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Introduction

e Error-correcting code is useful for the construction of CFTs.

Indeed, some 2d chiral CFTs can be constructed from a certain class of CECCs via

Eucledean lattices. [Dolan-Goddard-Montague '90, '96]

CECCs » Eucledean Lattices » Chiral CFTs
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Introduction

e Error-correcting code is useful for the construction of CFTs.

Indeed, some 2d chiral CFTs can be constructed from a certain class of CECCs via

Eucledean lattices. [Dolan-Goddard-Montague '90, '96]

CECCs » Eucledean Lattices » Chiral CFTs

® |n recent years, this construction was generalized to the case of QECCs.
[Dymarsky-Shapere '20]

QECGCs » Lorentzian Lattices » Non-chiral CFTs
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Overview (1/2)

® We focus on the Narain CFT, which is the theory of n free bosons X*(7, o)
compactified on an n-dimensional torus. [Narain '86] [Narain-Sarmadi-Witten '87]
® The momentum (pr, pr) forms the Lorentzian even self-dual lattice A C R™".

= They can be constructed from CECCs, and then related to QECCs.
[Dymarsky-Shapere '20] [Kawabata-Nishioka-Okuda '23]

| Lorentzian lattices |
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Overview (2/2)

® However, the way to associate Euclidean lattices with CECCs is not unique.
[Conway-Sloane '87] [Ebeling '94] . . .

® Inspired by the earlier works, we construct the Lorentzian lattice from CECCs
using integers of cyclotomic field.

= We obtain a broader class of corresponding Narain CFTs. [Mizoguchi-TO '24]
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2. Classical error-correction codes and lattices
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Classical error correction

® The important point of CECC is to add the redundancy into original messages.
e A simple example is to repeat each bit three times (repetition code).
Then, Fy = {0, 1} is embedded into F3 as C = {000,111} C F3.

. “0" “000" “010”

— | Encoder | = | Error | = | Decoder

. @
A A
Bob

Alice

® In this case, Bob can correct one bit-flip error by majority vote.
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Classical error-correcting code

e We consider length-n CECCs over F, = {0,1,--- ,p —1}.

Thus, we encode k-bit original messages x € IF’; into n-bit codewords ¢ € F.
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Classical error-correcting code

e We consider length-n CECCs over F, = {0,1,--- ,p —1}.

Thus, we encode k-bit original messages x € IF’; into n-bit codewords ¢ € F.

Definition: [n, k], code

A p-ary linear code C C F} is defined as a set of codewords c € I generated by

the IF,-valued £ x n matrix G,

C={ceFy|c=1G, zcF}}.
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Dual code

® [or the construction of even self-dual lattices, we introduce dual codes.

Definition: Dual code

For an [n, k|, code C, the dual code of C is defined as

CJ'Z{CIGIF;‘C-C/:O mod p, CEC}.

Here, the inner product is the standard Euclidean norm ¢- ¢ = Y1, ¢;c..
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Dual code

® [or the construction of even self-dual lattices, we introduce dual codes.

Definition: Dual code

For an [n, k|, code C, the dual code of C is defined as

CJ'Z{CIGIF;‘C-C/:O mod p, CEC}.

Here, the inner product is the standard Euclidean norm ¢- ¢ = Y1, ¢;c..

7

e |f C satisfies C C C*, then C is called self-orthogonal.

Especially, C is called self-dual if and only if C satisfies C = C*.
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Construction A

® \We construct the Euclidean lattice from CECCs via the Construction A.
[Leech-Sloane '71]

Definition: Construction A

For an [n, k], code C, we define the Construction A lattice A(C) as

A(C) = —p~1(C), where p: Z" — (Z/pZ)" = F}.

S~
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Construction A

® \We construct the Euclidean lattice from CECCs via the Construction A.
[Leech-Sloane '71]

Definition: Construction A

For an [n, k], code C, we define the Construction A lattice A(C) as

1

AC) == —p Y(C), where p: Z" — (Z/pZ)" = F™.

(C) 7 () (Z/pZ)" =T,
® The lattice vectors A € A(C) are given by identifying with ¢ € C under mod p,
c+pm

AT

, forceC, meZ".
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Construction A (example)

e Consider C = {00,11} C F2 and then, construct the Construction A lattice A(C).

The lattice vectors A € A(C) are given by identifying with ¢ € C under mod 2:
c+2m

75

A= force C, m € Z*
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Construction A (example)

e Consider C = {00,11} C F2 and then, construct the Construction A lattice A(C).

The lattice vectors A € A(C) are given by identifying with ¢ € C under mod 2:
c+2m

)\:7, force C, m € Z*
® Then, A(C) consists of two types of points: 1
0,0) +v2m and ( >+\[m
0.0) NGANG

Therefore,

AC) = [vaz?] | [(1 1) + \/522].

(\]
(]
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3. Construction of Narain lattice (Construction A)
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Narain CFT

® We focus on the Narain CFT, which is the theory of n free bosons X*(7, o)

compactified on an n-dimensional torus R"/(27L");  (yarain '86] [Narain Sarmadi- Witten '87]
/ dt / Gy (0,X10,X7 — 0,X0,X7) — 2B, 0,X" 0,X7),
where G (and B) are n X n constant (anti-) symmetric matrix, respectively.

® The set of momentum (7, fiz) forms a lattice A = {(py, pr) | M, @ € Z"} C R?",

5 m; R . ml R
L, = & + 5 (Bij + Gij)w!,  pr, ~ R + 5

713 (Bij — Gig)w’.
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Lorentzian even self-dual lattice

e We introduce another convention of (p7,pgr) as
m,w € Z”}.

S S
A= ()\17)\2) _ {(19L\/§p}!%7 PL\/;?R>
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Lorentzian even self-dual lattice

e We introduce another convention of (p7,pgr) as

DL —DPr DL+ Dr o
A= (A, \) = , m,w € Z" ;.
O, 22) {< V2 2 ) }
® This Narain lattice A C R™" forms the even self-dual lattice w.r.t. Lorentzian
ff-di | metri 0 In
off-diagonal metric n = .
g n I, 0

Definition: Even self-dual lattice

A dual lattice is defined as A* = {2/ e R" | x © 2’ € Z, Vo € Z} w.r.t. 1.
Then a lattice A is self-dual iff A = A*, and even iff z ® z € 2Z for Vx € A.
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CECC — Lattice

® For a length-2n code C C IFZ%", we associate the Construction A lattice A(C) by

AC) = {(a%kl,5%k2> ‘c: (a, B) € C, ky, ks eZ”}.
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CECC — Lattice

® For a length-2n code C C IFZ%", we associate the Construction A lattice A(C) by

AC) = {(a%kl,5%k2> ‘c: (a, B) € C, ky, ks eZ”}.

® For odd prime p, the Construction A lattice A(C) is even self-dual with

Lorentzian metric n if CECC C is self-dual w.r.t. 7.
[Yahagi '22] [Kawabata-Nishioka-Okuda '23]
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CECC — Lattice

® For a length-2n code C C IFZ%", we associate the Construction A lattice A(C) by

AC) = {(a%kl,5%k2> ‘c: (a, B) € C, ky, ks eZ”}.

® For odd prime p, the Construction A lattice A(C) is even self-dual with

Lorentzian metric n if CECC C is self-dual w.r.t. 7.
[Yahagi '22] [Kawabata-Nishioka-Okuda '23]

® For example, the [2n,n], code C generated by n x 2n matrix (1,, | B),
where B,, is F,-valued antisymmetric matrix (B-form code).

= A(C) corresponds to the Narain lattice with G = I,, and B = B,,.

14/20



4. Generalization of Construction A via cyclotomic field
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® The Constructin A is based on a “hypercubic lattice” Z":

{(a—l—pk‘1 B+ pko
VPP

But there is no reason to restrict to “square” lattice. = triangular, ADE, etc.

A(C) =

> ’ C = (Oé,ﬁ) S C, k’l./kg S Zn}.
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® The Constructin A is based on a “hypercubic lattice” Z":

A(C) = {(a J\r/gkl, 2 J:/gk?) ’ c= (o, ) €C, ki ks € Z”}.

But there is no reason to restrict to “square” lattice. = triangular, ADE, etc.

® Such Euclidean lattices can be constructed from CECCs using “integers” of

cyclotomic field Q((,) instead of Z" C R”
[Conway-Sloane '87] [Ebeling '94] [Montague '93] [Dolan-Goddard-Montague '94]. . .

® We use these facts to construct Lorentzian lattices, and identify the corresponding

Narain CFTs. [Mizoguchi-TO '24]
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Example: Q((3) and Z[(3]

® The third cyclotomic field Q((3) is a number field by adjoining (3 to Q,

—1++-3
—

This is a two-dimensional vector space over QQ with basis 1 and (5.

Q(¢3) ={ao +a1(s | ap, a1 € Q} where (3=
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Example: Q((3) and Z[(3]

® The third cyclotomic field Q((3) is a number field by adjoining (3 to Q,

—1++-3
—

This is a two-dimensional vector space over QQ with basis 1 and (5.

Q(¢3) ={ao +a1(s | ap, a1 € Q} where (3=

[ ] [ J [ ] [ J [ ]

e The integers of Q((3) are defined as e 2 e e
Z[QB] = {mo + miQ3 \ mo, My € Z}- o o .\5—7 °

Z[(3] forms an equilateral triangular lattice in C ~ R * e
[ [ J [ ] [ J [ ]
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Lattices over Z[(3]

e Consider the set of “multiple” of 1 — (5 € Z[(3] as

0 i
P (1- GZIG] = {(1 - G)E | € € ZIG T c el
e Since Z[(3] /P = F3, Z[(3] is partitioned as s
Z[G) = O[Hfm where i € Fj. . .l e

1=0
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Lattices over Z[(3]

e Consider the set of “multiple” of 1 — (5 € Z[(3] as

0 i
P (1- GZIG] = {(1 - G)E | € € ZIG T c el
e Since Z[(3] /P = F3, Z[(3] is partitioned as s
Z[G) = O[Hfm where i € Fj. . .l e

i=0
® Then, identify elements of Z[(3] with Fs-valued codewords ¢ € F} under “mod "
= we can construct 2n-dim. lattice from length-n ternary codes C C F%,

Ac(C) = e+ (1—G)E | ceC, € e ZG]"}.
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Narain Lattices via Z[(3]

e Similarly to the Construction A, we construct Narain lattice from CECC via Z[(3):
[Mizoguchi-TO '24]

AC) ={a+ (1 =Gk, B+ (1 =Gk | (a,B) €C, ki, ky € Z[C3]" ).

cf. Construction A:  A(C) = {(L\/’gl, L\%’”) ’ (o, 8) €C, ki, ko € Z”}.

= As a result, [2n, 1], B-form codes give even self-dual lattice A(C) C R*™*",
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Narain Lattices via Z[(3]

e Similarly to the Construction A, we construct Narain lattice from CECC via Z[(3):
[Mizoguchi-TO '24]

AC) ={a+ (1 =Gk, B+ (1 =Gk | (a,B) €C, ki, ky € Z[C3]" ).

cf. Construction A:  A(C) = {(L\/’gl, L\%’”) ’ (o, 8) €C, ki, ko € Z”}.

= As a result, [2n, 1], B-form codes give even self-dual lattice A(C) C R*™*",

® From the direct calculation, the corresponding Narain CFT is

G=1,® 03_1, B=B,® 03_1, C3 : Gram matrix of A, root lattice.
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Conclusions and Qutlook

® We construct Narain lattices A(C) C R™P~H»(~1) by identifying CECCs over F,,
with Z[(,]-valued vectors since Z[(,| /P = F,,.

® From [2n,n], B-form codes, we obtain the corresponding Narain CFTs
G=1,® Cp_l, B=B,® Cp_l, C, : Gram matrix of A,_;.
® QOur approach is the generalization of Construction A and gives the systematical
way to obtain broader class of Narain CFTs.

e Generalization to other number field (e.g. quadratic field, subfield of Q((,), etc.)

and general CECCs over I, or Z,, will be interesting.

p

20/20



	Introduction
	Classical error-correction codes and lattices
	Construction of Narain lattice (Construction A)
	Generalization of Construction A via cyclotomic field

