as

OPE G&3 ada, (X1,%X2,488Xn, Xn+1 ) = ConPra P(xy I Xpar 1 X" )GE) %) aamn ) ts (X1, X2, 84801 1,Xn+1)
pP,S
: i;p21ééa) +1 2 A A —_ I p'" Lp . + Xn +
—>  lim G, &y adm, . (X1, X2, 8880, Xns1) = 20" 7 COotd(Xn ! Xnag, 1)
1- DS
"# 0|OF; (X1)OF2 (x2) aa@g", ! (Xn» 1)OF (Xn+1)|0

Snt 1

= lim 10[OP: (x1)OB2 (xz) 44@E" % (Xn+1)[0"

Z1! 0
OPE back

* IS correct.



5. GKP-Witten relation

We define the analog of @ as

e

n + nl
. 1 . ' .
1L (X1) = o< 10|GL, (X1) exp dly J9S(y)OR(y) [0":= 1 EM(Xy)

Z(J) p,S n=1 | O(Jn)

n=1

. : wod# !l o H#Ly on | #L, | .
im0 () = €27 P i)+ 27 d, 10(08 (x1) OB (x2) |07 )

n—1>2
Z! P|" LIoi !
lim 1" P(Xy) = (1n, o d?x2 & &dx, "0|OE! (x1)OF2 (x2) AA@E" (xn)|0# I P22 (x2) A&EP " (x) + AE
l GKP-Witten relation
o .
Jim L (Xy)= ¢ e geisi(x) + aak z P P10]OR (x4) exp ddy JPS(y)OP(y) 0"
P,S

= 10g, (x1)"3



V. Conclusion

We derive the GKP-Witten relation in terms of correlation functions using only
symmetries without Lagrangian for a generic CFT.

l

The GKP-Witten relation holds not only for holographic CFTs in the standard semi-
classical analysis in the large N expansion but also an arbitrary CFT.

Witten diagram for scalar fields

10]OP (x1)OP2 (x2)OP (X3)|0"crr = dt X gijk GP1(X,x 1)GP2(X,x 2)G 3 (X, X 3)

X1

= 10]0P*(x1)OP2(x2)OP* (x3)  d'™* X gi G'(X)G! (X)G*(X)|0"

The left-hand side and the right-hand side in the second line
x3 have the same symmetric property in CFT.

; !

Both agree up to normalization, since scalar 3-pt
function is unique in CFT.



