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1. The main topics of this talk

apply

Quantum Entanglement in QFT -

with an interaction

Boson-fermion duality

Often called “bosonization”

We will see that boson-fermion duality can be used to analyze entanglement
in an interacting field theory.
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1. What is the entanglement?

Entanglement = Correlations in quantum theory that cannot be explained by classical theory.

Example : two spin 1/2 system

® O

B
Ball Statle: Measurement A=1 < B=1
W)= (Ml + 1010),)  — el = el

A and B are correlated trough superposition

The notion of entanglement is important not only in qguantum information theory
but also high energy physics.
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1. How to quantify the entanglement?

Density matrix © pag = [1has)¥as | ® O
A B

Reduced density matrix ©:  p, = Trg[pag]

Entanglement Rényi Entropy (ERE) -

Sn(4) = log Try[px] ,n € Z,

1—n
( lim S, (A) = =Tralpalog pal )

Examples:

Bell state : [|up) = %(IT)AIT)B + ). = S,(4) = —logTrA[pf\] =log2 >0 _ -
(we set n = 2 for simplicity)

Separable state (classical correlation): [4g) = [T 41T s = S,(4) = —log Try[p3] = 0

» ERE represent how much the two systems are quantumly entangled.
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1. Quantum entanglement for QFT

In the case of QFT, there are degree of freedom on each special points.

. For (1+1)d
system A — region I/ Or_( U _
_ |74 V %4
system B — region V = complemental region of V ————————¢———-
— space
Replica method
py = Try[10)0l] Trylpyl ~ Z,,  (Partition function)

. o Replicate £ 5 : :
Eyc“d ‘\\\\ -
ime / ;
T———*space D

path integral . :
Replicated manifold

n sheets

» The ERE reduces to the partition function on the replicated manifold.
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1. Quantum entanglement for QFT

Replica method works well for free theory.

Example : Free massless fermion [Casini, Fosco, Huerta 2005]

(1+1)d. V=V, u---uVy (V= N-intervals)

We can derive the exact result of ERE.

However, the calculation of entanglement is very difficult for interacting theory---

————

— difficult to calculate:--

There are almost no examples of rigorous analytical calculations of the effects

of interactions to entanglement in QFT.
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1. Boson-fermion duality

Our aim : To exactly see how interactions contribute to entanglement in QFT.

» Our idea : Boson-fermion duality (arch, Tong, Turner 2019]

Fermionic theory Bosonic theory
Local operator : OF <ferm|mzat|on Local operator : OB
Discrete symmetry : Z5 > Discrete symmetry : 75
bosonization
Partition function : ZF Partition function : ZB
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1. Boson-fermion duality

Our aim : To exactly see how interactions contribute to entanglement in QFT.

» Our idea : Boson-fermion duality (arch, Tong, Turner 2019]

Fermionic theory Bosonic theory

N ferminization =
Local operator : OF - Local operator : OB

Discrete symmetry : Z5 > Discrete symmetry : 75

bosonization
@ion functio@ @ion functio@

There is the correspondence between partition functions
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1. Short summary of our work

What we did :
« Combining the replica method and boson/fermion duality, we perform rigorous

analytical calculations of the entanglement Rényi entropy (ERE) in interacting models.
« Model is massless Thirring model (1+1d, fermion with 4-points interaction)
« V=V, UV, (two intervals) — we can see the effect of interaction

e Exact results reveal the non-perturbative behavior of the ERE.

massless Thirring model [Thirring 1958]

¢ = 1 conformal field theory v Vi % Vs 7
. T - — Euclid
Lp=iPy"on +-2 W yip) (@ m@ time

Y
Interaction
space
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2.Analysis of entanglement in massless Thirring model
3. Results

4. Summary and future direction
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2. Analysis of entanglement in massless Thirring model

= Try[pf] ~ Zgz,z =
A AL C R

Replicated manifold 22,2

o /

« Conformal ma
How to calculate the partition function on X, 5 7 » P
« Boson-fermion duality
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2. Analysis of entanglement in massless Thirring model

¥, can be mapped to T by the conformal map. [Lunin, Mathur 2001]

i=-D
a4

X :infinity

Replicated manifold X, , Torus T?

o (v1—uq) (v —uy) .
cross-ratio 1 x = ——3—2 "2 < > moduli : T
(uz—u1)(v2—v1)

» Zg ~ Z!lf Calculating ERE reduces to partition function
2,2

on a torus.
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2. Boson-fermion duality

The way to calculate partition function on torus Z% is boson-fermion duality

massless Thirring model free compact boson
_ R
Ly = i yhap + 22 @y ) (P vp) L = 5r Oud 0%¢
~— d~¢+2m
interaction fermionization
—
Y : Dirac fermion 4 ¢ - scalar field
A : Thirring coupling 1+4= Rz R : compact boson radius

5 P> —y Z; - ¢ ¢+

difficult to analyze due to the interaction easy to analyze

\

We analyze the partition function Zx from the boson side.
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3.Results

4. Summary and future direction
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3. Results

Replica Conformal L
fermionization
method map o

S,(V)+ Zs,, * Zy < 7%
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3. Results

Replica Conformal L
fermionization
method map

S, (V) Zs,, 4 ZE < Zg

[H. F, T. Nishioka, S. Shimamori, 2023]
Analytical result

1+ 4

4
1 1
S2(V, 1) = $,(V,0) — 5 log %Z 52(c1 + ) 97 ()
_ j=2

4 x : cross-ratio of region V
v = (192(7)> 7 : moduli of torus

93(7) A : coupling const
9;(1), j = 2,3,4 - Jacobi theta functions
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3. Results

Replica Conformal termionization
method map P ofleate

S, (V) Zs,, 4 ZE < Zg

[H. F, T. Nishioka, S. Shimamori, 2023]
Analytical result

4
1 1
520020 =[$:0.0) 5108 755 ) 970+ ) o (5
I j=2

Free term

4 x : cross-ratio of region V
= 9,(7) 7 : moduli of torus
93(7) A : coupling const
9;(1), j = 2,3,4 - Jacobi theta functions

Consistent with existing result (free fermion)
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3. Results

Replica Conformal L
fermionization
method map P

S, (V) Zs,, 4 ZE < Zg

[H. F, T. Nishioka, S. Shimamori, 2023]

Analytical result
4 : )

4
1 1
SZ(V; /1) = SZ(V, 0) — —lOg Z‘L’T(‘[) E 19]2(7,'(1 + A)) 19]2 (L)
=

2 1+4 interaction term

\_

4 x : cross-ratio of region V
9,(7) 7 : moduli of torus
93(7) A : coupling const
9;(1), j = 2,3,4 - Jacobi theta functions

X =

For A = 0, this term vanishes from Jacobi id 93(1) — 95(r) — 94(z) =0
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3. Results

Replica Conformal L
fermionization
method map P

S, (V) Zs,, 4 ZE < Zg

[H. F, T. Nishioka, S. Shimamori, 2023]

Analytical result
4 : )

4
1 1 T
S,(V, A1) = S,(V,0)|—=log E 9?7 T(1-|'<::) 19-2(
2 2 2 219§‘(T)j=2 ]( .)\] 1 interaction term

A ' T
x : cross-ratio of reg%\Q 14 |

‘= 9,(7) ! T: modul_i of torus Arbitrary 2
93(7) A : coupling const

9;(1), j = 2,3,4 - Jacobi theta functions

- We derived the Rényi Entropy for an interacting QFT exactly.
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3. Results

Let see the interaction dependence : AS,(A) = S,(V,4) — S,(V,0)

0.02

ERE

o.oo:
-0.02:-
ASy 004}

~0.06

~0.08}

o104 v ]

A interaction
>
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3. Results

Let see the interaction dependence : AS,(A) = S,(V,4) — S,(V,0)

0.02

ERE [
0.00}

~0.02}

ASQ -0.04} ERE increase with

. weak couplin
~0.06] piing

~0.08}

o104 v ]
-1.0 -0.5 0.0 0.5 1.0 1.5 2.0

A interaction
>
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3. Results

Let see the interaction dependence : AS,(A) = S,(V,4) — S,(V,0)

0.02

ERE [
0.00}

-0.02}

/A So —0.045-

~0.06

-0.08[

~0.10—

interaction

Unlike the perturbative regime,
ERE decreases in strong coupling
regime

We explore the interaction dependence of the ERE, including the

non-perturbative region.
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3. Results

Mutual Rényi information : ,(V{,V,) =S,,(V) + S,,(V,) = S,(V; UV,)

(MRI)
MRI
entanglement )
/\ A0
v, ® v, el
———_———— o —— - - - o - - - — A=2

I
o

> > > > > >
Il
w

I
ot

e x~0, x~1: reasonable behavior
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3. Results

Mutual Rényi information : ,(V{,V,) =S,,(V) + S,,(V,) = S,(V; UV,)

(MRI)
MRI o
entanglement t B increase
Y N N
Vl VZ B
——————— & ———— - -——— o —-- —9

I
o

> > > > > >
Il
w

I
ot

e x~0, x~1: reasonable behavior

« MRI increase as the coupling const increase.
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4. Summary and future direction
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4. Summary and future direction

Summary

 Entanglement is important notion not only in quantum information theory but also
high energy physics.

« However, calculating the effect of interaction in QFT is difficult task.

« We combined the replica method and boson-fermion duality.

« We exactly derived the ERE and MRI in an interacting system and investigated the

entanglement including the non-perturbative regime.

, Comment on subsequent research N

ERE on XXZ spin chain (¥ massless Thirring model)
[Marié, Bocini, Fagotti, 2023.12]

- Their results were consistent with ours.
\. J/
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4. Summary and future direction

Future direction
* Increasing the number of intervals or S,,-, — multi partite information
« Massive Thirring model

o Other quantum information measure =» Ongoing work

higher genus
Massive Thirring model :  Lr =iy yHo,p +7—2t/1 @y (@ v p) + my

15/15




Appendix



Appendix: fermionization dictionary

7, x (TQFT)
— T : fermionic theory

72 i
2 Tg : bosonic theory

JIF

Fermionization dictionary

1
Zlpl == > ZRIe) exp(inlarfie - pl + Arflpl])
“ teH1(X,Z,) boson X t

fermion .
Topological term

X : spacetime manifold p : spin structure

g - #of genus t . 78 gauge field



Appendix: fermionization dictionary

For torus, g =1, p = PP

1
B > (zE[00] + ZZ[01] + ZF[10] — ZZ[11])
— S __

Free theory

Interacting theory

= casy to analyze



Appendix : subsequent research

- subsequent research on spin system

[Mari¢, Bocini, Fagotti, 2023.12] Our model

XXZ model massless Thirring model

dual

Hxxz = Z(Ufafﬂ + 07 0pyy + A ofof) ﬁ Lp=iypyHo,p + g/l @ v*) (P vu)
? JW trsf _
U, Y(xy) = Yy

—AHHH S space A o 4 -+ space

» Their results were consistent with ours.



840771« —FE & DR

IVRVIMLAY Py bAE—o@EiEL :

[Ryu,Takayanagi 2006]

7oy oFr—IomiEs :
S . kBC3
BE ™ 4nGy

A

» ITURVTILAY MEIFAT T 74 —83BOMEIH-mTY 0% 52 7-



18% : L7’V hixDEM

EuclideaniE BB % % 2 5,

tE:OO

(110) =

(Olyp) =
Euclid \
A ] tg=—-c0 | tg =0
L»?EF'EE 7152

(DRY Yo v tg = +0

» py (Wi, ,) = Tryl{(w|0X0|,)] = [ i 1o

—1v —1,v tg = —0




1% : L7’V hiE s

RHY 1 S, (V) = —log Try[pf]

pv (W1, ¥2) = Try[(P1]0){0];)] :::::::::&[:::::]%::::tE:+0

—V1,v —Y1,v tg = —0

Try[p7] = pv(W1,¥2) py (W2, —1) ~ Z§2’2 ——
1/);2 / ¢ :

PVANIE 2537




{18%: RényiT> F A —(ERE)D A ¥ & — /S IVKTFHE

ASz(X) — Sz(V, /1) _ Sz(V, 0)

ERE Small A Large A
oy o.oo/ \ Y
A=0 N— I A=1
A=0.1 ~0.02] ] A=12
PP ]
— A=0.2 ASQ —0.04| T — A=14
— A=03 ocsl e
— A=04 I — A=138
oo0gl o o o .
o‘.? 0.2 0.4 0.6 0.8 L0 3y _05 0.0 0.2 0.4 0.6 0.8 10y
x T x
¢ 05 01 + o 1-interval, CFT [Holzhey et al 1994]
2 - - c 1 v—u c : central charge,
T = r=1 Sn=g\1t log( - ) e : UV cutoff

- Bz %L R & consistentZ2 iRk A E Ly




{F8%: HERényilFIRE (MRI) DFE S E KT

VIRI : ITL(V]J Vz) — Sn(Vl) + Sn(Vz) — Sn(Vl U Vz)

MRI at x=1/2
081_' L L
I\/IRIA@jté <6l | TRV
PP I TN
]2 0.4} : a K v,
i o 9
0.2-—
R |
-1 0 1 2 3 4 5
A

ﬁﬁ@%@k%é



$8%: b Y/x—% 4 FRényilFER=(TRI)

TRI: I (A, B,

TRIOK=ZE &

0.15]

C)=S,(AuBUC)—-S,(AUuB)—-S,(BUC)—S,(CUA)

+5,(4) + 5p(B) + $,(C)

A B C
--—-———®------ = « ®---
~¢ - ¢ > | i D>

£, L 4y /..
: | — L=02l,=0,=10 =1
} | L=070,=0="0( =1
f = L=ty =0,=1,0,=05
L S~
010‘ - ‘015‘ - ‘110‘ - 1.‘5‘




{18%: T-dualitylc2WL T

ASZ(A) — Sz(V, /1) _ SZ(V) O)

AS,(2) at x =§

0.02

EREOKXZE &

0.00[
A L

-0.02:-
ASy -0.04}

~0.06

~0.08}

~0.10 L~

-1.0

A HEEROAE S

Compact boson®T-duality :

p 2
_)_
R

A

A7 Adual =737

A>0EA<0IFEWIHIGLTWA




{18%: T-dualitylc2 W T

Compact boson /B Sl[R] P T-duality A
S'[R] —> = S? H = St H
Orbifold Z%S 2 R
Fermionize Ferm!onize Fermionize
by 7% by 73 by 7%’
Fill«—L2s 1) = F[]]
Thirring model \
arflp] A
A

dual coupling: } = —-
1+4



{+8%: cross-ratio x & b —35 Z®moduli T DEAR

V V1 VZ
Smme———e---e—— - -  (EEEE———
_rati 4
cross-ratio x - 9,(7)
U3(7) moduli T
X X BEOf-Hr=its <,
A

> Im|7]
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