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QCD Phase Diagram
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The QCD phase diagram is very interesting.
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High ρ: First principle calculations are very limited

due to Sign Problem in Monte Carlo based LQCDs.
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QCD Phase Diagram

T

ρ

100MeV

0

~

10   K12

10ρ0
~2.7 .1015 /cm3g

qq<      > = 0

qq<      > ~ 0

hadron

QGP

Neutron Star Center Black Hole

CSC
qq<      > = 0?

High ρ: Colorsuperconductor (CSC, [4]- [7]) or Quarkyonic [9,10]?

[4] Barrois (NPB’77), [5] Frautschi (SpringerUSA’80), [6] Bailin et al (NPB’81), [7] Alford et al
(PLB’98), [9] McLerran et al (NPA’07), [10] Hidaka et al (NPA’08).
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QCD Phase Diagram
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High ρ: Attack the sign problem by
Complex Langevin based LQCD (CL-LQCD) for CSC.

c.f. Lefschetz Thimble, TRG, LYZ, Quantum Computer...
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Small-Box QCD with Gap Equation

T. Yokota et al, JHEP’23. [1]:
Small-Box QCD (on Lattice) Ls < Λ−1

QCD ∼ One-Loop QCD Gap Eq.

⇓ Linearlize

Max. eigenvalue of M
= critical lattice coupling βc = phase boundary of normal and CSC phases.

No Gauge Fixing for the diquark Σ12 is required.

c.f. Small-Box QCD or QCD-like models at Continuum [11,12,13]: S. Hands et al, JHEP’12; JHEP’10; PLB’02.
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Expected Phase Diagram in Small-Box LQCD

Slide borrowed from T. Yokota.
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This Talk

Complex-Langevin Lattice QCD

in a Small-Box,

guided by One-Loop QCD Gap Equations,

focusing on Colorsuperconductivity,

in a gauge invariant way.
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Complex Langevin in Lattice QCD

Complexification of Gluon Fields:

Uµx ∈ SU(3) =⇒ Uµx(τ) ∈ SL(3,C) . (1)

Complex Langevin Equation:

Uµx(τ + ϵ) = exp
[
iλa(−ϵ vaµx [U(τ)]︸ ︷︷ ︸

drift term

+
√
ϵ ηaµx(τ)︸ ︷︷ ︸

gaussian noise

)]
Uµx(τ) . (2)

c.f. For z ∈ C, ∂τz(τ) = −∂zS(z)︸ ︷︷ ︸
drift term

+ η(τ)︸︷︷︸
gaussian noise

.

We expect:
lim

τ→∞

〈
O[U(τ)]

〉
η

!
=

∫
DU P[U]O[U] . (3)
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Complex Langevin in Lattice QCD

For a correct convergence of Complex-Langevin processes,
(So that associated Fokker-Planck Eq. achieves correct probability distribution,)

1 The Drift Term,
vaµx [U ] = lim

ϵ→0

S[eiϵλaUµx ]− S[Uµx ]

ϵ
, (4)

should be regular (no singular drift problem). To confirm, monitor that the
histogram of

vmax =

(
1

Vol

∑
x,µ

N2
c −1∑
i=1

|vaµx |2
)1/2

. (5)

rapidly (exponentially) attenuates (Nagata et al, PRD’16).

2 The Unitarity Norm

Nu =
2

Vol

∑
xν

Tr
[
U†

xµUxµ +
(
U−1

xµ
)†U−1

xµ − 2 × 13

]
, (6)

should stay small enough (no excursion of gluon fields into a deeply imaginary
regime), which is achieved by a gauge cooling (Seiler et al, PLB’13).
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Source-Term Method

To extract a signal of diquark condensates on the lattice QCD, we introduce a
source term

Sϕ =
∑

n

m2
ϕϕ

a,†
n ϕn,a + SJ , SJ = J

∑
n

[
ϵabc(χaχbϕc)n − h.c.

]
. (7)

The original staggered quark action Sf = χ̄Mχ/2 is generalized as

Sf + SJ =
1
2
(χT , χ̄)M̃

(
χ

χ̄T

)
, M̃ =

(
Φ −MT

M −Φ†

)
, Φab

nn′ = 2Jϵabcϕn,cδnn′ .

Complex Langevin Eq. is characterized by Seff = SG − (Nf/4)LogPf [M̃] .

One might think of measuring ⟨ϕ̄ϕ⟩ which is proportional to our target
⟨(ϵχ̄χ̄)(ϵχχ)⟩. However this turns out to be too small: O(J2).

The relevant observable which we measure is the source-term itself

m2
ϕ

2J
· ⟨ϵχχϕ+ ϵχ̄χ̄ϕ̄⟩ , (8)

with various J. This observable is equivalent to ⟨(ϵχ̄χ̄)(ϵχχ)⟩, which is not
straightforward to calculate (Tsutsui et al, PoS LAT2021).
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Setup
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Figure:
Simulation points (blue circles) on
the phase diagram predicted by
the gap equation on the small-box
LQCD.

Small-box LQCD: (Ls, Lt , mlat , β) = (8, 128, 0.01, 20.0) ,
which realizes a cold (Lt/Ls ≫ 1) and small-box LQCD Lsalat(β) < Λ−1

QCD .

At each simulation point, we investigate ⟨ϵχχϕ+ h.c.⟩ for various J.
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Example of Drift-Terms

Left: An example of drift-terms Langevin trajectory.

Right: A histogram for the fermion drift-term (blue trajectory in the left panel).

No Singular-Drift: The tail vmax ≥ 8 is exponentially suppressed, ∝ e−3.0(2)·vmax .

No-Excursion: NU ∼ O(10−7).
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Quark Number Density
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Figure: Quark number density vs. quark chemical potential (T units).

Stepwise Fermi-surface: 24 · 1 → 24 · (1 + 6p⃗), where 24 = 4flv · 3col · 2spin.
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Chiral Condensate
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Figure: Chiral condensates vs. quark chemical potential (T units).

Chiral symmetry breaking tends to get restored with Fermi-surface formation.
(N.B. Polyakov loops stay zero-consistent.)
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Diquark Source-Term: Summary
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Figure: Comparison of Diquark Source Term vs. source-term coupling J.

Approaching the phase boundary from the normal phase to CSC, the response to J
becomes more significant.
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Figure: Comparison of Diquark Source Term vs quark chemical potential (T Units).

Approaching the phase boundary from the normal phase to CSC, the response to J
becomes more significant.
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Summary and Future Perspective

We have investigated a small-box lattice QCD at high density by using the
complex Langevin method.

We have invented the diquark source-term method and investigated the
color-superconductivity in a gauge-invariant way.

Approaching the phase boundary from the normal phase, a response to the
source-term coupling J becomes more significant. This implies non-linear
response associated with the CSC.

A volume dependence of the above property is under investigation:
Normal phase =⇒ Hadronic or Quarkyonic as Lsalat(β) exceeds Λ−1

QCD?

Ultimately, we will take (1) a infinite volume limit and then (2) J → 0 limit to see
whether the diquark-source term remains finite (color-superconductivity
emerges).
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From LQCD to Neutron Star Physics
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Tolman–Oppenheimer–Volkoff (TOV) Equation

Tolman–Oppenheimer–Volkoff (TOV) Equation:

dP(r)
dr

= −G
(M(r) + 4πr 3P(r)/c2)(E2 + P2)/c2

r 2(1 − 2GM/(rc2))
,

dM(r)
dr

=
4πr 2E

c2 . (9)

TOV Eq. is a static balance condition between neutron-star pressure and gravity
in general relativity: P(r + dr)− P(r) ∼ GM(r)dr/r 2.

When the neutron-star EoS (P = f (E)) is combined with TOV Eq., M − R
relation is extracted.
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Neutron Star Strcture
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Fig: Neutron star inner structure. Quoted from
[F. Weber, J. Phys. G: Nucl. Part. Phys. 27 (2001)]
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Neutron Star Equation of State: Various Examples
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Fig: Various neutron star equation of state
(EoS). Quoted from [F. Weber, J. Phys. G: Nucl. Part.

Phys. 27 (2001)].
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Neutron Star Mass: Observation

Fig: Summary of neutron star masses. The
update of [PRL’05, J. Lattimer et al.]:
https://stellarcollapse.org/index.php/nsmasses.html
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Neutron Star M − R Relation

Fig: Various M − R relations.
Quoted from [Nature’10, vol.467, P. Demorest et al.].
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