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I. Introduction

Conformal symmetry 
in d-dimensions

AdS/CFT correspondences Maldacena 1997

AdS Isometry  
in (d+1) dimensions 

<latexit sha1_base64="0U4/E/LK8hNnXOG8HZYOCrNlbRw="></latexit>

SO(d, 2)

BDHM relation Banks-Douglas-Horowitz-Martinec 1998

<latexit sha1_base64="s2rzMTGY2jYBZbSgTmo3K2moOxw="></latexit>

lim
z!0

z��S�(z, x) = S(x) CFT scalar

Scalar on AdS

<latexit sha1_base64="WNf3bhI4hGKsjWx67YU0GqOkW34="></latexit>

�S : conformal dimension
<latexit sha1_base64="xnSSWspMUwMr52ca0ft5pAAkg5g="></latexit>

z: extra coordinate in AdS
<latexit sha1_base64="gk1oJDr5u64GX13TmEuZMW7PNxc="></latexit>

R2
AdS m

2 = �S(�S � d)

GKP-Witten dictionary Gubser-Klebanov-Polyakov 1998, Witten 1998

<latexit sha1_base64="MaCvWgr70EQsLh8CFpwiP3uxMCA="></latexit>

ZAdS(�J) = ZCFT(J)

Bulk scalar

CFT with an external source
<latexit sha1_base64="Z3xqwezMfXiexk+v7me5J3+MOxI="></latexit>

J : external source couple to S
<latexit sha1_base64="TcjWa1HawrCpQ30TVFLhTylrY4U="></latexit>

�J : scalar with J at the boundary



GKP-Witten relation (in the large N)
<latexit sha1_base64="do34ao0eavvou89yv2TAaJrGTVs="></latexit>

(⇤ADS �m2)�cl = 0 EOM for free theory
<latexit sha1_base64="cOf01P4QsQ40nUhTlnZ8q9GZpEY="></latexit>

�cl(z, x) = czd��SJ(x) + z�S�(x) + · · ·
boundary condition

<latexit sha1_base64="Nn9fAj4Wdc6FTp+jsJlQVx9UFQA=">AAACuXicSyrIySwuMTC4ycjEzMLKxs7BycXNw8vHLyAoFFacX1qUnBqanJ+TXxSRlFicmpOZlxpaklmSkxpRUJSamJuUkxqelO0Mkg8vSy0qzszPCympLEiNzU1Mz8tMy0xOLAEKxQuExBRkZGpUaFrZKsTkJOal56QqBAO5CjFFYE68l21MZl6JQkpcSmWMjgKqmmCNSrhCBS8QR9tfwyvOSDNeQNlAzwAMFDAZhlCGMgMUBO QLLGeIYUhhyGdIZihlyGVIZchjKAGycxgSGYqBMJrBkMGAoQAoFstQDRQrArIywfKpDLUMXEC9pUBVqUAViUDRbCCZDuRFQ0XzgHyQmcVg3clAW3KAuAioU4FB1eCqwUqDzwYnDFYbvDT4g9OsarAZILdUAukkiN7Ugnj+Long7wR15QLpEoYMhC68bi5hSGOwALs1E+j2ArAIyBfJEP1lVdM/B1sFqVarGSwyeA10/0KDmwaHgT7IK/uSvDQwNWg2AxcwAgzRgxuTEWakZ2imZxRoouxgAY0KDgZpBiUGDWB4mzM4MHgwBDCEAu3dxfCA4SXDKyZrpkSmDKYsiFImRqgeYQYUwFQMAKtUpjQ=</latexit>

�(x) := hS(x)iJ =

Z
d
d
y hS(x)S(y)iJ(y) +O(J2)

<latexit sha1_base64="FgAkXXUydEsK5GxXOvpq5OPlkUg="></latexit>

=
1

|x� y|2�S

GKP-Witten relation for scalar

This talk

We derive the GKP-Witten for an arbitrary spin at all order in   only by symmetry 
using neither bulk Lagrangian nor large N expansion.  

J

large N

solution

Key technique the bulk symmetry derived by conformal smearing 

Hereafter we work on an Euclidian AdS or CFT.

S. Aoki, J. Balog and K. Shimada, “Derivation of the GKP-Witten relation 
by symmetry without Lagrangian”, arXiv.2411.16269.

<latexit sha1_base64="vI26J3WF28odrzCCbY89DU36F+Y="></latexit>

R2
AdSm

2 = �S(�S � d)



an O(N) scalar CFT  in d-dimensions  

II. Bulk operators and symmetries  

Conformal (AdS) smearing

bulk field CFT
<latexit sha1_base64="Glcz79ZIEzawZb2TN3Ypw0AvNbw="></latexit>

�̂a(X) =

Z
ddy h(z, x� y)'̂a(y)

<latexit sha1_base64="DvPF7AojfqHW2dAd/WBIDYvxqa4="></latexit>

X = (z, x)

<latexit sha1_base64="vPWgNzJiht7MK2EWr4Mss/D4IA8="></latexit>

h(z, x) = ⌃0

✓
z

x2 + z2

◆d��'

<latexit sha1_base64="a1rdAo62mFPw0GS+JeCKAtQ7qKw="></latexit>

h0|'̂a(x)'̂b(y)|0i = �ab

N

1

|x� y|2�'

<latexit sha1_base64="0QTXOW3UldR7dwSc9KjNWa6aYDc="></latexit>

�' <
d

2

conformal transformation
<latexit sha1_base64="x7xbuTyLkZt5FpeCOclUaAs5v5Q="></latexit>

U '̂a(x)U † = h(x)�' '̂a(x̃)

(a part of) coordinate transformation
<latexit sha1_base64="eWLXI7K+vwa5r91Fm5dZO0TRHkQ="></latexit>

U �̂a(X)U† = �̂a(X̃)

= “AdS” isometry

<latexit sha1_base64="SUKirDzbypr4sJXvY+U2MZDScWk="></latexit>

X ! X̃

<latexit sha1_base64="hfNYYie+BiggDZgwiHsm4QjwB6I="></latexit>

y ! ỹ

Aoki-Balog-Onogi-Yokoyama 2023

This kernel agrees with the HKLL’s but for a different range  .Δφ > d − 1

Hamilton-Kabat-Lifschytz-Lowe, PRD74(2006)066009



bulk operator (with a spin )L

boundary primary operator (with  and a spin )Δp L

Correlation functions including all quantum corrections satisfy these constraints, 
which are easily solved in the Embedding space .ℝd+1,1

Constraints by symmetries 

Costa-Penedones-Poland-Rychkov 2011, Costa-Goncalves-Penedones 2014

<latexit sha1_base64="Rwiwd42SX4wli1uHIKdahFxXTow="></latexit>

SO(d+ 1, 1) = Conformal symmetry = AdS isometry

<latexit sha1_base64="teJqX/Q2dTx2BuQMnbDFSf7zgfw="></latexit>

O
p
s(x) := O

p
s1···sL(x)

<latexit sha1_base64="rlb8WvsV+JFMUag71DmdOdMQtS4="></latexit>

GA(X) := GA1···AL(X)
<latexit sha1_base64="9KeuArzyugY1/h5BI4VmIl6jL7o="></latexit>

L = |A| = |s|

<latexit sha1_base64="BUn9Kb/EzPiKj3YjHK/f2A1uErM=">AAAC3nichVHPSxtBFH671VbT1qTtRehlabAohfBWipWCoHioN381GnDNdHczxomzP9idhKZLrh6E4rFCTxVKKf4ZXvoP9OCp59KjBS8efNmsFhXtLDvzvW++7703M04oRawQjzT9Tl//3XsDg7n7Dx4O5QuPHq/EQTNyedkNZBBVHDvmUvi8rISSvBJG3PYcyVedrdnu/mqLR7EI/LeqHfJ1z677YkO4tiKKFdqWtP265AYaFu mUYYVRUGOJmDI7Vc94UxUssZSQNW7MMNEZzXCFibFzaWPKe0Fi35ivJiFrdC4MMQXnhvesMdYrgFaUVmSFIpYwHcZ1YGagCNlYCArfwIIaBOBCEzzg4IMiLMGGmL41MAEhJG4dEuIiQiLd59CBHHmbpOKksIndorlO0VrG+hR3c8ap26Uqkv6InAaM4E/8jsf4Aw/wN57emCtJc3R7adPq9Lw8ZPmd4eWT/7o8WhVs/nPd2rOCDZhMexXUe5gy3VO4PX/rw6fj5ddLI8lz3Mc/1P8XPMJDOoHf+ut+XeRLnyFHD2Beve7rYGW8ZE6UJhZfFqcns6cYgKfwDEbpvl/BNMzBApSp7i+tXxvS8vo7fVv/qO/2pLqWeZ7ApaHvnQG10LZM</latexit>

h0|
mY

i=1

G
i
Ãi
(X̃i)

nY

j=m+1

O
pj

s̃j
(x̃j)|0i

<latexit sha1_base64="LbxdGO0jKTchimyfT0yc4AOIqVc="></latexit>

=
mY

i=1

@XAi
i

@X̃Ãi
i

nY

j=m+1

h(xj)
��pj

@x
sj
j

@x̃
s̃j
j

<latexit sha1_base64="goBblr67JzcQCyZ9LmovB5NEVb4="></latexit>

⇥h0|
mY

i=1

G
i
Ai
(Xi)

nY

j=m+1

O
pj
sj (xj)|0i



Embedding Formalism
X+X�

X2
= �1

P 2
= 0

Figure 1: Euclidean AdS and its boundary in the embedding space. This picture shows the
AdS2 surface X2 = �1 and the identification of a boundary point (in blue) with a light ray
(in red) of the light cone P 2 = 0, which intersects the Poincaré section on a (black) point.

2 Embedding formalism for AdS

In this paper we consider tensor fields in Euclidean (d+1)-dimensional Anti de Sitter space
AdSd+1. Obviously this is just the (d+1)-dimensional hyperbolic space. Our expressions can
be Wick-rotated to Minkowski signature, provided one is careful with the i✏ prescription (see
[24, 25] for some details). In this section we introduce notation and develop the embedding
formalism to treat tensor fields in AdSd+1. We shall see how the use of this formalism
simplifies computations considerably, making conformal invariance manifest at all time, just
like for tensor fields in d-dimensional CFTs.

Euclidean AdSd+1 space can be defined by the set of future directed unit vectors,

X2 = �1 , X0 > 0 , (1)

in (d + 2)�dimensional Minkowski space Md+2. As it is well known, the isometry group of
AdSd+1 is the d-dimensional conformal group SO(d + 1, 1). This group acts linearly on the
embedding space Md+2, and its action is interior to points on the hyperboloid X2 = �1.
A simple example is that of AdSd+1 written in Poincaré coordinates xµ = (z, ya), with y a
d-dimensional vector. In this case AdS points are parameterized as

X =
1

z

�
1, z2 + y2, ya

�
, (2)

where we used light cone coordinates

XA =
�
X+, X�, Xa

�
, (3)

3

Embedding space = ℝd+1,1

 = Lorentz transformation in SO(d + 1,1) ℝd+1,1

AdS space is defined  by  X2 = − 1, X0 > 0
<latexit sha1_base64="O55oIQdlx43asxLZbn+8QZDYYjg="></latexit>

X A := ( X + , X ! , X µ ) =
1
z

(1, z2 + x2, xµ )

Boundary is defined  by  P2 = 0, P := λP, λ ∈ ℝ
<latexit sha1_base64="Yzfd9hMr4VrEBISUM1rufZNRF9A="></latexit>

P = (1 , y2, yµ )

Symmetric tensor indices are handled by  which satisfy .WA, ZA X ⋅ W = Z ⋅ P = 0

 invariant function:SO(d + 1,1)

conditions

bulk

boundary<latexit sha1_base64="2ew6PdHSKwdSAtdSzX79J0Alzvw="></latexit>

Op
s1 ááásL

(y)

<latexit sha1_base64="Bl9hqQ2noBqkl4DqtCScDlalStE="></latexit>

GA 1 áááA L (X )

<latexit sha1_base64="BYxQu/qy3T5HTMyjC8Jh+1VIkTw="></latexit>

G({ X i , Wi } i =1 ,ááá,m ; { Pj , Zj } j = m +1 ,ááá,n )

<latexit sha1_base64="O9cFaysgvU2Kkq5XVmRNbs/kg9Y="></latexit>

G({ X i , ! i Wi } ; { " j Pj , #j Zj + $j Pj } ) =
m!

i =1

! L i
i

n!

j = m +1

#L j
j " ! ! p j G({ X i , Wi } ; { Pj , Zj } )

Transverse condition for the tensor on  implies invariance under .  P2 = 0 Z → Z + ∀αP

spin

spin

conformal dimension



III. Derivation of the GKP-Witten relation 
1. Bulk-boundary 2-pt function

The bulk-boundary 2-pt function is defined as 
<latexit sha1_base64="DMVWcz9WChI50iZHAjc3PPzrqig="></latexit>

G1,p2
A 1 ,s2

(X 1, x2) = !0|G1
A 1

(X 1)Op2
s2

(x2)|0"

Embedding space

<latexit sha1_base64="nK12vTIktqVf1QgpZf6yvZSkANs="></latexit>

G(X 1, W1; P2, Q2) = c
[(! 2X 1 áP2)(W1 áQ2) + (2 W1 áP2)(X 1 áQ2)]L p 2

(! 2X 1 áP2)! p 2 + L p 2

<latexit sha1_base64="4U2JMZqTOXImFsiLcF08GRBptpw="></latexit>

! 2X 1 áP2 =
z2

1 + ( x1 ! x2)2

z1
, W1 =

Q1

z1

<latexit sha1_base64="D1sZVopFaG+q2j5shMeRxQsxmcE="></latexit>

GA (X 1) ! G(X 1, W1)

<latexit sha1_base64="VLdTqwF9Z0xNHYqWvIWtZuSjwT8="></latexit>

GA (X 1)

<latexit sha1_base64="62VbxjJK4s5kgx40gQrouxTt6DU="></latexit>

Os2 (x2) ! O(P2, Z2)

<latexit sha1_base64="8JOa8TTIgULBQqNf8mADYVdK4J4="></latexit>

Os2 (x2)

 limitz1 → 0

<latexit sha1_base64="6n1YlBERN923+/+0msKc/QEmIKI="></latexit>

X 1 =
P1

z1
+ O(z1)

<latexit sha1_base64="zKhPgo9mcMK0O5ywPbN03XSpeUw="></latexit>

P2 = (1 , x2
2, xµ

2 )
<latexit sha1_base64="XVwqtl7oLFSh0IXF8utqxh62Zgc="></latexit>

X A
1 =

1
z1

(1, z2
1 + x2

1, xµ
1 )



<latexit sha1_base64="6p6egoj0Xo81v7yEfTYJuj+c1Mo="></latexit>

lim
z1 ! 0

G1,p2
s1 ,s2

(X 1, x2) = cz
! p 2 " L p 2
1 !0|Op2

s1
(x1)Op2

s2
(x2)|0" + ÷cz

d" ! p 2 " L p 2
1 ! s1 ,s2 ! (d) (x12)

<latexit sha1_base64="31efasHkIQ/hZy4ruC/Q3NzAvUQ="></latexit>

:= cF1,p2
s1 ,s2

(X 1, x2)

<latexit sha1_base64="1tgaOlGX7FfuiKAckAmhHai2hss="></latexit>

s1, s2 :symmetric and traceless ind-dimensions

 limitz1 → 0

We here use

<latexit sha1_base64="CHrlhE5hqO5P2G+FswtSJiLNlJI="></latexit>

lim
z! 0

1
(z2 + x2

12)! = ( ! 2P1 áP2)" ! +
zd" 2!

! !
! (d) (x12)

<latexit sha1_base64="gYBzrITnpGObsSlwOlkc8QntAE4="></latexit>

1
! !

:=
!

ddx
1

(1 + x2)!

physical space

<latexit sha1_base64="+tBfyO3r1iLSMLQnqjDpUer5W+k="></latexit>

÷c :=
c

! !
:=

!
ddx

1
(1 + x2)!

The 2nd term is absent if .Δp2
≤ d /2

<latexit sha1_base64="e+g5Gu+r42kAn1iWvMRj91NMydc="></latexit>

lim
z1 ! 0

G(X 1, W1; P2, Q2) = cz
" L p 2
1

!
z

! p 2
1 G(P1, Q1; P2, Q2) + z

d" ! p 2
1

(Q1 áQ2)L p 2

! !
! (d) (x12)

"



2. Diagonalization of bulk operators

Setup Given , there are  conformal primary operators:L k

<latexit sha1_base64="GmdpcrGauh1KoXNUdE+i3/UVB3k="></latexit>

Op1
s , Op2

s , á á á, Opk
s

with  and  . L = ! s ! Δp1
< Δp2

< ⋯ < Δpk
(no degeneracy)

We consider  bulk operators  (  ), which lead to k G̃i
s i = 1,2,⋯, k

Since we can always make  invertible by appropriate , we can define diagonal 
operators as  , so that 

cij G̃i
s

Gi
s := !

j

c−1
ij G̃ j

s

<latexit sha1_base64="yqBZx/KHBHMURHwmXmAB/n6/zcg="></latexit>

lim
z1 ! 0

!0| ÷Gi
s1

(X 1)Opj
s2

(x2)|0" = cij F i,p j
s1 ,s2

(X 1, x2)

<latexit sha1_base64="5Z1MNkr1zzwnSRHr3Ch2/VEVj1Q="></latexit>

lim
z1 ! 0

!0|Gi
s1

(X 1)Opj
s2

(x2)|0" = ! ij F i,p j
s1 ,s2

(X 1, x2)

In the standard GKP-Witten relation, the mass in the EOM for the bulk field fixes 
the conformal dimension as .  m2R2

AdS = Δp(Δp − d)

Remark

<latexit sha1_base64="21bLVnjeNmESes/iyQoTMPPy0gI="></latexit>

cij : k ! k matric



3. Bulk-boundary-boundary 3-pt function

The bulk-boundary-boundary 3-pt function is given by
<latexit sha1_base64="DjRw7jlQQtxfrBxpe1sc/Q7kRFA="></latexit>

! 0|Gi
s1

(X 1)Op2
s2

(x2)Op3
s3

(x3)|0" = Hs1 s2 s3 (X 1, x2, x3)
!

z1

z2
1 + ( x1 # x2)2

" ! p 2 + L p 2
!

z1

z2
1 + ( x1 # x3)2

" ! p 3 + L p 3

<latexit sha1_base64="FIuVlj/9h9R4a1coo8gihznlgtE="></latexit>

! F
!

z2
1(x2 " x3)2

[z2
1 + ( x1 " x2)2][z2

1 + ( x1 " x3)2]

"

arbitrary function

spin factor
<latexit sha1_base64="xQ6pCWB9faJzl9/eh/qYWh/wAuE="></latexit>

lim
z1 ! 0

Hs1 s2 s3 = z
" 2L p i
1 hs1 s2 s3

spin-factor in CFT

We will fix the small  behavior of  by the operator product expansion.x F(x)

Operator product expansion (OPE)

<latexit sha1_base64="PDI3a7CKOMCCKrZCG5NgomR8SLM="></latexit>

Op2
s2

(x2)Op3
s3

(x3) =
!

p,s

Cp2 p3 p
s2 s3 s (x2 ! x3, ! x 3 )Op

s (x3)



<latexit sha1_base64="wWCHYJJaPc0+S/I+yyITY5lp6Lw="></latexit>

|x1| > |x2|, |x3|
<latexit sha1_base64="UvgGSCbZG2c+Zir9jivwjLMYJ6c="></latexit>

|x1| < |x2|, |x3|orassume

<latexit sha1_base64="JyxBmpSbEgZyUbysZ976xMUayEQ="></latexit>

lim
z1 ! 0

!0|Gi
s1

(X 1)Op2
s2

(x2)Op3
s3

(x3)|0" = lim
z1 ! 0

!

p,s

Cp2 p3 p
s1 s2 s (x2 # x3, ! x 3 )!0|Gi

s1
(X 1)Op

s (x3)|0"

<latexit sha1_base64="RzUpzsOETdwVdU5q627gjOWDjUM="></latexit>

= lim
z1 ! 0

z
! p i " L p i
1 !0|Opi

s1
(x1)Op2

s2
(x2)Op3

s3
(x3)|0" + á á á

<latexit sha1_base64="tNgdCvbtCdeDzFkrSdy5VxyNPxg="></latexit>

= lim
z1 ! 0

z
! p i " L p i
1

!

p,s

Cp2 p3 pi
s1 s2 s (x2 ! x3, ! x 3 )"0|Opi

s1
(x1)Opi

s (x3)|0#+ á á á

<latexit sha1_base64="Knwje4USHpWcstKFGNoxOjlzyzE="></latexit>

+ á á ácontributions from delta-functions

<latexit sha1_base64="bdR3VT3822i8CkbNBDw9N4RPppI="></latexit>

lim
x ! 0

F (x) ! x! <latexit sha1_base64="S8xikVrlMGzhdMBUEnshUG4zwGc="></latexit>

2! = ! p2 + L p2 + ! p3 + L p3 ! ! pi ! L pi

holds for all operator orderings.

OPE

OPE back

Therefore  behaves for small  asF(x) x

This behaves leads to



4. Bulk-boundary n-pt function
<latexit sha1_base64="vnNVX/NYR/Khqkhn65q9lKxnGws="></latexit>

Gi,p 2 ,ááá,pn
s1 ,s2 ,ááá,sn

(X 1, x2, á á á, xn ) := !0|Gi
s1

(X 1)Op2
s2

(x2) á á áOpn
sn

(xn )|0" <latexit sha1_base64="FBfmkHii0nxQqTRk0+jmh1D/Z1I="></latexit>

n ! 3

We will show the following equality by the mathematical induction. 
<latexit sha1_base64="57xaZ6ai89KI9FvNqmuUFze58I4="></latexit>

lim
z1 ! 0

Gi,p 2 ,ááá,pn
s1 ,s2 ,ááá,sn

(X 1, x2, á á á, xn ) = z
! p 1 i " L p i
1 !0|Opi

s1
(x1)Op2

s2
(x2) á á áOpn

sn
(xn )|0" + á á á

(1) It is correct at . n = 3

(2) We assume that it holds at  .  n

OPE
<latexit sha1_base64="/BvyraGt98SPB0CyvHKFfBxyZ4Y="></latexit>

Gi,p 2 ,ááá,pn +1
s1 ,s2 ,ááá,sn +1 (X 1, x2, á á á, xn , xn +1 ) =

!

p,s

Cpn pn +1 p
sn sn +1 s (xn ! xn +1 , ! x n +1 )Gi,p 2 ,ááá,pn ! 1 ,p

s1 ,s2 ,ááá,sn ! 1 ,s (X 1, x2, á á á, xn ! 1, xn +1 )

<latexit sha1_base64="IAJnqHFLCb3Gi/7Ka5Dr9SABJEg="></latexit>

lim
z1 ! 0

Gi,p 2 ,ááá,pn +1
s1 ,s2 ,ááá,sn +1 (X 1, x2, á á á, xn , xn +1 ) = z

! p i " L p i
1

!

p,s

Cpn pn +1 p
sn sn +1 s (xn ! xn +1 , ! x n +1 )

"# 0|Opi
s1

(x1)Op2
s2

(x2) á á áOpn ! 1
sn ! 1

(xn " 1)Op
s (xn +1 )|0$

<latexit sha1_base64="qG0sVsEeTcVRXHQy3YtasJ9G4SU="></latexit>

= lim
z1 ! 0

!0|Opi
s1

(x1)Op2
s2

(x2) á á áOpn +1
sn +1

(xn +1 )|0"
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5. GKP-Witten relation

We define the analog of  asΦcl
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IV. Conclusion

Witten diagram for scalar fields

We derive the GKP-Witten relation in terms of correlation functions using only 
symmetries without Lagrangian for a generic CFT.

The GKP-Witten relation holds not only for holographic CFTs in the standard semi-
classical analysis in the large N expansion but also an arbitrary CFT.
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The left-hand side and the right-hand side in the second line 
have the same symmetric property in CFT.
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X

Both agree up to normalization, since scalar 3-pt 
function is unique in CFT. 


