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Definition of IKKT matrix model

• The IKKT model:

Fermionic:

Bosonic:

Hermitian matrices 

where
<latexit sha1_base64="dHevHLHWWNwLkdWYDLStAC+eJpg=">AAACFHicbZDLSsNAFIYnXmu9RV26GSyCoJRERN0IVTcuFW0rNrVMJqc6OLkwcyKWkIdw46u4caGIWxfufBunNeD1h4GP/5zDnPP7iRQaHefdGhoeGR0bL02UJ6emZ2btufmGjlPFoc5jGatTn2mQIoI6CpRwmihgoS+h6V/t9+vNa1BaxNEJ9hJoh+wiEl3BGRqrY6+e0R3qiQiph3CDYZAF+e4XeokW3hqF80wc5x274lSdgehfcAuokEKHHfvNC2KehhAhl0zrlusk2M6YQsEl5GUv1ZAwfsUuoGUwYiHodjY4KqfLxgloN1bmmfUG7veJjIVa90LfdIYML/XvWt/8r9ZKsbvdzkSUpAgR//yom0qKMe0nRAOhgKPsGWBcCbMr5ZdMMY4mx7IJwf198l9orFfdzap7tFGp7RVxlMgiWSIrxCVbpEYOyCGpE05uyT15JE/WnfVgPVsvn61DVjGzQH7Iev0AsUqeoQ==</latexit>

Z =

Z
dAd eiS

Ishibashi-Kawai-Kitazawa-Tsuchiya [hep-th/9612115]

<latexit sha1_base64="SnzBXzETyzz3f2w0X2oCUCq0eY4=">AAACA3icbVBLSwMxGMz6rPW16k0vwSJUKGVXxAciVL14rGAf0F2WbJq2oUl2SbJCWQpe/CtePCji1T/hzX9j2u5BWwcShplvSL4JY0aVdpxva25+YXFpObeSX11b39i0t7brKkokJjUcsUg2Q6QIo4LUNNWMNGNJEA8ZaYT9m5HfeCBS0Ujc60FMfI66gnYoRtpIgb17FXg88S6K5oaX0Cm5Ja8daVU6PwzsglN2xoCzxM1IAWSoBvaXieKEE6ExQ0q1XCfWfoqkppiRYd5LFIkR7qMuaRkqECfKT8c7DOGBUdqwE0lzhIZj9XciRVypAQ/NJEe6p6a9kfif10p058xPqYgTTQSePNRJGNQRHBUC21QSrNnAEIQlNX+FuIckwtrUljcluNMrz5L6Udk9Kbt3x4XKdVZHDuyBfVAELjgFFXALqqAGMHgEz+AVvFlP1ov1bn1MRuesLLMD/sD6/AFb2pVq</latexit>

Aµ (µ = 0, 1, . . . , 9)
<latexit sha1_base64="xtbNOnY0aTcn4uuGrXJj51gL9U4=">AAACDXicbVDLSgMxFM34rPU16tJNsAoVSpkUqYIIRTcuK9gHdIYhk6ZtaCYzJBmhDP0BN/6KGxeKuHXvzr8xbWehrQcCh3Pu4eaeIOZMacf5tpaWV1bX1nMb+c2t7Z1de2+/qaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61geDPxWw9UKhaJez2KqRfivmA9RrA2km8fu7Fivot5PMDuZXFG4BVEpUrJ7UZalVD11LcLTtmZAi4SlJECyFD37S+TJUlIhSYcK9VBTqy9FEvNCKfjvJsoGmMyxH3aMVTgkCovnV4zhidG6cJeJM0TGk7V34kUh0qNwsBMhlgP1Lw3Ef/zOonuXXgpE3GiqSCzRb2EQx3BSTWwyyQlmo8MwUQy81dIBlhiok2BeVMCmj95kTQrZVQto7uzQu06qyMHDsERKAIEzkEN3II6aAACHsEzeAVv1pP1Yr1bH7PRJSvLHIA/sD5/ACeyma0=</latexit>

 ↵ (↵ = 1, 2, . . . , 16)

Non-perturbative formulation 
of superstring theory

Eigenvalues of   𝐴! =  spacetime coordinates     

• Shift symmetry                                     =   Translation in SUSY Spacetime emerges
dynamically

<latexit sha1_base64="vSre7SIye0PFaiqJ89jlRqXNx9g="></latexit>

Aµ ! Aµ + ↵µ1

<latexit sha1_base64="nFAYjITszlDzx+YsvMsGm9803Gs="></latexit>

Sb = �N

4
tr[Aµ, A⌫ ][A

µ, A⌫ ]

<latexit sha1_base64="cc/hykkqmU0/fK3JZyhTrPpMSPM="></latexit>

Sf = �N

2
tr
�
 ↵(�

µ)↵� [Aµ, � ]
�

<latexit sha1_base64="fJcmfH28CSrC1vvqmtPzompyJbQ=">AAACCHicbVDLSsNAFJ34rPUVdenCwSIIQklE1I1QdOOyUvuANoTJdNIOnTyYuRFLyNKNv+LGhSJu/QR3/o3TNqC2Hrhw5px7mXuPFwuuwLK+jLn5hcWl5cJKcXVtfWPT3NpuqCiRlNVpJCLZ8ohigoesDhwEa8WSkcATrOkNrkZ+845JxaPwFoYxcwLSC7nPKQEtueZeDV/gmpt2gN1D6mUZPvp5+lnmmiWrbI2BZ4mdkxLKUXXNz043oknAQqCCKNW2rRiclEjgVLCs2EkUiwkdkB5raxqSgCknHR+S4QOtdLEfSV0h4LH6eyIlgVLDwNOdAYG+mvZG4n9eOwH/3El5GCfAQjr5yE8EhgiPUsFdLhkFMdSEUMn1rpj2iSQUdHZFHYI9ffIsaRyX7dOyfXNSqlzmcRTQLtpHh8hGZ6iCrlEV1RFFD+gJvaBX49F4Nt6M90nrnJHP7KA/MD6+AR7VmXA=</latexit>

S = Sb + Sf



The mass term as IR regulator

• To regularize: Adding the Lorentz-invariant mass term as an IR regulator

𝜀 : convergence factor

Hatakeyama et al. [2201.13200]

<latexit sha1_base64="UJR4zJVenPQp2KYVO4tAA1CADio="></latexit>

S = Sb + Sm

<latexit sha1_base64="cvhJVBZhLOTfHTen0b9xoBIE7lM="></latexit>

Sm =
1

2
N�

⇥
ei✏Tr(A0)

2 � e�i✏Tr(Ai)
2
⇤

<latexit sha1_base64="oJlhyQy1fbd916rZYxg+N4xMpXw="></latexit>

Z =

Z
dAeiSbPfM(A)• Lorentzian model is not absolutely convergent

Pfaffian: real 
polynomial in 𝐴!

• Classical equation of motion:

<latexit sha1_base64="iFPgN8rW2jah95Xmmr2XnKs3C+w="></latexit>

[A⌫ , [A⌫ , Aµ]]� �Aµ = 0

<latexit sha1_base64="dS4YWyzZgce6RzQaqI2lymvDOtI="></latexit>

Z =

Z
dAei�

2S[Â]

<latexit sha1_base64="05gZFuX81eRA0OmlZCRq/piMflA="></latexit>

Aµ ! Âµ = Aµ/
p

|�|

“classical limit”
<latexit sha1_base64="JBTrO2JzCuXhnSWZBWiCyqW47lA="></latexit>✓
�2 $ 1

~

◆

Bosonic model with mass term



At 𝑁 → ∞ , non-trivial solutions 𝐴! ≠ 0 with expanding 
behaviour appears only at  𝛾 > 0. 

Complete set of classical solutions

𝛾 > 0 𝛾 < 0
Trivial:

<latexit sha1_base64="DnFV4gFZaojMC2ZZlRBssnMgIcs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6sVjBPOQZAmzk9lkyMzsMg8hLPkKLx4U8ernePNvnCR70GhBQ1HVTXdXlHKmje9/eYWl5ZXVteJ6aWNza3unvLvX1IlVhDZIwhPVjrCmnEnaMMxw2k4VxSLitBWNbqZ+65EqzRJ5b8YpDQUeSBYzgo2THq56XWHRJfJ75Ypf9WdAf0mQkwrkqPfKn91+Qqyg0hCOte4EfmrCDCvDCKeTUtdqmmIywgPacVRiQXWYzQ6eoCOn9FGcKFfSoJn6cyLDQuuxiFynwGaoF72p+J/XsSa+CDMmU2uoJPNFseXIJGj6PeozRYnhY0cwUczdisgQK0yMy6jkQggWX/5LmifV4Kwa3J1Watd5HEU4gEM4hgDOoQa3UIcGEBDwBC/w6inv2Xvz3uetBS+f2Ydf8D6+AUBYj2U=</latexit>

Aµ = 0

Pauli:

squashed Pauli:

Trivial:
<latexit sha1_base64="DnFV4gFZaojMC2ZZlRBssnMgIcs=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqBch6sVjBPOQZAmzk9lkyMzsMg8hLPkKLx4U8ernePNvnCR70GhBQ1HVTXdXlHKmje9/eYWl5ZXVteJ6aWNza3unvLvX1IlVhDZIwhPVjrCmnEnaMMxw2k4VxSLitBWNbqZ+65EqzRJ5b8YpDQUeSBYzgo2THq56XWHRJfJ75Ypf9WdAf0mQkwrkqPfKn91+Qqyg0hCOte4EfmrCDCvDCKeTUtdqmmIywgPacVRiQXWYzQ6eoCOn9FGcKFfSoJn6cyLDQuuxiFynwGaoF72p+J/XsSa+CDMmU2uoJPNFseXIJGj6PeozRYnhY0cwUczdisgQK0yMy6jkQggWX/5LmifV4Kwa3J1Watd5HEU4gEM4hgDOoQa3UIcGEBDwBC/w6inv2Xvz3uetBS+f2Ydf8D6+AUBYj2U=</latexit>

Aµ = 0
Non-trivial
solutions
𝐴! ≠ 0

<latexit sha1_base64="/HSGTBpySziCDHVc8Wj7Z/zDulI="></latexit>

Aµ =

r
�

2
�µ

<latexit sha1_base64="zA00Bmx1qRp1FwHdGFueidLdwMo="></latexit>

Ai =
p
��i

<latexit sha1_base64="l2AgZM8yYw8RDCndKnO9BketaMA="></latexit>

µ = 1, 2, 3

<latexit sha1_base64="DNf4FDFArQXX+byUjudZXtd+dZc="></latexit>

i = 1, 2

<latexit sha1_base64="No+yMbTP6CeIBhHpIcJJv7LKrB8="></latexit>

SU(2)⇥ SO(D � 1, 1) ! SO(2)⇥ SO(D � 3, 1)

3 extended
spatial directions

2 extended
spatial directions

• D-dimensional bosonic model at N=2 Steinecker [1709.10480] 

diagonal subgroup of <latexit sha1_base64="NQLar1a+ufmf7G1HTQMwDwrRH+I="></latexit>

SU(2)⇥ SO(D � 1, 1) ! SO(3)⇥ SO(D � 4, 1)<latexit sha1_base64="BbKn4147r/Plr/2CItiLwJDIJI4="></latexit>

SO(3)⇥ SU(2)

<latexit sha1_base64="I/yUBSKkGnMw4bMAl8pRvXDqgiM="></latexit>

SO(2)⇥U(1)

diagonal subgroup of 



Divergent partition functions

• Non-trivial solutions break Lorentz symmetry   ⇒ Flat directions

Solutions Trivial Pauli (P) squashed Pauli (SP)

Z finite

• Consequences of non-compact flat directions

1. Divergent partition functions

<latexit sha1_base64="PdlheaM5rEK/X9ElsvDvOrby2I8=">AAACCHicbVDLSsNAFJ34rPUVdenCwSLURUtSpbos6sJlBfuAJpbJdNIOnUzCzKRQQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d57vIhRqSzr21haXlldW89t5De3tnd2zb39pgxjgUkDhywUbQ9JwignDUUVI+1IEBR4jLS84fXEb42IkDTk92ocETdAfU59ipHSUtc8ckZIkEhSFvKHpFR0fIFwcnaTJpW0VD1Nu2bBKltTwEViZ6QAMtS75pfTC3EcEK4wQ1J2bCtSboKEopiRNO/EkkQID1GfdDTlKCDSTaaPpPBEKz3oh0IXV3Cq/p5IUCDlOPB0Z4DUQM57E/E/rxMr/9JNKI9iRTieLfJjBlUIJ6nAHhUEKzbWBGFB9a0QD5COQuns8joEe/7lRdKslO1q2b47L9Susjhy4BAcgyKwwQWogVtQBw2AwSN4Bq/gzXgyXox342PWumRkMwfgD4zPHwBxmU4=</latexit>

"�( 3D
2 �6)

<latexit sha1_base64="gdOop9qxMiWRt4sKDvIiVJs7t2o=">AAAB/XicbVDLSgNBEJz1GeNrfdy8LAYhHhJ2VdRjUA8eI5gHJGuYnXSSIbMzy8xsIC7BX/HiQRGv/oc3/8ZJsgdNLGgoqrrp7goiRpV23W9rYXFpeWU1s5Zd39jc2rZ3dqtKxJJAhQgmZD3AChjlUNFUM6hHEnAYMKgF/euxXxuAVFTwez2MwA9xl9MOJVgbqWXvNwdYQqQoE/whKeRvCqfHo5adc4vuBM488VKSQynKLfur2RYkDoFrwrBSDc+NtJ9gqSlhMMo2YwURJn3chYahHIeg/GRy/cg5Mkrb6Qhpimtnov6eSHCo1DAMTGeIdU/NemPxP68R686ln1AexRo4mS7qxMzRwhlH4bSpBKLZ0BBMJDW3OqSHJSbaBJY1IXizL8+T6knROy96d2e50lUaRwYdoEOURx66QCV0i8qoggh6RM/oFb1ZT9aL9W59TFsXrHRmD/2B9fkDczGUkA==</latexit>

"�(D�3)

D
∞3 6SP P

Prediction:
𝜀 → 0

“The most diverging partition function =  The most dominant configuration”

Use method similar to Hotta-Nishimura-Tsuchiya [hep-th/9811220] 

<latexit sha1_base64="/Kwyn2QZ9pnbo/JcAKE0n5trVN4=">AAACFHicbZDLSgMxFIYz9V5vVZdugkUQhDojoi5FNy4rWhXbMmTSM21oJjMkZ8QyzEO48VXcuFDErQt3vo3pZaGtPwS+/OcckvMHiRQGXffbKUxNz8zOzS8UF5eWV1ZLa+vXJk41hxqPZaxvA2ZACgU1FCjhNtHAokDCTdA969dv7kEbEasr7CXQjFhbiVBwhtbyS7t3fgPhAbNqvnfnZ0O+rOY5bRgR0eE9FEog5H6p7FbcgegkeCMok5Gqfumr0Yp5GoFCLpkxdc9NsJkxjYJLyIuN1EDCeJe1oW5RsQhMMxssldNt67RoGGt7FNKB+3siY5ExvSiwnRHDjhmv9c3/avUUw+NmJlSSIig+fChMJcWY9hOiLaGBo+xZYFwL+1fKO0wzjjbHog3BG195Eq73K95hxbs4KJ+cjuKYJ5tki+wQjxyRE3JOqqRGOHkkz+SVvDlPzovz7nwMWwvOaGaD/JHz+QNGZZ+a</latexit>

ZP/ZSP ⇠ finite
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Numerical confirmation of divergence

<latexit sha1_base64="Pwg2iOOfV3RVcPRvP7hppLGdyYc="></latexit>

Z / eiSm

<latexit sha1_base64="qdypOXGDmwA01D/ZWSZmV407PWQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUSPrlilt15yCrxMtJBXLU++Wv3iBmaYTSMEG17npuYvyMKsOZwGmpl2pMKBvTIXYtlTRC7WfzQ6fkzCoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDGz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m5INwVt+eZW0LqreVdVrXFZqt3kcRTiBUzgHD66hBvdQhyYwQHiGV3hzHp0X5935WLQWnHzmGP7A+fwB3BGM+g==</latexit>p

SP at D=3 Prediction:  p=0

1/D correction! 
( 𝑝"#$~ 0.5)

• Power of divergence for SP:

<latexit sha1_base64="4Hh9lYUKora0u5c9SyA4IzZFAwQ="></latexit>

Sm ⇠ ei"tr(A2
0)� e�i"tr(A2

i ) = tr(A2
0)� tr(A2

i ) + i"tr(A2
0) + i"tr(A2

i )
<latexit sha1_base64="4Hh9lYUKora0u5c9SyA4IzZFAwQ="></latexit>

Sm ⇠ ei"tr(A2
0)� e�i"tr(A2

i ) = tr(A2
0)� tr(A2

i ) + i"tr(A2
0) + i"tr(A2

i )

<latexit sha1_base64="pOYq8hsRsMq3fv6Gnpb+g75fgdc="></latexit>⌦
tr(A2

0)
↵
⇠ d

d"
lnZ

<latexit sha1_base64="hH3zfVV8+pLxxbzcwj9KiBktEH0=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4MYyI6Iui25cVrAP7Iwlk6ZtaCYJSaZQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvfdEklFtPO/bKSwtr6yuFddLG5tb2zvu7l5Di0RhUseCCdWKkCaMclI31DDSkoqgOGKkGQ1vJn5zRJSmgt+bsSRhjPqc9ihGxkod9+ABBprGMBghRaSmTPDH9FRmHbfsVbwp4CLxc1IGOWod9yvoCpzEhBvMkNZt35MmTJEyFDOSlYJEE4nwEPVJ21KOYqLDdPpABo+t0oU9oWxxA6fq74kUxVqP48h2xsgM9Lw3Ef/z2onpXYUp5TIxhOPZol7CoBFwkgbsUkWwYWNLEFbU3grxACmEjc2sZEPw519eJI2zin9R8e/Oy9XrPI4iOARH4AT44BJUwS2ogTrAIAPP4BW8OU/Oi/PufMxaC04+sw/+wPn8AZJplmg=</latexit>

Z ⇠ "�p <latexit sha1_base64="PqrYr3VNbpbDeu7PcjLWPCgPa6g=">AAAB/nicbVBNS8NAEN34WetXVDx5WSyCp5KIqMeiF48V7Ac0pWy2k3bpZjfsbgolBPwrXjwo4tXf4c1/47bNQVsfDDzem2FmXphwpo3nfTsrq2vrG5ulrfL2zu7evntw2NQyVRQaVHKp2iHRwJmAhmGGQztRQOKQQysc3U391hiUZlI8mkkC3ZgMBIsYJcZKPfc4iBShWZJnwZgoSDTjUuQ9t+JVvRnwMvELUkEF6j33K+hLmsYgDOVE647vJaabEWUY5ZCXg1RDQuiIDKBjqSAx6G42Oz/HZ1bp40gqW8Lgmfp7IiOx1pM4tJ0xMUO96E3F/7xOaqKbbsZEkhoQdL4oSjk2Ek+zwH2mgBo+sYRQxeytmA6JzcPYxMo2BH/x5WXSvKj6V1X/4bJSuy3iKKETdIrOkY+uUQ3dozpqIIoy9Ixe0Zvz5Lw4787HvHXFKWaO0B84nz99n5Z6</latexit>p

"

𝑏~1.5
<latexit sha1_base64="QE+ZPSnR+DYv/RVc8R27fQfeiWE=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIglgSFXUjFO3CZQX7gDaUyXTSDp1MwsxEKCHgr7hxoYhbv8Odf+P0sdDWAxcO59zLvff4MWdKO863lVtYXFpeya8W1tY3Nrfs7Z26ihJJaI1EPJJNHyvKmaA1zTSnzVhSHPqcNvzB7chvPFKpWCQe9DCmXoh7ggWMYG2kjr0Xo2tUOTlDx6gdSExSP0srWccuOiVnDDRP3CkpwhTVjv3V7kYkCanQhGOlWq4Tay/FUjPCaVZoJ4rGmAxwj7YMFTikykvH52fo0ChdFETSlNBorP6eSHGo1DD0TWeIdV/NeiPxP6+V6ODKS5mIE00FmSwKEo50hEZZoC6TlGg+NAQTycytiPSxSUGbxAomBHf25XlSPy25FyX3/rxYvpnGkYd9OIAjcOESynAHVagBgRSe4RXerCfrxXq3PiatOWs6swt/YH3+AK6JlA0=</latexit>

p = D � 3 +
b

D



Numerical confirmation of transition

D=4

D = 5, 6, 7

<latexit sha1_base64="rFnTsDmMIQTW4t8WP33lZo7xHwU=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoMQm7ArojZCoo1lhLwgWZbZySSZZPbBzF0xLCls/BUbC0Vs/Qg7/8ZJsoUmHrhwOOde7r3HiwRXYFnfRmZldW19I7uZ29re2d0z9w8aKowlZXUailC2PKKY4AGrAwfBWpFkxPcEa3qjm6nfvGdS8TCowThijk/6Ae9xSkBLrpmvuQkfTvAV7gB7gATkpFhxOa64wxPXLFglawa8TOyUFFCKqmt+dbohjX0WABVEqbZtReAkRAKngk1ynVixiNAR6bO2pgHxmXKS2RMTfKyVLu6FUlcAeKb+nkiIr9TY93SnT2CgFr2p+J/XjqF36SQ8iGJgAZ0v6sUCQ4inieAul4yCGGtCqOT6VkwHRBIKOrecDsFefHmZNE5L9nnJvjsrlK/TOLIoj45QEdnoApXRLaqiOqLoET2jV/RmPBkvxrvxMW/NGOnMIfoD4/MHUbiXPQ==</latexit>

Tij = tr(AiAj)

Characteristic polynomial

# of large eigenvalues 𝜆% = spacetime dimensionality

<latexit sha1_base64="xXVjAHV/T5LWKWUB3A5aD4Rh2mc="></latexit>

a0�
D�1 + a1�

D�2 + a2�
D�3 + a3�

D�4 + · · ·+ a8�+ a9 = 0

P: 3D space = 3 large 𝜆%

SP: 2D space = 2 large 𝜆%

<latexit sha1_base64="OgEM609BQKWJGMVJEoo97pVslrU=">AAACAnicbVBPS8MwHP11/pvzX9WTeAkOwdNoRdTj0IvHCW4O1lLSNN3CkrYkqTDK8OJX8eJBEa9+Cm9+G7OtB918kPB47/dIfi/MOFPacb6tytLyyupadb22sbm1vWPv7nVUmktC2yTlqeyGWFHOEtrWTHPazSTFIuT0PhxeT/z7ByoVS5M7PcqoL3A/YTEjWBspsA9w4CJPMWGuXAQMedyEIxywwK47DWcKtEjcktShRCuwv7woJbmgiSYcK9VznUz7BZaaEU7HNS9XNMNkiPu0Z2iCBVV+MV1hjI6NEqE4leYkGk3V34kCC6VGIjSTAuuBmvcm4n9eL9fxpV+wJMs1TcjsoTjnSKdo0geKmKRE85EhmEhm/orIAEtMtGmtZkpw51deJJ3ThnvecG/P6s2rso4qHMIRnIALF9CEG2hBGwg8wjO8wpv1ZL1Y79bHbLRilZl9+APr8wcci5af</latexit>

a1 ⇠
X

i

�i

<latexit sha1_base64="SVXmYHSdRSBa/wKHeE8G7y/uTFs=">AAACGnicbZBNS8MwGMdTX+d8q3r0EhyCp9GqqKcx9OJxgnuBtZQ0TbesSVuSVBhln8OLX8WLB0W8iRe/jdnWgW4+kPDj/7wkz99PGZXKsr6NpeWV1bX10kZ5c2t7Z9fc22/JJBOYNHHCEtHxkSSMxqSpqGKkkwqCuM9I249uxvn2AxGSJvG9GqbE5agX05BipLTkmTbyzqAjKddXxr08qg1qdAQdpkcEyKMzGMwg8syKVbUmARfBLqACimh45qcTJDjjJFaYISm7tpUqN0dCUczIqOxkkqQIR6hHuhpjxIl088lqI3islQCGidAnVnCi/u7IEZdyyH1dyZHqy/ncWPwv181UeOXmNE4zRWI8fSjMGFQJHPsEAyoIVmyoAWFB9V8h7iOBsNJulrUJ9vzKi9A6rdoXVfvuvFK/LuwogUNwBE6ADS5BHdyCBmgCDB7BM3gFb8aT8WK8Gx/T0iWj6DkAf8L4+gEIxqDn</latexit>

a3 ⇠
X

k>j>i

�i�j�k

<latexit sha1_base64="DalspkClJ5glwfFvQSZ/TrjyBM8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lU1ItQ9OKxgv2ANpTNdtIu3WzC7kYooT/CiwdFvPp7vPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3U391hMqzWP5aMYJ+hEdSB5yRo2VWrR3Tm6I2ytX3Ko7A1kmXk4qkKPeK391+zFLI5SGCap1x3MT42dUGc4ETkrdVGNC2YgOsGOppBFqP5udOyEnVumTMFa2pCEz9fdERiOtx1FgOyNqhnrRm4r/eZ3UhNd+xmWSGpRsvihMBTExmf5O+lwhM2JsCWWK21sJG1JFmbEJlWwI3uLLy6R5VvUuq97DRaV2m8dRhCM4hlPw4ApqcA91aACDETzDK7w5ifPivDsf89aCk88cwh84nz+MW45m</latexit>

a3 = 0

<latexit sha1_base64="g6IVlEfhUO8GsxtfOQiJQNITg5c=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomKeix68VjBfmAbymY7aZduNnF3I5TQf+HFgyJe/Tfe/Ddu2xy09cHA470ZZuYFieDauO63s7S8srq2Xtgobm5t7+yW9vYbOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTPzmEyrNY3lvRgn6Ee1LHnJGjZUeaPeMdCQ+ErdbKrsVdwqySLyclCFHrVv66vRilkYoDRNU67bnJsbPqDKcCRwXO6nGhLIh7WPbUkkj1H42vXhMjq3SI2GsbElDpurviYxGWo+iwHZG1Az0vDcR//PaqQmv/IzLJDUo2WxRmApiYjJ5n/S4QmbEyBLKFLe3EjagijJjQyraELz5lxdJ47TiXVS8u/Ny9TqPowCHcAQn4MElVOEWalAHBhKe4RXeHO28OO/Ox6x1yclnDuAPnM8fHb6P5w==</latexit>

a3 6= 0

Transition

• Transition between D=4 and D=5 ⇒ Prediction for P: 4 < 𝑎 < 5.5

Order parameter
<latexit sha1_base64="BCjOVh6UpKhPWu+PU/JpkdTJrkc=">AAACD3icbVDLTgIxFO34RHyNunTTSDSucAaMujCG6MYlJvJIYJh0SgcaOo+0d0wI8Adu/BU3LjTGrVt3/o0FZqHgSdp7cs69ae/xYsEVWNa3sbC4tLyymlnLrm9sbm2bO7tVFSWSsgqNRCTrHlFM8JBVgINg9VgyEniC1bzezdivPTCpeBTeQz9mTkA6Ifc5JaAl1zxqCubDcHJfYuIWT4hrt4pNyTtduJqWYavgmjkrb02A54mdkhxKUXbNr2Y7oknAQqCCKNWwrRicAZHAqWCjbDNRLCa0RzqsoWlIAqacwWSfET7UShv7kdQnBDxRf08MSKBUP/B0Z0Cgq2a9sfif10jAv3AGPIwTYCGdPuQnAkOEx+HgNpeMguhrQqjk+q+YdokkFHSEWR2CPbvyPKkW8vZZ3r47zZWu0zgyaB8doGNko3NUQreojCqIokf0jF7Rm/FkvBjvxse0dcFIZ/bQHxifP+rvm/U=</latexit>��⌦a3/a31

↵��2

<latexit sha1_base64="f4zNO8kF/739uhdjqsKTqPwniDo=">AAACEHicbVDNS8MwHE3n15xfVY9egkMUhqMdol6EoR48TnAfsJWSpukWlqYlSYVR+id48V/x4kERrx69+d+YbRV080Hg8d7vJfk9L2ZUKsv6MgoLi0vLK8XV0tr6xuaWub3TklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vBr77XsiJI34nRrFxAlRn9OAYqS05JqHFdjzIyVhBSI3vT6uZbDHdNxHP4qdwQtouWbZqloTwHli56QMcjRc81Pfi5OQcIUZkrJrW7FyUiQUxYxkpV4iSYzwEPVJV1OOQiKddLJQBg+04sMgEvpwBSfq70SKQilHoacnQ6QGctYbi/953UQF505KeZwowvH0oSBhUEVw3A70qSBYsZEmCAuq/wrxAAmEle6wpEuwZ1eeJ61a1T6t2rcn5fplXkcR7IF9cARscAbq4AY0QBNg8ACewAt4NR6NZ+PNeJ+OFow8swv+wPj4Bm3sma0=</latexit>

+ · · ·+ aD�2�+ aD�1 = 0

<latexit sha1_base64="hH3zfVV8+pLxxbzcwj9KiBktEH0=">AAACAHicbVDLSgMxFM3UV62vURcu3ASL4MYyI6Iui25cVrAP7Iwlk6ZtaCYJSaZQhtn4K25cKOLWz3Dn35i2s9DWAxcO59zLvfdEklFtPO/bKSwtr6yuFddLG5tb2zvu7l5Di0RhUseCCdWKkCaMclI31DDSkoqgOGKkGQ1vJn5zRJSmgt+bsSRhjPqc9ihGxkod9+ABBprGMBghRaSmTPDH9FRmHbfsVbwp4CLxc1IGOWod9yvoCpzEhBvMkNZt35MmTJEyFDOSlYJEE4nwEPVJ21KOYqLDdPpABo+t0oU9oWxxA6fq74kUxVqP48h2xsgM9Lw3Ef/z2onpXYUp5TIxhOPZol7CoBFwkgbsUkWwYWNLEFbU3grxACmEjc2sZEPw519eJI2zin9R8e/Oy9XrPI4iOARH4AT44BJUwS2ogTrAIAPP4BW8OU/Oi/PufMxaC04+sw/+wPn8AZJplmg=</latexit>

Z ⇠ "�p
<latexit sha1_base64="ALkAuhLM08YJLQR/cA2n5tS8Mow=">AAACCXicbVDLSgNBEOyNrxhfqx69DAZBEMNulOhFCJqDxwjmAckSZiezyZDZBzOzQlj26sVf8eJBEa/+gTf/xkmyB00saCiquunuciPOpLKsbyO3tLyyupZfL2xsbm3vmLt7TRnGgtAGCXko2i6WlLOANhRTnLYjQbHvctpyRzcTv/VAhWRhcK/GEXV8PAiYxwhWWuqZKEJXqOsJTJKzWpqU09MKOskEnCa1tGcWrZI1BVokdkaKkKHeM7+6/ZDEPg0U4VjKjm1FykmwUIxwmha6saQRJiM8oB1NA+xT6STTT1J0pJU+8kKhK1Boqv6eSLAv5dh3daeP1VDOexPxP68TK+/SSVgQxYoGZLbIizlSIZrEgvpMUKL4WBNMBNO3IjLEOgWlwyvoEOz5lxdJs1yyKyX77rxYvc7iyMMBHMIx2HABVbiFOjSAwCM8wyu8GU/Gi/FufMxac0Y2sw9/YHz+ADh3mMo=</latexit>

p =
3D

2
� 6 +

a

D



Classicalization
• Hessian controls fluctuations around saddles

flat directions

tr 𝐴"#$ + tr 𝐴%#$ = Λ

tr(𝐴"#+𝛿𝐴"# )2 + tr(𝐴%#+𝛿𝐴%#)2 = Λ + 𝛿Λ𝛿𝐴! = 𝑐!𝑁!
fluctuations

<latexit sha1_base64="AxrDIdsHpieg/wnalaiCqRPt5ZA="></latexit>

�S = �AµHµ⌫(A)�A⌫ = �A
0
µHµ⌫(A

0) �A0
⌫

𝐴!&
𝐴!

<latexit sha1_base64="4TzarQHPVJXt7ynnlKM8nLAXg+k=">AAACJXicbZDJSgNBEIZ7XGPcoh69NAYxQQgzIupBIerFYwSzQBJCT6eSNOlZ6K4Rw5CX8eKrePFgEMGTr2JnAU1iQcPH/1dRXb8bSqHRtr+shcWl5ZXVxFpyfWNzazu1s1vSQaQ4FHkgA1VxmQYpfCiiQAmVUAHzXAllt3s79MuPoLQI/AfshVD3WNsXLcEZGqmRuqwhPGGMqp+5PmrYtNYEiYwOOUuP6ZQrfk2RpVfUbqTSds4eFZ0HZwJpMqlCIzWoNQMeeeAjl0zrqmOHWI+ZQsEl9JO1SEPIeJe1oWrQZx7oejy6sk8PjdKkrUCZ5yMdqX8nYuZp3fNc0+kx7OhZbyj+51UjbF3UY+GHEYLPx4takaQY0GFktCkUcJQ9A4wrYf5KeYcpxtEEmzQhOLMnz0PpJOec5Zz703T+ZhJHguyTA5IhDjkneXJHCqRIOHkmr+SdDKwX6836sD7HrQvWZGaPTJX1/QOtVaI7</latexit>

tr(A0
0�A

0
0) + tr(A0

i�A
0
i) = 0

Solutions
Eigenvalues of 𝐻!&(𝐴!# )
Divergent Finite

P 4 2
SP 4 𝐷 − 3

“constraints on fluctuations” 

classicalizes at 𝐷 → ∞
classicalizes only at 𝐷 = 3

Asano-Nishimura-WP-Yamamori [2404.14045]

𝛿𝑆(𝐴!) is finite Find eigenvalues of 𝐻!"(𝐴′)

check  
# of finite eigenvalues

#



Numerical confirmation of classicalization (SP)

D=3 Re

D=3 Im

D=4 Re

D=4 Im

<latexit sha1_base64="cWTXzuhqhJmBNQusoCIF8yOCsI8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwFRLxtRGKblxWsA9oQplMJ+3QmSTM3Ag1FH/FjQtF3Pof7vwbp20W2nrgwuGce7n3njAVXIPrflsLi0vLK6ultfL6xubWtr2z29BJpiir00QkqhUSzQSPWR04CNZKFSMyFKwZDm7GfvOBKc2T+B6GKQsk6cU84pSAkTr2vg9cdFnu94iUZISvsOecdeyK67gT4HniFaSCCtQ69pffTWgmWQxUEK3bnptCkBMFnAo2KvuZZimhA9JjbUNjIpkO8sn1I3xklC6OEmUqBjxRf0/kRGo9lKHplAT6etYbi/957QyiyyDncZoBi+l0UZQJDAkeR4G7XDEKYmgIoYqbWzHtE0UomMDKJgRv9uV50jhxvHPHuzutVK+LOEroAB2iY+ShC1RFt6iG6oiiR/SMXtGb9WS9WO/Wx7R1wSpm9tAfWJ8/EECUTw==</latexit>

�̃ = 1.5classical 
prediction

<latexit sha1_base64="sr1cckAIx815r7gUrlJQ0zo0jHY=">AAACEXicbVC7SgNBFJ31GeMramkzGASruBvU2AhBG8sIJgrZEGZnb+KQmd1l5q4Ylv0FG3/FxkIRWzs7/8bJo/B14MLhnHtn7j1BIoVB1/10Zmbn5hcWC0vF5ZXVtfXSxmbLxKnm0OSxjPV1wAxIEUETBUq4TjQwFUi4CgZnI//qFrQRcXSJwwQ6ivUj0ROcoZW6pT0f4Q7H72QawjzzUcgQMr/PlGL5fpWeULdSO8y7pbJbccegf4k3JWUyRaNb+vDDmKcKIuSSGdP23AQ7GdMouIS86KcGEsYHrA9tSyOmwHSy8SY53bVKSHuxthUhHavfJzKmjBmqwHYqhjfmtzcS//PaKfaOO5mIkhQh4pOPeqmkGNNRPDQUGjjKoSWMa2F3pfyGacbRhli0IXi/T/5LWtWKd1TxLg7K9dNpHAWyTXbIHvFIjdTJOWmQJuHknjySZ/LiPDhPzqvzNmmdcaYzW+QHnPcvEtCdGQ==</latexit>

�̃/2 = 0.75

classical 
prediction = 0

<latexit sha1_base64="t8Ip134ANXkZYd/Ft7NqdagicMM=">AAACD3icbVA9SwNBEN3zM8avqKXNYVC0CXdB1EIkamMlEYwRcmfY28wlS/Y+2J0Tw3H/wMa/YmOhiK2tnf/GTXKFXw8GHu/NMDPPiwVXaFmfxsTk1PTMbGGuOL+wuLRcWlm9UlEiGTRYJCJ57VEFgofQQI4CrmMJNPAENL3+6dBv3oJUPAovcRCDG9BuyH3OKGqpXdpyBPh46PiSstTO0vPMQbjDFGW2fXxT3XEk7/bwqF0qWxVrBPMvsXNSJjnq7dKH04lYEkCITFClWrYVo5tSiZwJyIpOoiCmrE+70NI0pAEoNx39k5mbWumYfiR1hWiO1O8TKQ2UGgSe7gwo9tRvbyj+57US9A/clIdxghCy8SI/ESZG5jAcs8MlMBQDTSiTXN9qsh7V0aCOsKhDsH+//JdcVSv2XsW+2C3XTvI4CmSdbJBtYpN9UiNnpE4ahJF78kieyYvxYDwZr8bbuHXCyGfWyA8Y718ZoJyw</latexit>⌧
1

N
tr(A2)

�



Numerical confirmation of classicalization (P)

classical prediction
<latexit sha1_base64="gD+wVh3gxpeTEg+PHR4cQ/pQLnw=">AAACEnicbVA9SwNBEN2LXzF+RS1tFoOgTbzzM40g2lgqGA3kQtjbmySLu3fH7pwYjvsNNv4VGwtFbK3s/DduYgqNPhh4vDezO/OCRAqDrvvpFCYmp6ZnirOlufmFxaXy8sqViVPNoc5jGetGwAxIEUEdBUpoJBqYCiRcBzenA//6FrQRcXSJ/QRainUj0RGcoZXa5S0f4Q6H72Qawjzb9VHIEDK/y5Ri+XaNHlG3erift8sVt+oOQf8Sb0QqZITzdvnDD2OeKoiQS2ZM03MTbGVMo+AS8pKfGkgYv2FdaFoaMQWmlQ1XyemGVULaibWtCOlQ/TmRMWVMXwW2UzHsmXFvIP7nNVPs1FqZiJIUIeLfH3VSSTGmg3xoKDRwlH1LGNfC7kp5j2nG0aZYsiF44yf/JVc7Ve+g6l3sVY5PRnEUyRpZJ5vEI4fkmJyRc1InnNyTR/JMXpwH58l5dd6+WwvOaGaV/ILz/gWaa51c</latexit>

3�̃/8 = 0.75

<latexit sha1_base64="eTHcv1IVXomCc9JrefRjhS5z0E0=">AAAB+3icbVBNS8NAEJ3Ur1q/aj16WSyCp5IUUS9C0YvHCvYDmlA2m027dDcJuxuxhPwVLx4U8eof8ea/cdvmoK0PBh7vzTAzz084U9q2v63S2vrG5lZ5u7Kzu7d/UD2sdVWcSkI7JOax7PtYUc4i2tFMc9pPJMXC57TnT25nfu+RSsXi6EFPE+oJPIpYyAjWRhpWa65mPKCZO8JC4Bxdo+awWrcb9hxolTgFqUOB9rD65QYxSQWNNOFYqYFjJ9rLsNSMcJpX3FTRBJMJHtGBoREWVHnZ/PYcnRolQGEsTUUazdXfExkWSk2FbzoF1mO17M3E/7xBqsMrL2NRkmoakcWiMOVIx2gWBAqYpETzqSGYSGZuRWSMJSbaxFUxITjLL6+SbrPhXDSc+/N666aIowzHcAJn4MAltOAO2tABAk/wDK/wZuXWi/VufSxaS1YxcwR/YH3+ACRJk9k=</latexit>

�̃ = 2

𝐷 = 10

𝐷 = 15
𝐷 = 20

𝐷 = 30 𝐷 → ∞
Extrapolation

<latexit sha1_base64="Jy5X2Jga8u/H+2BwUeInWlbBkbw=">AAACGnicbVDLSgNBEJyN7/ha9ehlMQgRJOwGUQ8iUS+eRMUYIRvD7KQ3GTL7YKZXDMt+hxd/xYsHRbyJF//GyeOg0YKGoqqb7i4vFlyhbX8ZuYnJqemZ2bn8/MLi0rK5snqtokQyqLJIRPLGowoED6GKHAXcxBJo4Amoed2Tvl+7A6l4FF5hL4ZGQNsh9zmjqKWm6bgI95heQuZuuwJ8PHB9SVnqZOlZNvRQZsWj2/KWK3m7g4dNs2CX7AGsv8QZkQIZ4bxpfritiCUBhMgEVaru2DE2UiqRMwFZ3k0UxJR1aRvqmoY0ANVIB69l1qZWWpYfSV0hWgP150RKA6V6gac7A4odNe71xf+8eoL+fiPlYZwghGy4yE+EhZHVz8lqcQkMRU8TyiTXt1qsQ3U0qNPM6xCc8Zf/kutyydktORc7hcrxKI5Zsk42SJE4ZI9UyCk5J1XCyAN5Ii/k1Xg0no03433YmjNGM2vkF4zPbwZcoXY=</latexit>

Re

⌧
1

N
tr(A2)

�



Gauge fixing Lorentz symmetry

<latexit sha1_base64="iaczB9N0lMVaWXgu5MtbC1KW3ss="></latexit>

Zg.f. =

Z
dA eiS[A] PfM(A)�FP[A]

dY

i=1

�(tr(A0Ai))

• Divergent partition function & classicalization are artifacts of Lorentz-breaking cutoff

<latexit sha1_base64="URQFcb1A8ucUhXA2xc+/h5/BwYk="></latexit>

�FP[A] = det
�
tr(A2

0)1+ tr(AiAj)
�

• Numerical simulations has been done Lefschetz thimble: A. Tripathi’s talk

• Classical solutions are modified by FP determinant

• We gauge-fix Lorentz symmetry by minimizing tr(𝐴'()

N. Yamamori’s talk

Simulation evidence for the need of     
gauge fixing: Hirasawa et al. [2407.03491]

CLM: N. Yamamori’s talk

A. Tripathi’s talk



Summary
• We show the artifacts of introducing Lorentz-breaking cutoff 

1. Partition functions around non-trivial solutions are divergent
2. Only classical contribution of Lorentz-invariant observables survives and 

discuss the mechanism at certain dimensions (D=3 for SP and 𝐷 → ∞ for P)

• We propose a new definition of IKKT model by gauge fixing Lorentz symmetry

• Prospects:

• Larger 𝑁
• Include fermionic term 

Discuss dimensionality and expansion behaviour



Back up



• There are non-trivial solutions 𝐴! ≠ 0
with expanding behaviour at  𝛾 > 0. 

Classical solutions with expanding behaviour

• Classical equation of motion:

<latexit sha1_base64="iFPgN8rW2jah95Xmmr2XnKs3C+w="></latexit>

[A⌫ , [A⌫ , Aµ]]� �Aµ = 0

<latexit sha1_base64="dS4YWyzZgce6RzQaqI2lymvDOtI="></latexit>

Z =

Z
dAei�

2S[Â]

<latexit sha1_base64="05gZFuX81eRA0OmlZCRq/piMflA="></latexit>

Aµ ! Âµ = Aµ/
p

|�|

“classical limit”

No such solutions at 𝛾 < 0 Steinecker 
[1709.10480] 

<latexit sha1_base64="JBTrO2JzCuXhnSWZBWiCyqW47lA="></latexit>✓
�2 $ 1

~

◆

Configurations 𝐴! with 𝐴' = 𝐴$ ≠ 0
and 𝐴()'" = 0 gives Pf(M) = 0. ⇒ suppressed

Krauth-Nicolai-Nishimura [hep-th/9803117] 

Nishimura-Vernizzi [hep-th/0003223] 

Hatakeyama-Matsumoto-Nishimura-
Tsuchiya-Yosprakob [1911.08132]

• 3D space are expected with fermions.

Bosonic model with mass term


