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Introduction: The E;; Program

Dimensional reduction of 11D SUGRA on a torus down to 11 — n
dimensions gives Kaluza-Klein scalars generating a coset space

possessing the following ‘exceptional symmetries’

Dimension Exceptional Symmetry Group Coset Space

10 (IIA) O(1,1) -

10 (1IB) SL(2) e SL(2)/S0O(2)

9 GL(2) eg GL(2)/SO(2)

8 Ez ~ Ay X Ay &—@ @ SL(3) x SL(2)/SO(3) x SO(2)
7 Eyx ~ Ay o—0—0—0 SL(5)/SO(5)

6 &er50—0—I—o SO(5,5)/SO(5) x SO(5)
5 Es .AA.VAIVA.VA. Ee/Sp(8)

4 57.4,4,4I4,4, E7/SU(8)

3 &;y;.;.;.;I;.;a Eg/SO(16)

2 Eo H—O—H—I—O—O Eq/lc(Eg)

1 E1g o44.»4.»4.»4.»40~4Iw40»40 Ei0/lc(Exo)
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Introduction: The E;; Program

In 2001 it was conjectured [1] that the initial 11D theory possesses
E11, with Dynkin diagram

11

0
|

e — e — e — * — e — e — e — e — * - .

1 2 3 4 5 6 7 8 9 10

(1)

as an exceptional symmetry group, explaining the above table.

In 2015 it was shown [2] that the low energy effective action of the
bosonic sector of M-theory arises from the non-linear realization of

E11 ®s h/Ic(E1). (2)

Here /1 is the vector representation of Eji, and I(Eq1) is a
generalization of the coset subgroups in the table.

This is a generalization of the vielbein formulation of general
relativity, which is based on GL(11) ®, //SO(1,10).
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The Kac-Moody Algebra K»7

In 2001 it was also conjectured [1] that the Kac-Moody algebra Ky

is a symmetry of the 26D closed bosonic string.

In this talk we will show [3] that the low energy effective action of
the 26D closed bosonic string arises from the non-linear realization
of

Ko7 @s 1/ 1c(Ka7) (4)
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The Kac-Moody Algebra K»7

K>7 possesses generators R* given by (a =1, ...,26)

a . aia ai..a . .
K b s R , R 192 3 R 1-922 ' Ralag 9 Ral..azz '
Ral..az4 , Ral..a23,b , Ral..a25,b1.‘b19 Co (5)

These generators satisfy an algebra of the form

(K%, Rl =0, [K%, R?] =25l RIel2] | [Ro12z REib2) — 0,
[R#122, Rb1~~b22] — Raabibn Rb1--b22[a1,22] . (6)

We associate fields A, to the K7 generators of equation (5)

h,? — Graviton

¢ — Dilaton

Aa, 2, — Kalb-Ramond

A, .2, — Dual Kalb-Ramond
Aa,..a, — Dual Scalar

ha, 2.6 — Dual Graviton

® 6 6 6 6 o
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Involution Invariant Subalgebra of K7

We now define the subalgebra I.(K27).

The Serre relations are preserved by the involution /.

Ic(Ea) =nagFe , I(FA) =nagEs , Ic(Ha) =nagHg , (7)

/c(AB) = IC(A)/C(B) : (8)
We can define involution invariant combinations, which generate
Ic(K27).
The I.(K27) subalgebra is explicitly generated by
Jaya, = NayeKCay — NaeKay 9)
53132 — Rblbznblalnb2az - R3132 )
S31~-é'22 = Rbl..b2277b131"77b22922 — Rby. by (10)
531~<‘i24 = Rblnb24nb1a1"nb24az4 + Rb1--b24 ) e
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Vector Representation of K»;

The vector representation of K7 is denoted /; and possesses
generators /4 given by

. a ai..azi . ai..a3 ai..azs
Pai Q7 200705 ZEy™ 207

Zal..a22,b , Zal..a24,b1..b19 ’ Zal..a25,b1..b18 S (11)

The higher coordinates represent charges of higher branes in the
theory.

They generate a 'generalized space-time’ with coordinates x*

given by

a

XT ) Va i Xagoag s e (12)

The x?,y, are the Dy coordinates of Double Field Theory (DFT).
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Vector Representation of K»;

The R¥1922 sends P, into Z91+921 via [R1%21 Py] = 2161[)31232"322],
and Q7 into the Z%1923 ynder a similar relation. This implies that
we will have to introduce branes into our eventual closed string
theory.

It is thought [2] that the higher coordinates may reflect the
breakdown of space-time near a black hole, giving an approximate
description of more fundamental degrees of freedom.

“Space-time is doomed” in the E;; program, we must extend the
usual x* into a ‘generalized space-time’ x.
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Nonlinear Realisation of Ky; ®s I /1.(K27)

The non-linear realisation of Ky7 ®s h/1:(K>7) begins from a
group element

g = 8h8Kyr >
g =exp(x?P, 4+ y,Q7 +...) , (13)
8Ky, = Mo exp(AaRY) = .. exp(Aay 2, R71%2) exp(habKab).

We then compute the Maurer-Cartan form
Q= g_ldg = anEnA(/A + GA@RO‘) (14)

e En? is the generalized vielbein of a generalized geometry
on the generalized space-time.

e G, are generalized covariant derivatives of the goldstone
fields A,.

Note the G, = dx" EnAGA,a involve derivatives d4 w.r.t. the

generalized coordinates x*.
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Nonlinear Realisation of Ky; ®s I /1.(K27)

The generalized vielbein is given explicitly by

eua —2e_¢Apa —22e¢Aual‘.821
) ) 0 e—qﬁeéj, 0 A
Eqn” = (det e)_§ 0 0 e b1 -pa1 ... (15)

ai..ali1

The covariant derivatives G, are given explicitly by (e,? = (e"),?)
Gb=(e7lde)., , G=do ;

G-9132 = e_¢eulal 632'u2 dAuwz )
G81~~a22 = e+¢eal“1 cee eaz2“22 dAHlnﬂzz ;
Ga1~824 = ealm ce ea24m4(dA#1~H24 - dA[u1..u22Au23u24]) (16)’
Gay.aps,b = ea1m-eazzlmeby(dhm.mw_dA[m.uzzAuza]V""dA[ A ]) J

H1..84227 23V
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Nonlinear Realisation of Ky; ®s I /1.(K27)

The group element of Ky; ®s I /1.(Ka7) satisfies g = g’ = gh for
h € I.(Ka7).

Under the local h € I.(K>7) transformations g — gh, the covariant
derivatives transform covariantly since

Q — Q=hYQh+h1dn (17)
In other words, the covariant derivatives of (16) transform under
(17) into linear combinations of one another.

The set of all covariant derivatives form a trivial irrep of
Koz ®@s h/lc(Ka7).
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Nonlinear Realisation of Ky; ®s I /1.(K27)

Setting h = | — A"1%25, ,, — N¥1+32S, ., + ... they transform as

0G," = 4N Gey — GAT%2Geye,0%5 + (22)22LN 210Gy ey
— Unipe-e26, 6%,
0G = 1N Gy, — ZN-2G,, o, ; (18)
0Gara =2+ 2Nefa, Gl — Moy G + %Ael'm Covenanzs +
§Gay oy = 2+ 22N (o o G(322]e) + 20302, G — 423N G ey 2y + -
0G0 = /\[3132 Ga3.324] - /\[31.522 Gaz3az4] +.
0Gay.ays,b = Glay.anNa]b = Glar.anNayst] = Mar.azs Gans]b + Nay.az Gansb]-
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Nonlinear Realisation of Ky; ®s I /1.(K27)

The transformations in equation (17) are on the differential forms
as a whole.

In Q = dx"EqpA(I4 + GaaR®), the A index will change under
Q' = h~'Qh + h~'dh and must be compensated via the A in En”.

This means that the A in 04 varies, so derivatives rotate into one
another.

To level one we have derivatives 0,, 3‘9, H21-221 and the Cartan
form coefficients G, transform under (24) in the A index as

0Gan = —2M:6G® 0 — 22N se). ey G121, (19)
567y = —10A*®G.q , 6GM-20, = —11.21INT-221G, .
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First Order Duality Relations

We now construct a non-trivial irrep of Ko7 ®@s h/1c(Ka7).

Seek linear combinations of covariant derivatives that transform
covariantly into one another under Ic(Kz7).

These are first order duality relations

— 1 ci..c
D,=G,+ i5€a 1625 GC1,C2..C25
) — 1 C1..C23
Daayas = G[317a283] t §Caraas Gere.cs (20)

1/2 c..c
Da,b1b2 == (det e) / wa,blbz - Eblbg 124 GC17C2..C24,3

o D, is the dilaton duality,
@ D, 4,2, is the Kalb-Ramond duality,
® D, p,b, is the gravity dual-gravity duality.

We are finding a formulation of the 26D Closed Bosonic String in

terms of First Order duality relations.
14/25



First Order Duality Relations

However, the derivatives in say

N — 1 C1..C23
D313283 = G[al,azag] + 6Cararas GC1,62--C23

also vary under Q' = h™1Qh + h~1dh

In order to construct a consistent irrep, we must generalize (20) to
include higher level derivative contributions.
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First Order Duality Relations

We must generalize D, ,,5, to a duality involving level one
derivative contributions

5«313233 = G[a1aza3] + %881328361"823ge162~623 ) (21)
where now
— —_ 1. 4.22.23 4
g[a1aza3] = G[a1,3233] + EG[8178283] + 3 Gel"6217e1..e21a132a3

+2.22. 2364 (22)

e1..ex1[ara,as]

and
g[alag..ag3] = G[al,ag...ag3] + (2/21!)6[31...3217322323] - (4/5)GAC7531-~323

+(2/5)éc’a1.-azs,c (23)
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First Order Duality Relations

Similarly
— 1 c1..c
D, = G,+ 12€a 162 Gcl,cQ..czs )

generalies into

D,=G,+ elfabl“b25 Gb1,b2..b25 (24)
where we have
1 ze 22 A
Ga=Gat EG ea — ?662“622762--6223 (25)

D, b,b, gets a similar modification into D, 4,5, [3].

We call the D, , analog of D, , the /i-extension of D, .
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First Order Duality Relations

Under the transformations of equation (18) and (19), the
h-extended duality relations get sent into

6Dy = A" Dee, + ...
0Dayapas = —2D(3 A, by) + 2/\6[31 Dy} apas) + - (26)

— 11 C1..C24
5Da,b1b2 = T 12¢%hib /\aC1--Cz1 DC22623624

11 c1..c
=+ g Ebiby ! 24/\<:1--C22 D623€24a + .

The first order duality relations along with their /-extensions and
higher level contributions form an irreducible representation of
K27 Rs ll/lc(K27)-

We can thus consistently set all duality relations in the
representation, and their /;-extensions, to zero, and indeed
interpret them as duality relations.
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Second-Order Equations of Motion

We can use the first-order duality relations in equation (20) to
form second-order equations of motion (eom).

We do this by projecting out one of the two fields using
derivatives:

E = 8,[(det e)}/2DH]

E"1v> = 0, [(det e)2 D" (27)

We can then form /1-extended versions of (27) and vary these
under (19) and (20).

19/25



Second-Order Equations of Motion

For example, E gets l1-extended into

1
& = {(det e)%ea“auGa — GG + EGa,cCGa}

+%110 9,{(dete)? GTz’n’“‘}—%E[“’m]@ (om1)
- 1211.!21! éeZ"%ez‘.ezszb (28)
_112.2211 al"326G[al"”‘?’?']é‘?’f”""2‘“[325‘;’26](6-16e2)

. -€1..62
€1€ Ge1,9293Ge4,e5~~826
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Second-Order Equations of Motion

The result of varying £ and £"1*2 is that we find the second order
eom X

E = 0,[(dete)2G"] + %E[C1,czcz]a[61762cs] =0

E2 = 9,[(dete)? G — g, 6" =0 (29)
(det e)Eab = (det e) Rab — ga[a’elqlé[b’elezl + %(Sabé[ 15[61’6263]

—6G,G> =0

€1,€2€3

These are the familiar second order equations of motion of the
closed bosonic string in 26 dimensions, coming from the action

S= / d®x det e{R — 1(0"¢)(0,0) — Le §PF,,,Fr°}

= / d®x{(det e)R — 1 G?G, — 3Gy, p G} (30)
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Second-Order Equations of Motion

The eom of the closed bosonic string arise from K7 symmetry
being realized non-linearly.

Taken all together the eom form an irreducible representation of
Kar @s h/Ic(Kar).
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Conclusion

@ The Kac-Moody algebra Kj7 is a symmetry of the theory
closed bosonic strings with branes.

e Contains O(D, D) DFT for D = 26: ignoring node 26 gives
0(26,26), x?, y, DFT coordinates.

@ Brane contributions are required in our theory of closed
strings.

@ Truncating the theory at any stage and throwing away higher
fields or higher coordinates will cause everything to fail, there
cannot be any ‘consistent truncations'.
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Future Questions

@ Compute Brane dynamics: Q7 represents the charge of a
string. Z71921 is the charge of a 21-brane.

@ Deeper relationship to Ej1 and other string theories.

@ Kac-Moody Algebra interpretation of all 5 string theories at
low energies? Have M-theory, IIA, 1IB. Heterotic?

o Generalized Symmetries in K77
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