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Message

Non-invertible symmetries can classify possible configurations of topological solitons



Overview
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We specify a selection rule for linked configurations of magnetic & axionic strings
using non-invertible symmetries in the low-energy (IR) limit of axion electrodynamics with a massive photon.
Technically, we show that
® magnetic strings can be regarded as non-invertible 1-form symmetry generators in IR limit.

® correlation functions of the linked configurations can vanish depending on Aharonov-Bohm phase of

magpnetic strings & winding number of axionic strings.



Axion electrodynamics: axion ¢ + photon A, + topological coupling
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® Axion: pseudo-scalar Nambu-Goldstone boson of U(1) symmetry with chiral anomaly

[Wilczek '87]

Features
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1. Ubiquitous in modern physics: QCD axion, 7° meson, topological matter,...

2. Topological coupling with quantized coefficient N € Z: determined by chiral anomaly
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Features

0 meson, topological matter,...

1. Ubiquitous in modern physics: QCD axion, 7
2. Topological coupling with quantized coefficient N € Z: determined by chiral anomaly
3. Various phases depending on masses of axion and photon
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4. Existence of extended objects depending on phases
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Axion electrodynamics: axion ¢ + photon A, + topological coupling
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® Axion: pseudo-scalar Nambu-Goldstone boson of U(1) symmetry with chiral anomaly

Features
1. Ubiquitous in modern physics: QCD axion, 70 meson, topological matter,...
2. Topological coupling with quantized coefficient N € Z: determined by chiral anomaly
3. Various phases depending on masses of axion and photon
massive axion: e.g., QCD axion; massive photon: e.g., topological superconductor [qi, Witten, Zhang '12]

4. Existence of extended objects depending on phases

For the phase of the massive photon, there can be magnetic strings & axionic strings.
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Magnetic string

ka’% Q § o wﬁ‘—“

(14 1)d extended object

® Topological soliton: classical solution of gauge field with localized & quantized magnetic flux

JfB-dS = 27;—" [Abrikosov '56; Nielsen & Olesen 73]

® /€ Z: U(1) charge of Higgs field

® Fractional Z; Aharonov-Bohm (AB) phase on Wilson loop
exp(§ A - dz) = exp([[ B - dS) = exp(2Ziz)

® Quantized mag. flux or AB phase can be topologically protected (winding number).
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Axionic string

Q ng» doc = AW

(1 + 1)d extended object
® Axion has a winding number around it: § Vo dx = 2w € 277 [eg., Naculich '87]

® Axionic string = singularity violating § V¢ - dz = [[V x V¢$-dS =0

3/16



Axionic string

Q ng» doc = AW

(1 + 1)d extended object
® Axion has a winding number around it: § Vo dx = 2w € 277 [eg., Naculich '87]

® Axionic string = singularity violating § V¢ - dz = [[V x V¢$-dS =0

These two strings have non-trivial correlations due to the topological coupling.
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Linked configurations of magnetic & axionic Strings (es. Hamada, et ol 24
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Induced fractional electric charge on magnetic string
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Linked configurations of magnetic & axionic Strings (es. Hamada, et ol 24

oo \!
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Induced fractional electric charge on magnetic string
® Elec. Gauss law modified by ¢FF: V- E = $V¢ -B

® Induced charge [ %V¢.de = 4L 9rw . 2o — nN

w2 k =k
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Linked configurations of magnetic & axionic Strings (eg. Homads, et al, 241
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Induced fractional electric charge on magnetic string
® Elec. Gauss law modified by ¢FF: V- E = $V¢ -B
® Induced charge [ X3 V¢ - BdV = Ny - 2rw - 277 = nfifw

However, the possibility of the configuration is non-trivial.

® The fractional charge seems to violate the Dirac quantization condition (e, m) = (”]yw ,0) ¢ 72
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® The fractional charge seems to violate the Dirac quantization condition (e, m) = (”]yw ,0) ¢ 72

Is it possible to discuss the possibility or constraint on such configurations?
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Linked configurations of magnetic & axionic Strings (eg. Homads, et al, 241
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g-hﬂ‘l\h-%. <1'h‘h~g_

Induced fractional electric charge on magnetic string
® Elec. Gauss law modified by ¢FF: V- E = $V¢ -B
® Induced charge [ X3 V¢ - BdV = Ny - 2rw - 277 = nfifw

However, the possibility of the configuration is non-trivial.

® The fractional charge seems to violate the Dirac quantization condition (e, m) = (”]yw ,0) ¢ 72

Is it possible to discuss the possibility or constraint on such configurations?

It is not easy to have an exact solution due to non-linear coupling qﬁFF. Can we use a non-perturbative method?
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Candidate: non-invertible 1-form symmetry

1. Non-invertible symmetries [e.s., Bhardwaj & Tachikawa '17]
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® Symmetry generator D is conserved and commutes with Hamiltonian, % x [D,H] =0

Space

® D does not have an inverse. In particular, D is non-unitary: DY D # 1
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Candidate: non-invertible 1-form symmetry

1. Non-invertible symmetries [e.s., Bhardwaj & Tachikawa '17]
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® Symmetry generator D is conserved and commutes with Hamiltonian, % x [D,H] =0

Space

® D does not have an inverse. In particular, D is non-unitary: DY D # 1
2. 1-form symmetry [Gaiotto, et al., '14]

® Symmetry under transf. of 1d extended object

® Example: AB effect on Wilson loop el Ade

q Y dat . YA dt
D!y #¢ = e €
_/

Symmetry generator: magnetic flux tube

in Maxwell theory

(c: U(1) parameter)

Conservation law: Maxwell egs. 3“F;w =0
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Purpose of this talk

M\ﬂam‘h\c
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In the axion electrodynamics with the massive photon,

® we identify the non-invertible 1-form symmetry generators as magnetic strings.

® we discuss the constraint on the linked configurations using the (non-)invertible 1-form symmetries.

In the following, we take IR limit to focus on topological nature of solitons:
® Fluctuation of photon is zero F},, = 0.

® Width of solitons can be neglected.
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Set u P [Wilczek '87; Cremmer & Scherk '74]

( Mass term of photon + topological coupling + kinetic term of axion (Maxwell term neglected) ]

koo = N - A
S = /d4z (EBWF“” + 67 $F FH 0 \e)ﬂ,@E)

| omit symmetry factors e.g., %
® Axion ¢: pseudo-scalar boson with 27 periodicity ¢ + 27 ~ ¢ (NG boson eid’)

® Photon A,: U(1) gauge field, field strength F,,, Dirac quant. cond. [g2 B -dS € 27Z.
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[ Mass term of photon + topological coupling + kinetic term of axion (Maxwell term neglected) ]

k . N ~ 2 .
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Dual field of NG mode x eaten by photon

Mass term of photon |9, x — kA, |* &2 B term %B}Wﬁ"“’. k€ Z: U(1) charge of Higgs field
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Set u P (Wilczek '87; Cremmer & Scherk '74]

f Mass term of photon + topological coupling + kinetic term of axion (Maxwell term neglected) ]

k - N - 2 -
S = /d4217 (%BMVFHV + 16?¢FMVFMU*IT‘();1®‘2)

| omit symmetry factors e.g., %

® Axion ¢: pseudo-scalar boson with 27 periodicity ¢ + 27 ~ ¢ (NG boson ew)
® Photon A,: U(1) gauge field, field strength F,,, Dirac quant. cond. [42 B - dS € 27Z.
® By.: U(1) 2-form gauge field, Dirac quant. cond. [, dB € 27Z
Dual field of NG mode x eaten by photon
Mass term of photon |9, x — kA, |* &2 B term ﬁB}Wﬁ"“’. k€ Z: U(1) charge of Higgs field

® Axion-photon coupling: quantized by N € Z (# of Dirac fermions in UV theory)

(Non-)invertible 1-form symmetry can be constructed using EOM of photon.
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Invertible 1-form symmetry (risaka, nitta, v, 21]

-

Symmetry generator
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3

(S: closed surface, dSHY: surface element)

® Conservation law: EOM of photon BM(;—;TB“” + %qﬁﬁ‘“”) =0

8/16



Invertible 1-form symmetry (risaka, nitta, v, 21]
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Symmetry generator

N
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(S: closed surface, dSHY: surface element)

® Conservation law: EOM of photon 8H(21‘—;FB’“’ + %qﬁﬁ‘“”) =0

® Symmetry generator: naively exp (ia fs(;—;er, +

N
472

¢>F‘m,)dS‘“’) with parameter e’® € U(1)
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Invertible 1-form symmetry (risaka, nitta, v, 21]

e N

Symmetry generator

min 271 k
Ui(e*R™,S) :exp( mn/(—BW G F )M ) K = ged(k, N)
J?\(< ;PQ

(S: closed surface, dSHY: surface element)

® Conservation law: EOM of photon 8H(21‘—;FB’“’ + %qbb:‘*“’) =0

® Symmetry generator: naively exp (m f$(27r Buy + ¢Fuy)dsul’) with parameter ' € U(1)

ar?

2min

® Constraints on parameter: e’ = e Kk € Zg with K = ged(k, N) so that 2= 6 Z
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Invertible 1-form symmetry iidako, nitts, v, 211

e N

Symmetry generator

min 271 k
Ui(e*R™,S) :exp( mn/(—BW G F )M ) K = ged(k, N)
J?\(< ;PQ

(S: closed surface, dSHY: surface element)

® Conservation law: EOM of photon 8H(21‘—;FB’“’ + %qﬁﬁ“”) =0
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® Constraints on parameter: e’ = e Kk € Zg with K = ged(k, N) so that 2= 6 Z

® Large gauge invariance of B, requires e =e € Ly
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Invertible 1-form symmetry iidako, nitts, v, 211

e N

Symmetry generator

min 271 k
Ui(e*R™,S) :exp( mn/(—BW G F )M ) K = ged(k, N)
J?\({ ;PQ

(S: closed surface, dSHY: surface element)

® Conservation law: EOM of photon 8H(21‘—;FB’“’ + %qﬁﬁ“”) =0

® Symmetry generator: naively exp (m f$(27r Buy + 47%¢>Fm,)d5lw) with parameter ' € U(1)

2min

® Constraints on parameter: e’ = e Kk € Zg with K = ged(k, N) so that 2= 6 Z
2win
® Large gauge invariance of B, requires et =e"k €7
2min

® Invariance under ¢ — ¢ + 27 requires €' = e N € Zy
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Invertible 1-form symmetry (risaka, nitta, v, 21]
f Symmetry generator )
01 8) =exp (2 [ (Bt 6B ) K = ged(5,N)
AL
(S: closed surface, dSHY : surface element)

® Conservation law: EOM of photon 8H(2rr BHY + %qﬁﬁﬁ“’) =0
® Symmetry generator: naively exp (m f$(27r Buy + 47%¢>Fm,)d5lw) with parameter e!® € U(1)
€ Zy with K = ged(k, N) so that 6 Z

2min

® Constraints on parameter: ¢'* = e K
2win
® Large gauge invariance of B, requires et =e"k €7
i 2min
—=e N €Zn

® |nvariance under ¢ — ¢ + 27 requires e
8/16
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Action on Wilson loop jridake, nitta, kv, 21]

[ Zk symmetry transformation ]

2min

(U1 (e K™, 8)elte Jo Anda’y — ¢ ZR™ de (gide Jo Apda’y

(C: loop)

e slee of C

o 4 ZE\_“_"%.
oY

® Rough derivation: use integral of EOM with Wilson loop fs(;—;rB,W + %qﬁFW)dS’“’ = qe
® Generated phase is invariant under n — n + K of Zx parameter.

Guaranteed by Dirac quant. cond. ge € Z

What are physical meanings of 1-form symmetry transformations?
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Two physical meanings of 1-form symmetry transformations (risa, nita, rv. 21]

Fhe sl~‘=:< °{: c

G
11":‘(14 =
oy

1. Elec. Gauss law: detecting electric flux from the test charge ¢.

2

Cw
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1. Elec. Gauss law: detecting electric flux from the test charge ¢.
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Cw

2. AB effect: insertion of (worldsheet of) magnetic string for Wilson loop

Ui can be regarded as a magnetic string with Zx AB phase.
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Two physical meanings of 1-form symmetry transformations (risa, nita, rv. 21]

Fhe SL“'{ °{: C

G
mi"qi =
oy

1. Elec. Gauss law: detecting electric flux from the test charge ¢.

2

Cw

2. AB effect: insertion of (worldsheet of) magnetic string for Wilson loop
Ui can be regarded as a magnetic string with Zx AB phase.

However, possible AB phases expressed by U; are restricted.

Can we express the magnetic strings with all Z;,. AB phase using symmetries?
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1-form symmetry with 7Z; AB phase?

G 20 q
) =¢ &
(Do :

Problem: axion-photon coupling leads to the constraint Zx C 7.

® Symmetry generator: naively exp (ia fs(;—;rB,W + %(ﬁFHV)dS/W) with parameter '@ € U(1)

11/16



1-form symmetry with 7Z; AB phase?

G 20 q
) =¢ &
(Do :

Problem: axion-photon coupling leads to the constraint Zx C 7.

4n2

® Symmetry generator: naively exp (ia fS(Q%B#V 4+ N ¢F#V)dSIW) with parameter '@ € U(1)
® Constraints on parameter

2win

1. Large gauge invariance of exp(ic [ QI—WB) is OK. It requires e'® = ¢~ & €7
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1-form symmetry with 7Z; AB phase?

G 20 q
=e & .
(Do :

Problem: axion-photon coupling leads to the constraint Zx C 7.

® Symmetry generator: naively exp (ia fS(Q%B”V + %(ﬁFpu)dS/“/) with parameter '@ € U(1)

® Constraints on parameter

2win

1. Large gauge invariance of exp(ic [ QI—WB) is OK. It requires e'® = ¢~ % € 7,
2. Invariance of exp (4=, [ ¢F) under ¢ — ¢ + 27 requires the restriction e” & € Zy
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1-form symmetry with 7Z; AB phase?

G 20 q
=e & .
(Do :

Problem: axion-photon coupling leads to the constraint Zx C 7.

® Symmetry generator: naively exp (ia fs(z‘ﬁ—BuV + $¢Fﬂu)d5'#“) with parameter '@ € U(1)

® Constraints on parameter

2win

1. Large gauge invariance of exp(ic [ QI—WB) is OK. It requires e'® = ¢~ % € 7,
2. Invariance of exp (4=, [ ¢F) under ¢ — ¢ + 27 requires the restriction e” & € Zy

Nevertheless, we can avoid the constraint by the axion-photon coupling

using a 2d topological quantum field theory (TQFT) at the expense of the invertibility!
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Use of 2d TQFT [Choi, Lam, Shao, '22; RY '22

By rewriting the parameter ”I—N = % with coprime p, q € Z, we have

[ Modification using 2d TQFT ]

N . p
exp (—;n - / ¢>FWdS“”) — Z[pl? = U DxDuy exp (—i/ dS* (pxwpw — XFuw — ¢wW)>}
Tk Js 2w Js

® Essentially, it is a square completion %zy — —pab + ax + by.
Auxiliary fields for modification:
® : 27 periodic pseudo-scalar
® wuy: U(1) gauge field, field strength w,,, = d,u,), Dirac quant. cond. [gw,,dS"” € 277

® p in numerator: manifestly 27 periodic

® Original one: naive expression after integrating aux. fields with trivial Dirac quant. cond.

T 0., —i6
® Unitarity is lost due to sum of phase factors (the same as non-unitarity of cosine el4eTt +2e ¢ )
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Non-invertible 1-form symmetry generator as magnetic string with Z; AB phase (ria, nitta, vy 24

[ Symmetry generator ]

2mwin

Dq(e™F ,8) =exp (m/ B,WdS‘“’) x Z[p)?
S

® Gauge invariance & 27 periodicity are manifest

® Non-invertible due to sum of phase factors in Z[p]
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Non-invertible 1-form symmetry generator as magnetic string with Z; AB phase (ria, nitta, vy 24

[ Symmetry generator ]

D1(e*7™,8) = exp (zn/ BWdS‘“’) x Z[p)?
S

® Gauge invariance & 27 periodicity are manifest

® Non-invertible due to sum of phase factors in Z[p]

G Zm‘mq,_
et (O
8 e %

® D; can be regarded a magnetic string with all possible 7, AB phase

Action on Wilson loop
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Non-invertible 1-form symmetry generator as magnetic string with Z; AB phase (ria, nitta, vy 24

[ Symmetry generator ]

D1(e*7™,8) = exp (m/ BWdS‘“’) x Z[p)?
S

® Gauge invariance & 27 periodicity are manifest

® Non-invertible due to sum of phase factors in Z[p]

G Zm‘m(’,_
e ¥
(e

® D; can be regarded a magnetic string with all possible 7, AB phase

Action on Wilson loop

What happens if we link D; with axionic string?
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Linked configuration of non-invertible 1-form symmetry generator & axionic String fidaks, nita, ry 2]

Correlation function vanishes unless the winding number w satisfies ﬂw €z

Oxloaic S'h-,‘

D1 acts on axionic string as a non-invertible transformation. [choi, et al., '22]
® Technically, it can be shown by calculating partition function Z[p] with § 8, ¢dazt = 27w

Zlp] = [ DxDuy exp (*ﬁ fS dSHY (pxwpy — XFuv — uuayqb))
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Linked configuration of non-invertible 1-form symmetry generator & axionic String fidaks, nita, ry 2]

Correlation function vanishes unless the winding number w satisfies ﬂw €z

Oxloaic S'h-,‘

D1 acts on axionic string as a non-invertible transformation. [choi, et al., '22]
® Technically, it can be shown by calculating partition function Z[p] with § 8, ¢dazt = 27w
Zlp] = [ DxDuy exp (— 2= [ A5 (pxwps — XFpu — 480 8) )
Is there any physical reason?
® This condition can be seen as the Dirac quant. cond. for induced charge on magnetic string,
$IV¢-BdV:$~2ww~27f—v" :#w

Can we understand the vanishing of correlation function from the viewpoint of Dirac quantization condition?
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Selection rule of magnetic string fmidake, nita, ry 24]

Fractional elec. charge = ambiguity in invertible 1-form symmetry transf.

2T .

Ll $obatem
Dy %) b Da
2min 2min’

® \We capture the electric flux from Di(e” % ) using invertible symmetry generator Uj(e” K )
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Selection rule of magnetic string fmidake, nita, ry 24]

Fractional elec. charge = ambiguity in invertible 1-form symmetry transf.

2T .

Ll $obatem
Dy %) b Da
2min 2min’

® \We capture the electric flux from Di(e” % ) using invertible symmetry generator Uj(e” K )

.
® Generated Zg phase is exp(z”% . %w)
® Point: Dy actson A, in Uy ~ exp(L;("l . ﬁ JJ ¢dA), and generates winding number

Up — Uy exp(25inl . 250 . N § 9, pdat)
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Selection rule of magnetic string fmidake, nita, ry 24]

Fractional elec. charge = ambiguity in invertible 1-form symmetry transf.

2w m,

Ol(e\i:), §9bolxm
'm.M ~
Dm(ez'%“) -D'L -D’L

2rin’

o
® We capture the electric flux from Dy(e” % ) using invertible symmetry generator Uy(e” K )

2min’  nN

® Generated Zx phase is exp( %

w)
® Point: Dy actson A, in Uy ~ exp(L;("l . ﬁ JJ ¢dA), and generates winding number
Up — Uy exp(25inl . 250 . N § 9, pdat)
2 ’/
® Sincee K € Zk, the generated phase exp(27”" . #w) should be invariant under n’ — n’ + K,

nN

which holds only for the integer charge 2~w € Z.
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Selection rule of magnetic string fmidake, nita, ry 24]
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2min’  nN

® Generated Zx phase is exp( %

w)
® Point: Dy actson A, in Uy ~ exp(L;("l . ﬁ JJ ¢dA), and generates winding number
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Ur = Uy exp(25i2l . 220 . N § 9, gt

2 ’/
® Sincee K € Zy, the generated phase exp(27”" . #

w) should be invariant under n’ — n’ + K,

nN

which holds only for the integer charge 2~w € Z.

® |f the phase is ambiguous under the shift, the linked configuration should vanish to avoid the ambiguity.
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Fractional elec. charge = ambiguity in invertible 1-form symmetry transf.

2w m,

Ol(ef:), §9bolxm
'm.M ~
Dl(ﬂ?) -D'L D’L

2rin’

o
® We capture the electric flux from Dy(e” % ) using invertible symmetry generator Uy(e” K )

2min’  nN

® Generated Zx phase is exp( %

w)
® Point: Dy actson A, in Uy ~ exp(L;("l . ﬁ JJ ¢dA), and generates winding number
.
Ur = Uy exp(25i2l . 220 . N § 9, gt

2 ’/
® Since e K € Z, the generated phase exp(2m" . "TN

w) should be invariant under n’ — n’ + K,

”NwEZ

which holds only for the integer charge
® |f the phase is ambiguous under the shift, the linked configuration should vanish to avoid the ambiguity.

® Generalization of ordinary selection rule: vanishing of transition amplitudes can be expressed by symmetries.
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Summary

L Y
ValgE ™ §3.0de”
min’ ey
DieF) Pu Pa

We specify a selection rule for linked configurations of magnetic & axionic strings

using non-invertible symmetries in the low-energy (IR) limit of axion electrodynamics with a massive photon.

® Magnetic strings can be regarded as non-invertible 1-form symmetry generators in IR limit.

® Correlation functions of linked configurations can vanish if the induced charge violates Dirac quantization
condition.

® Selection rule can be expressed using invertible 1-form symmetry.

® Similar constraints can be found for axionic domain wall & magnetic monopole in the phase with massive

axion. (see our paper [2411.05434])
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