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RR

Island

RIsland

Position of islands does not 
   depend on details of black holes

Hawking radiation in R has information of island

Evaporating black hole (1-sided) Eternal black hole (2-sided)

Island is inside the horizon Island extends outside the horizon

Vacuum state is Unruh vacuum Vacuum state is Hartle-Hawking vacuum

This structure is determined by universal structure near the horizon



1. Entanglement entropy and islands

Plan of Talk

• Islands appear as a consequence of replica trick

• Gravity part: conical singularity at branch points

• Matter part: correlation function of twist operators

2. Preferred coordinates of vacuum states

3. Islands in black hole spacetimes



Island is wormhole between replica spacetimes

Replica trick with gravity

Wormhole geometry between replicas is allowed = Island

Entanglement entropy 
of R with gravity

Entanglement entropy 
of R∪I without gravity

Entanglement entropy 
of Hawking radiation

Entanglement entropy 
of region R

R R

RR

R R

RR

Island



Einstein-Hilbert action (+ UV divergent part of 1-loop effective action)

log 𝑍 =
1

16𝜋𝐺𝑁
න𝑑4𝑥 −𝑔 𝑅 + ⋯

𝑛-sheeted spacetime has conical singularity at ends of branch cuts

2𝜋𝑛

𝑅 ∝ 𝑛 − 1 𝛿 𝑥 − 𝑥1 log 𝑍𝑛 = (𝑛 − 1)
Area

4𝐺𝑁
+ ⋯

Gravity part of entanglement entropy 
     comes from conical singularity at branch point

Entanglement entropy is area of branch point

𝑆grav =
Area

4𝐺𝑁

More generally, given by Wald entropy

𝑆grav = 𝑆Wald ∼ න
𝜕ℒ

𝜕𝑅𝑡𝑟𝑡𝑟



Non-local term can be calculated by using twist operators

𝑍𝑛 = 𝑒𝜑(𝑥1)𝑒−𝜑(𝑦1)𝑒𝜑(𝑥2)𝑒−𝜑(𝑦2) ⋯
𝑥 𝑦

𝑒𝜑: Twist operator 𝜑 𝑥 𝜑 𝑦 ∼ log 𝑥 − 𝑦 2

𝑆matter ∼ −∑ log 𝑥𝑖 − 𝑥𝑗
2

− ∑ log 𝑦𝑖 − 𝑦𝑗
2

+ ∑ log 𝑥𝑖 − 𝑦𝑗
2

Divergent part should be regularized by cut-off in proper length

−2∑ 𝜌 − ∑ log 𝜖prop
2

𝑑𝑠2 = −𝑒2𝜌𝑑𝑈𝑑𝑉 + 𝑟2𝑑Ω2

metric
log 𝜖2 = 2𝜌 + log 𝜖prop

2

Divergence 
for 𝑖 = 𝑗

Non-local term depends on vacuum state 
because correlation function depend on vacuum state

Matter part of entanglement entropy 
is given by correlation function of twist operators



2. Preferred coordinates of vacuum states

• Vacuum state is defined by using a (time) coordinates

Plan of Talk

1. Entanglement entropy and islands

• Hawking radiation appears due to change of coordinates 
associated to vacuum state

3. Islands in black hole spacetimes



Creation and annihilation operators are defined by Fourier modes

𝜙 𝑥 = න
𝑑𝜔

2𝜔
𝑎𝜔𝑒−𝑖𝜔𝑢 + 𝑎𝜔

† 𝑒𝑖𝜔𝑢 + 𝑏𝜔𝑒−𝑖𝜔𝑣 + 𝑏𝜔
† 𝑒𝑖𝜔𝑣

and vacuum state is defined by annihilation operators

𝑎𝜔 0 = 0 𝑏𝜔 0 = 0

Correlation function in this vacuum is exactly given by

0 𝜙 𝑥1 𝜙 𝑥2 0 =
1

4𝜋
log |(𝑣1 − 𝑣2)(𝑢1 − 𝑢2)|

Vacuum state is defined 
                          by using a (time) coordinate



We can do the same in another coordinate 𝑈 = 𝑈(𝑢), 𝑉 = 𝑉 𝑣

𝜙 𝑥 = න
𝑑𝜔

2𝜔
𝐴𝜔𝑒−𝑖𝜔𝑈 + 𝐴𝜔

† 𝑒𝑖𝜔𝑈 + 𝐵𝜔𝑒−𝑖𝜔𝑉 + 𝐵𝜔
† 𝑒𝑖𝜔𝑉

Vacuum state associated with this expansion is different from 0

𝑎𝜔 Ω ≠ 0 , 𝑏𝜔 Ω ≠ 0

Correlation function in Ω  is different from that in 0

Ω 𝜙 𝑥1 𝜙 𝑥2 Ω =
1

4𝜋
log |(𝑉1 − 𝑉2)(𝑈1 − 𝑈2)|

𝐴𝜔 Ω = 0 , 𝐵𝜔 Ω = 0 but

≠ 0 𝜙 𝑥1 𝜙 𝑥2 0 =
1

4𝜋
log |(𝑣1 − 𝑣2)(𝑢1 − 𝑢2)|

Vacuum state is defined 
                          by using a (time) coordinate



Ω 𝐴𝜔
† 𝐴𝜔 Ω = 0

Ω 𝑎𝜔
† 𝑎𝜔 Ω =

1

𝑒2𝜋𝜔/𝜅 − 1
Hawking radiation in Planck distribution

𝐴𝜔 , 𝐴𝜔
†

𝑎𝜔 , 𝑎𝜔
†

Ω

𝑈 = −𝑒−𝜅𝑢

Ω
𝑑𝑠2 ≃ −𝑑𝑢𝑑𝑣 + 𝑟2𝑑Ω2

After gravitational collapse

Before gravitational collapse

State: Ω Vacuum: 0

𝑑𝑠2 = −𝑑𝑈𝑑𝑣 + 𝑟2𝑑Ω2

Particle number

State: Ω Vacuum: Ω

Particle number

Hawking radiation appears due to change of 
         coordinates associated to vacuum state



Ω

Ω
After gravitational collapse

Before gravitational collapse

Ω 𝑇𝑢𝑢 Ω = lim
𝑢′→𝑢

Ω : 𝜕𝑢𝜙 𝑢 𝜕𝑢′𝜙 𝑢′ : Ω

= lim
𝑢′→𝑢

𝜕𝑢𝜕𝑢′ log 𝑈 𝑢 − 𝑈 𝑢′ − log 𝑢 − 𝑢′

= 𝑈, 𝑢 ∼ 𝜅2
𝑇𝑢𝑢

(4𝐷)
∼ 𝜅2 ∼ 𝑇𝐻

2

Stefan-Boltzmann law 

Normal ordering

Ω 𝑇𝑢𝑢 Ω = lim
𝑢′→𝑢

Ω : 𝜕𝑢𝜙 𝑢 𝜕𝑢′𝜙 𝑢′ : Ω

= lim
𝑢′→𝑢

𝜕𝑢𝜕𝑢′ log 𝑈 − 𝑈′ − log 𝑈 − 𝑈′ = 0
Normal ordering

Hawking radiation appears due to change of 
         coordinates associated to vacuum state



3. Islands in black hole spacetimes

• Near horizon geometry of stationary black holes

Plan of Talk

1. Entanglement entropy and islands

• Island extends outside the horizon for stationary black holes

• Vacuum state is Unruh vacuum for evaporating black holes

• Island is inside the horizon for evaporating black holes

2. Preferred coordinates of vacuum states



Near horizon geometry of stationary black holes

Stationary black holes have the bifurcate horizon

Near horizon metric

𝑑𝑠2 ≃ −𝑑𝑈𝑑𝑉 + 𝑟2𝑑Ω2

Stationary
𝜉 = 𝜕𝑣 (on horizon)

𝜉 = 𝜅𝑉𝜕𝑉 − 𝜅𝑈𝜕𝑈

(𝑉 = 𝑒𝜅𝑣)

𝑑𝑠2 = −𝑒2𝜌𝑑𝑈𝑑𝑉 + 𝑟2𝑑Ω2 𝜌 ≃ 0 + 𝜌1𝑈𝑉

𝑟 ≃ 𝑟ℎ − 𝑟1𝑈𝑉

Killing vector

Kruskal coordinates

Correction

Hartle-Hawking vacuum

𝑉𝑈



Island extends outside the horizon
                                            of stationary black holes

Entanglement entropy

𝑆 = 𝑆grav + 𝑆matter

𝑆grav = 𝐴 − 𝐵𝑈𝑉 𝑆matter =
𝑐

6
∑ log (𝑈 − 𝑈𝑅)(𝑉 − 𝑉𝑅)

Position of island is fixed so that entanglement entropy is extremized

𝜕𝑈𝑆 = 0 𝜕𝑉𝑆 = 0

Island

R

(𝑈, 𝑉)
(𝑈𝑅, 𝑉𝑅)

0 = 𝜕𝑉𝑆 = −𝐵𝑈 +
𝑐

6

1

𝑉 − 𝑉𝑅
+ ⋯

𝑈 =
𝑐

𝐵(𝑉 − 𝑉𝑅)
< 0

Island extends to 
outside the horizon

𝑉𝑈



Vacuum state is Unruh vacuum 
                                      for evaporating black holes

Eddington-Finkelstein coordinates

𝑑𝑠2 = −𝑒2𝜌𝑑𝑈𝑑𝑣 + 𝑟2𝑑Ω2

𝜌 ≃
1

2
𝜅 𝑣  𝑣 + 𝜌1 𝑣 𝑈𝑒𝜅𝑣 𝑟 ≃ 𝑟ℎ 𝑣 − 𝑟1 𝑣 𝑈𝑒𝜅𝑣

Time evolution 𝑣-dependence          𝜅(𝑣) ,     𝑟ℎ 𝑣

Unruh vacuum

𝛿𝐸 =
𝜅

2𝜋
𝛿𝑆BH

𝛿𝐸 = −𝑇𝑣𝑣 = −
𝑐𝜅2

48𝜋

Time evolution of gravitational entropy

𝑑𝐴

𝑑𝑣
=

𝑑𝑆BH

𝑑𝑣
= −

𝑐𝜅

24



Island is inside the horizon 
                                        of evaporating black holes

Entanglement entropy

𝑆 ≃ 𝐴 𝑣0 −
𝑐𝜅𝑣

24
− 𝐵𝑈𝑒𝜅𝑣 +

𝑐

6
log 𝑈 − 𝑈𝑅 +

𝑐𝜅𝑣

12

Endpoints of island is quantum extremal surface

0 = 𝜕𝑣𝑆 = −𝐵𝑈𝑒𝜅𝑣 +
𝑐𝜅

24
Island

R

(𝑈, 𝑣)
(𝑈𝑅, 𝑣𝑅)

= 𝐴 𝑣0 − 𝐵𝑈𝑒𝜅𝑣 +
𝑐

6
log 𝑈 − 𝑈𝑅 +

𝑐𝜅𝑣

24

𝑈 =
𝑐𝜅

24𝐵
> 0

Island is inside the horizon
𝑣𝑈



RR

Island

RIsland

Position of islands does not 
   depend on details of black holes

Hawking radiation in R has information of island

Evaporating black hole (1-sided) Eternal black hole (2-sided)

Island is inside the horizon Island extends outside the horizon

Vacuum state is Unruh vacuum Vacuum state is Hartle-Hawking vacuum

This structure is determined by universal structure near the horizon



Thank you
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