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Electron g-2 

Magnetic moment of a point-like Dirac fermion

Relativistic QM Dirac equation

QED  

electron

Magnetic field Spin

electron

Particles can exist 
in a very short time period
Fluctuation of vacuum 

Anomalous magnetic moment

electron

positron photon

dimensionless constant



Precision tests of g-2 in 1948

P. Kusch

J. Schwinger

with the fine-structure constant 

Experiment: Ga and Na atom hfs spectra

Theory: QED 2nd-order (1 loop)

if  the orbital g factor 

New physics was  QED !



Electron g-2 Penning Trap measurement in 2022  

arXiv: 2209.13084, PRL130,071801(2023)

Fan, Mayers, Sukra, and Gabrielse,   Northwestern U

2.2 times better than before

different values of magnetic fields

less systematic uncertainty

3

the excitat ion persist long enough so that self-excitat ion

feedback [57] can be turned on in the next 1 s to detect

the 1.3 Hz shift that signals a cyclot ron quantum jump.

Anomaly quantum jumps are driven by an oscillatory

potent ial applied to t rap elect rodes for 30 s to drive an

o↵-resonance axial oscillat ion of the elect ron through the
radial magnet ic gradient B2z⇢. A cyclot ron drive re-

mains applied but is o↵ resonance. The elect ron sees the
oscillat ing magnet ic field perpendicular to ẑ as needed to

flip its spin, with a radial gradient that allows a simulta-

neous cyclot ron transit ion [47]. A spontaneous decay to

the spin-down ground state, |n = 0, ms = − 1/ 2i , would

be detected during the 60 s (more than 10 cyclot ron de-

cay t imes) after the drives are turned o↵. A maximum

jump rate of 40% suggests a slight power broadening, but

⌫̄a is st ill determined far more precisely than f̄ c.
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FIG. 3. Quantum jump cyclot ron (a) and anomaly (b) line
shapes that are measured (points), predicted (dashed) and

fit (solid) vs fract ional drive detunings from f̄ c(1 + ✏) and
⌫̄a (1 + ✏) (defined later in the text ). (c) A dip in Johnson

noise reveals ⌫̄z .

Well-understood, asymmetric cyclot ron and symmet-

ric anomaly line shapes are predicted [58] for thermal

axial mot ion at temperature Tz within a magnet ic gradi-

ent B2z
2. To this, the e↵ect of cyclot ron decay has been

added [59]. The average oscillat ion amplitude squared is

z2 = kB Tz / (4⇡ 2⌫̄2zm), where kB is the Boltzmann con-

stant . The average field for the elect ron is shifted by

✏B = B2z2 and broadened by the same amount . The cy-
clot ron bandwidth ✏̄⌫c corresponds to a t ime (✏̄⌫c)

− 1 =

1.3 ms needed to establish ⌫̄c. This is much faster than
the γ− 1z = 32 ms scale on which the axial amplitude fluc-

tuates, so the predicted cyclot ron line shape (dashed in

Fig. 3a) approximates an exponent ial Boltzmann shape,

centered at frequency ⌫̄c(1 + ✏). The anomaly t ransi-

t ion t ime (✏̄⌫a )
− 1 = 1.1 s is much slower than the axial

amplitudefluctuat ions, whereupon thepredicted thermal

anomaly line is essent ially symmetric about ⌫̄a(1+ ✏) and
is negligibly narrow. The observed anomaly linewidth of

0.06 Hz (0.35 ppb) in Fig. 3b is from other sources. Half

is from the cyclot ron decay lifet ime and half is from ap-

plying the anomaly drive for only 30 s.

The anomaly line shape is consistent with what is pre-

dicted but the cyclot ron line shape is not . Presumably

this is due to unwanted magnet ic field fluctuat ions that

are averaged di↵erent ly in the anomaly and cyclot ron
line shapes. Such fluctuat ions, with a 200 Hz band-

width, were observed with a superconduct ing solenoid

being jost led by its environment [60]. The anomaly line

shape would average away such fluctuat ions to yield the

narrow line observed (e.g. Fig. 3b). The cyclot ron line

shape would not , giving a possible explanat ion for the

observed 0.5–0.8 ppb broadening (e.g. Fig. 3a).

Both ⌫̄a and f̄ c are extracted from such line shapes.

Cyclot ron line shapes are fit to the predicted line shape

(dashed in Fig. 3a), convoluted with a Gaussian func-

t ion to accommodate the broadening. Such a fit , illus-

t rated by the solid curve in Fig. 3a, typically gives a 2

ppb cyclot ron linewidth, a Gaussian broadening width of

about 0.5 ppb, Tz = 0.55± 0.11 K, and f̄ c with an uncer-

tainty of about 0.08 ppb. For anomaly line shapes (e.g.

Fig. 3b), nearly symmetric and fract ionally narrower by

about a factor of 4, the uncertainty in ⌫̄a is thus not
very significant for the final uncertainty. Fit t ing with or

without Gaussian broadening makes lit t le di↵erence (e.g.
solid curve in Fig. 3b).
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FIG. 4. (a) Measured g/ 2− 1.00115965218059 before (white)

and after (red) cavity-shift correct ion. (b) Measurements take
place in valleys of the cyclot ron damping rate where sponta-

neous emission is inhibited.

Thecavity-shift ∆ gcav / 2 in Eq. (5), theonly correct ion

to what isdirect ly measured, arisesbecause thecyclot ron

oscillator couples to radiat ion modes of the t rap cavity

and shifts ⌫̄c [54, 55]. It is the downside of the cavity-
inhibited spontaneous emission that desirably narrows

resonance lines, and makes it possible to observe a cy-

clot ron excitat ion before it decays. The cylindrical t rap

was invented [48] to allow cavity modes and shifts to be

understood and calculated. Nonetheless, the mode fre-

quencies and Q values must st ill be measured because

of energy losses in induced surface currents, imperfect

cavity machining, slits that make cavity sect ions into

separately-biased trap elect rodes, and dimension changes

as the cavity cools below 100 mK from 300 K. Three

consistent methods are used: (1) parametrically-pumped

elect rons [59, 61, 62], (2) measuring how long oneelect ron

stays in its first excited cyclot ron state [37, 59], and (3)
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FIG. 2. (a) Cryogenic system supports a 50 mK elect ron t rap

upon a 4.2 K solenoid to provide a very stable B . (b) Silver
elect rodes of a cylindrical Penning t rap. (c) Quantum spin

and cyclot ron energy levels used for measurement .

⇢= x x̂ + yŷ [47]. Cylindrical Penning t rap elect rodes

[48, 49] (Fig. 2b) with appropriately chosen relat ive di-

mensions and potent ials produce such a potent ial for a

centered elect ron, which then oscillates nearly harmoni-

cally along ẑ at the axial frequency ⌫̄z ⇡ 114 MHz. For

B = 5.3 T, the t rap-modified cyclot ron and anomaly fre-

quencies are ⌫̄c ⇡ 149 GHz and ⌫̄a ⇡ 173 MHz [47]. A

circular magnet ron mot ion at ⌫̄m = 43 kHz is cooled by

axial sideband cooling [47, 50] and its e↵ect is negligi-
ble during the measurement . Figure 2c shows the low-

est cyclot ron and spin energy levels and the frequency

spacings, including a relat ivist ic mass shift , δ, given by

δ/⌫c ⌘ h⌫c/ (mc
2) ⇡ 10− 9 [47, 51].

The lowest cyclot ron states for each spin aree↵ect ively
stable because the spin is so nearly uncoupled from its

environment [47]. Without a t rap, the cyclot ron state

n = 1 has a lifet ime γ− 1c = 0.1 s. With a trap that is also

a low-lossmicrowavecavity, this rate for the spontaneous

emission of synchrot ron radiat ion is inhibited by a factor

of 50 to 70. Cyclot ron excitat ions can then be detected

beforedecay, when B is chosen so ⌫̄c is far from resonance
with cavity radiat ion modes [52]. The cyclot ron damp-

ing cont ributes 0.03 Hz to the cyclot ron and anomaly

linewidths (to be discussed), a negligible 0.2 ppt and a

very important 0.2 ppb, respect ively. Blackbody photons

that excite n = 0 to n = 1 are eliminated by cooling the

t rap cavity below 100 mK [42].

The Brown-Gabrielse invariance theorem [53],

⌫c =
p
⌫̄2c + ⌫̄

2
z + ⌫̄

2
m (4)

provides the⌫c and ⌫a = ⌫s − ⌫c needed in Eq. (3) to
determine µ/ µB . I t is crit ical that Eq. (4) is invariant

under unavoidable misalignments of B and the axis of

V , and under ellipt ic distort ions of V . The hierarchy

⌫̄c ⌫̄z ⌫̄m δ allows an expansion of Eq. (4) that

suffices for our precision to be inserted in Eq. (3), so

−
µ

µB
=
g

2
' 1+

⌫̄a − ⌫̄
2
z / (2f̄ c)

f̄ c + 3δ/ 2+ ⌫̄2z / (2f̄ c)
+
∆ gcav

2
, (5)

with ⌫̄a and f̄ c (defined in Fig. 2c) to be deduced with
⌫̄z from measured line shapes. The added cavity-shift

∆ gcav / 2 arises because the cyclot ron frequency couples

to radiat ion modes of the t rap cavity, shift ing both ⌫̄c
and ⌫̄a [54, 55]. This g/ 2 measurement correct ion and its
uncertainty are not reduced or evaded by a g − 2 mea-
surement . They must be determined and corrected at

the full 10− 13 precision of µ/ µB .

To measure the ⌫̄z needed in Eq. (5), the current in-
duced in the elect rodes by the axial oscillat ion is sent

through a resonant circuit that is the input of a cryo-

genic HEMT amplifier. The 1-minute Fourier t ransform

of the amplifier output in Fig. 3c illust rates the Johnson

noise and elect ron signal canceling to make a dip that re-

veals ⌫̄z [56]. Energy loss in the circuit damps the axial
mot ion with a t ime constant γ− 1z = 32 ms. The amplifier

heats the elect ron axial mot ion to Tz = 0.5 K.

Small shifts in ⌫̄z provide quantum nondemolit ion de-

tect ion (QND) of one-quantum spin and cyclot ron jumps,

without the detect ion changing the cyclot ron or spin

state. Saturated nickel rings (Fig. 2b) produce a mag-

net ic bot t le gradient , ∆ B = B2
⇥
(z2 − ⇢2/ 2)ẑ − z⇢̂⇢

⇤

with B2 = 300 T /m2. This couples spin and cyclot ron

energies to ⌫̄z , which then shifts by ∆ ⌫̄z ⇡ 1.3 (n + ms)

Hz. (The B2 and ∆ ⌫̄z are 5 and 3 t imes smaller than
used previously [37].) To rapidly detect jumps after the

cyclot ron and anomaly drives are turned o↵, the ampli-
fied signal is immediately fed back to the elect ron. This

self-excited oscillator (SEO) [57] resonant ly and rapidly

drives itself to a largeamplitudeeven if ⌫̄z shiftswith am-
plitude, whereupon the gain is adjusted to maintain the

amplitude. A Fourier t ransform of the largesignal reveals

the small ∆ ⌫̄z that signals cyclot ron and spin jumps.

Quantum jump spect roscopy produces anomaly and

cyclot ron resonances (Fig. 3a-b) from which to ext ract

⌫̄a and f̄ c to use in Eq. (5). Cyclot ron and anomaly

quantum jump trials are alternated. The magnet ic field

drift of 0.2 ppb/ hr in thenew apparatus isslow enough to

correct using a quadrat ic fit to the lowest cyclot ron drive

frequencies that produce excitat ions. Each cyclot ron

and anomaly quantum jump trial starts with resonant

anomaly and cyclot ron drives that prepare the elect ron

in the spin-up ground state, |n = 0, ms = 1/ 2i , followed
by 1 s of axial magnetron sideband cooling [47, 50].

Cyclot ron jumps to n = 1 are driven by a 5 s mi-

crowave drive injected between t rap elect rodes (Fig. 2b),

with an o↵-resonance anomaly drive also applied. Jumps
occur in less than 20% of the trials to avoid saturat ion ef-

fects. Cavity-inhibited spontaneous emission [52] makes



Electron g-2 in Standard Model

Standard-Model prediction of the electron g-2

The electron is the lightest charged lepton, 0.51 MeV/c2

Particles involved Percentage to the total contribution

QED photon (γ),  electron(e), 
muon(μ),  tau-lepton(τ)

Hadronic e, γ
quarks and gluons as hadrons,

Weak e, γ, quarks or hadrons, Higgs
weak bosons (W±, Z0)

SM 1

dominant



QED contribution to g-2         precision required  <  0.1 ppb

QED contribution to the electron g-2
g-2 is a dimensionless number, and  mass appears in the form of a ratio 

QED perturbation theory as a power series of the fine-structure constant α:

Need up to the 10th-order, since    



Status of the QED electron g-2 calculations
Order of 
perturbation   2n

2 analytic                  1948 0 0 0

4 analytic       1957-1958 analytic      1966 analytic    1966 0

6 analytic                  1996 analytic      1993 analytic    1993 analytic    1999

8 almost analytic    2017 analytic      2013 analytic     2013 analytic    2013

10 numerical  2012 –
partially double-
checked

numerical  2012 –
partially double-
checked

not yet
Too small

not yet
Too small

is the only relevant but unchecked term until 2024

Analytic results:  
Schwinger(‘48),Petermann(‘57), Sommerfield(‘58), Elend(‘66), Laporta and Remiddi(‘93,‘96), Czarnecki & Skrzypek (‘99)
Laporta(‘17), Kurz, Liu, Marquard, and Steinhauser (‘13) 



10th-order QED g-2  A1
(10)

• arXiv:1909.08015 Phys. Rev. D 100, 096004 (2019) 

Diagrams of Set V without fermion loop

discrepancy 4.8σ from the AHKN 2019 result

• arXiv:2404.00649 Phys. Rev. D 110, 036001 – Published 2 August 2024
Diagrams w/ fermion loop    agree with the AHKN 2012 results  
Set V  discrepancy 4.6σ from the AHKN 2019 result

S. Volkov’s calculation of   

AHKN’s calculation of
• arXiv:2012.5368, 2012.5380 Phys. Rev. Lett.109, 11708 & 11809 (2012)
• several updates on Set V         latest is AHKN2019    Atoms 7(1), 28 (2019)

Fig.2, CODATA22, 2024

See the poster at the entrance hall

https://arxiv.org/abs/1909.08015
https://arxiv.org/abs/1909.08015
https://arxiv.org/abs/2404.00649
https://arxiv.org/abs/2404.00649


10th-order diagrams

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

• 12,672 vertex diagrams over 32 Sets

• 31 Sets w/ fermion loop (6,318 diagrams)

I(a-j), II(a,b) were already confirmed

agreement between AHKN and Volkov

• Set V w/o fermion loop (6,354 diagrams)

AHKN2019       Volkov

AHKN2018       Volkov2024

Double-checked in 2024

S. Lapota (1994)
P. A. Baikov, A. Maier, and P. Marquard (2013) 



Set V   6,354 vertex diagrams represented by 389 self-energy diagrams



Set V:  Ward-Takahashi sum v.s. Vertices
AHKN:    389 Ward-Takahashi sums of v-diagrams  

Volkov:   3,213 vertex diagrams

4th-order 

2 numerical data

(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

(a) (b) (c) (d) (e)

Ward-Takahashi 
Sums used by AHKN

Gauge Invariant subsets 

Every vertices are calculated by Volkov
4 numerical data 

2 x

2 x

Volkov                       AHKN

Thanks to the U(1) gauge invariance of QED

The WT-sum of Volkov’s integrals does not match the AHKN integral.   Why not?

Gauge-invariant UV and IR regularizations are 
assumed, such as dimension D



Connection b/w Volkov and AHKN

(a) (b) (c) (d) (e)(a) (b) (c) (d) (e)

Volkov’s  integrals AHKN integral

where

AHKN’ s integral             Volkov’s integrals                    gap equation     

finite         bare        UV renorm.

finite                    bare        UV renorm.

With gauge-invariant regularization, the WT-identity guarantees  

Thus, we have the connection

difference of renormalization constants



X001 as an example 

X001  safely passes the numerical check
Both AHKN and  Volkov  correctly calculated X001

AHKN Volkov2019

Numerical 
integrals

Symbolic expression

Substitute numerical values 
for lower-order symbols 

A. Hirayama, JPS 2021 spring meeting

gap equation
abacbdcede



All X001 – X389 pass the check

Both AHKN and Volkov correctly formulated the Set V integrals.

almost 0

and 262 more 0’s



Why did the discrepancy arise? 

• The differences range   from   −0.03 to + 0.03  

• Not randomly distributed → Bias in numerical integration

# of negative differences   <<     # of positive differences

• We divided 389 self-energy diagrams into 4 classes 

Diagrams w/o a self-energy subdiagram XL           135   

Diagrams w/ one 2nd-order self-energy subd     XB1B2     98

Diagrams w/ two 2nd-order self-energy subd     XB2B2      33

Others                                                                                          123

The culprit



XB1B2   98 SE diagrams
X005

2nd-order s.e. subdiagram

Differences  are positive for 90 diagrams
negative for 8 diagrams 

This accounts for the discrepancy between AHKN and Volkov of Set V 

AHKN is bigger  than the answer
OR

Volkov is smaller than the answer



Re-evaluation of the 98  integrals of AHKN

Numerical calculations,  December 2023 – April 2024 @HOKUSAI-BW2, RIKEN    

during the 4-month test operation period

• 12dim. Monte-Carlo integration with the algorithm VEGAS used for previous works

• Quasi double-double-precision calculation  

• Statistics of sampling points  increased from O(10^9) to O(10^10)

• ~ 3.2 x 10^7 core-hours  ( 133 days with 10,000 cores)

old new shift



Updated Set V result

If 98 integrals of XB1B2 are replaced by the new results ,

The discrepancy has been resolved

AHKN                         Volkov

• The 98 integrals of XB1B2 are relatively easy to evaluate
• Calculated around 2008 - 2012, more than a decade ago
• The # of samplings for Monte Carlo integration was not sufficient

weighted average of Volkov2019 and Volkov2024

Aoyama,Hayakawa,Hirayama,Nio 2024



Summary of the QED A1
(10)

Set V        6,354 diagrams with no fermion loop
others      6,318 diagrams with at least one fermion loop
all             sum of the above, 12,672 diagrams

AHKN and Volkov have agreed to present the weighted average

Aoyama, Hayakawa, Nio, and Volkov, in the QED section of the muon g-2 WP25



Theory of Electron g-2

Standard-Model prediction of the electron g-2

The electron is the lightest charged lepton, 0.51 MeV/c2

Particles involved Percentage to the total contribution

QED photon (γ),  electron(e), 
muon(μ),  tau-lepton(τ)

Hadronic e, γ
quarks and gluons as hadrons,

Weak e, γ,  quarks, Higgs(H)
weak bosons (W±, Z0)

SM 1



Hadronic contribution to the muon g-2

− 30 − 20 − 10 0 10 20 30

1010⇥ (aSMµ − aexpµ )

WP25

Avg. 4

Avg. 3

Avg. 2b

Avg. 2a

Avg. 1

BMW-20

Mainz-24

RBC/ UKQCD-24+ 18

BMW/ DMZ-24

τ

CMD-3

SND20

BESII I

KLOE

BaBar

CMD-2

SND06

Figure 40: Final summary of various determinations of aHVP, LOµ discussed in Secs. 2 and 3, propagated to aSMµ . The first two panels refer to data-

driven determinations, wherethethreepoints for eache+e− experiment reflect the “CHKLS,” “DHMZ,” and “KNTW” methods, seeFigs. 26 and27

for more details. Thegray band indicates theWP20 result, based on thee+e− experiments above the first dashed line. The⌧point corresponds to

Eq. (2.23). The last panel summarizes lattice-QCD determinations, including thehybrid calculation [23], the three individual lattice results shown

in Fig. 36, and the five averages from Fig. 37. The blue band refers to the final WP25 result, which coincides with “Avg. 1.” In all cases, except

for thegray WP20 band, the remaining contributions to aSMµ beyond aHVP, LOµ are taken fromWP25, asgiven in Table 1. The red band denotes the

experimental world average.

these discrepancies could be due to discrepancies in the experimental data for the ⇡+⇡− component of R(s) in the3116

region around the⇢peak. With this replacement, thediscrepancies in the light-quark connected results areeliminated3117

without disturbing the good agreement for the s+disc and the light-quark connected SD parts. The ⇡+⇡− channel3118

is responsible for 72% of the data-driven aWµ (ud) result and for 88% of the data-driven aLDµ (ud), but only 32% of3119

aSDµ (ud) value and only very small fractions of the s+disc results. These conclusions for the quark-flavor-specific3120

contributions agreewith the findings from Ref. [480], obtained for the full contributions, including all flavors and all3121

IB corrections. Confirming the original findings of Ref. [15], the authors observe a significant discrepancy between3122

the pre-CMD-3 data-driven and lattice results for the full intermediate-window contribution and a large, but less3123

statistically significant one, for the total HVP contribution to aµ. In addition they show that there is relatively good3124

agreement for ∆↵had(−10GeV
2) − ∆↵had(−1GeV

2). Using a new approach that allows one to investigate how the3125

experimentally measured spectral functions would have to bemodified to reconcile the data-driven results with the3126

lattice ones, they show that an enhancement of that function in any interval of CM energy that includes the ⇢peak3127

could explain the observed disagreement pattern. In particular, this pattern can beexplained by a rescaling by 5% of3128

the contribution to each of those observables from the⇢-peak region, defined via the interval
p
s 2 [0.63, 0.92]. Of3129

course, such a rescaling is significantly larger than the uncertainties quoted in pre-CMD-3 combinations of the e+e−3130

spectra. This study included statistical-and-systematic-uncertainty correlations among the observables computed on3131

the lattice and found the conclusions to bestable with respect to them. It was also performed with an initial blinding3132

on thedata-driven results.3133

A priori, it is not evident that significant modifications to the 2⇡spectral function can be introduced without vio-3134

lating QCD constraints from analyticity and unitarity, but it was shown in Ref. [308] that this is possible. Oneoption3135

isamodification of the⇡⇡phaseshift, which would, however, induce rather largechanges in thecrosssection concen-3136

95

Figure 40, the muon g-2 WP25

Leading order hadronic vacuum-polarization (HVP, LO)
contribution  to the muon g-2  

Data-driven

Lattice QCD

The same HVP data     
can be used to calculate 

HVP data

lepton-mass 
dependence

(a) (b) (c) (d) (e)

HVP



HVP, LO to the electron g-2 

Three calculations so far

Suggestions from the QCD researchers of the muon g-2 WP25:
• Average  (1) and (2), and assign half of the difference to the uncertainty

• The uncertainty of Lattice QCD  is too large. It is just a reference

We took

(1)   Data-driven w/o CMD-3

(2)   Data-driven w/ CMD-3 ππ channel

(3)   Lattice QCD

Keshavarzi, Nomura, Teubner 2019

Di Luzio, Keshavarzi, Masiero, Paradisi 2024

Budapest-Marseille-Wuppertal （BMW) 2017

5σ

El-Khadra and Hoferichter, personal communication, 2025



Assume that the SM is correct

Solve α

cause of change shift in α−１ uncertainty

QED 10th-order

Hadron VP

The fine-structure constant α from the electron g-2

Experiment α is the only unknown in SM theory

• the QED 10th-order                        shift                             uncertainty
• the hadronic VP                              shift                             uncertainty   

Experiment NW22 only



non-QED values of the fine-structure constant α

• h/M of Cs or Rb using an atom interferometer

CODATA2022, 2024 
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Theother term in (11) can besimplified using the integral

property of the Dirac delta funct ion that
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The di↵erence in laser phase imprinted on the clouds
is given by
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A number of terms in these expressions are similar and

can be grouped together, result ing in a total phase shift

of
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As in Ref. [36], this expression contains a potent ial term

and the midpoint phase shift . We have included the

phase from internal evolut ion and made explicit that the

laser pulses will reach the arms at di↵erent t imes— to

first order, t1,i − t2,i ⇡ χ i∆ z(t1,i )/ c (see Appendix A.4).

I I I . EX PER IM EN TA L SCHEM E

The standard Ramsey-Bordé atom interferometer con-

sists of four ⇡ / 2-pulses, as shown in Fig. 1. The t ime
interval between the first two ⇡ / 2-pulses must be equal
to that between the final two for the trajectories to close,

and the final two ⇡ / 2-pulses must be in the opposite di-
rect ion to the first two. This scheme leads to two sets of

t rajectories that close [37] and hence interfere due to the

final ⇡ / 2-pulse, as is evident in Fig. 1.
Thephasedi↵erencedue to atomic photon-recoil scales

as the di↵erence in recoil energy between the arms of

FIG. 1. Schemat ic spacet ime diagram of a Ramsey-Bordé

atom interferometer in the absence of external accelerat ion.

The ground (excited) state is indicated by a solid (dashed)

line with thickness indicat ive of the probability density. The

t imings of the laser pulses are such that t4 − t3 = t2 − t1 , t hus

two pairs of t rajectories result in interference.

each interferometer [38]. The sensit ivity of a Ramsey-

Bordé interferometer can, thus, be enhanced via addi-

t ional atom-light interact ions in two ways. First ly, using

a sequence of 2N ⇡ -pulses between the first two and be-
tween the final two ⇡ / 2-pulses [38] to increase the mo-
mentum separat ion from ~k to (N + 1)~k (and then to

decrease it again). This type of schemehas been adopted

for large area/ large momentum transfer Mach-Zehnder

atom interferometry [39, 40]; however, for Ramsey-Bordé

interferometry, we wish to t ransfer momentum to only

one arm of each interferometer. Secondly, the two inter-

ferometers can be deflected away from each other using

a sequence of M ⇡ -pulses between the second and third
⇡ / 2-pulses while the arms of each interferometer are in
the same atomic state but these states di↵er between the
interferometers [10]. Such a scheme is a single-photon

transit ion analogue to the Bragg di↵ract ion and Bloch
oscillat ion scheme used in [18].

The di↵erent ial recoil phase shift between the two in-

terferometers is dependent upon the sequence of atom-

light interact ions and will persist if the interferometers

are compared from two independent cold atom clouds.

The ability to cont rol the trajectories of independent ly-

launched interferometers o↵ers the prospect of nullifying
the phase arising from first -order spat ial variat ion of the

gravitat ional accelerat ion, akin to theo↵set simultaneous
conjugate scheme of Zhong et al. [33].

Let us consider an idealised 1-D set -up in which all

of the laser pulses have perfect fidelity for all atomic

wavepackets, have frequency ! i ⌘ ki c = ! 0 ⌘ kc that is

on resonance with the atoms (neglect ing Doppler shifts),

and are infiniteplanewavesso that themomentum trans-

ferred to the atoms is equal to the wavevector [41]. We

arXiv:2403.10225
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Three values of the fine-structure constant α



Electron g-2 Theory v.s. Experiment

α    QED   hadron  total



Effects of the HVP, LO             on the SM theory 



Prospects on the electron g-2 experiment

• positron g-2 measurement 

• electron g-2 measurement
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FIG. 2. (a) Cryogenic system supports a 50 mK elect ron t rap

upon a 4.2 K solenoid to provide a very stable B . (b) Silver
elect rodes of a cylindrical Penning t rap. (c) Quantum spin

and cyclot ron energy levels used for measurement .

⇢= x x̂ + yŷ [47]. Cylindrical Penning t rap elect rodes

[48, 49] (Fig. 2b) with appropriately chosen relat ive di-

mensions and potent ials produce such a potent ial for a

centered elect ron, which then oscillates nearly harmoni-

cally along ẑ at the axial frequency ⌫̄z ⇡ 114 MHz. For

B = 5.3 T, the t rap-modified cyclot ron and anomaly fre-

quencies are ⌫̄c ⇡ 149 GHz and ⌫̄a ⇡ 173 MHz [47]. A

circular magnet ron mot ion at ⌫̄m = 43 kHz is cooled by

axial sideband cooling [47, 50] and its e↵ect is negligi-
ble during the measurement . Figure 2c shows the low-

est cyclot ron and spin energy levels and the frequency

spacings, including a relat ivist ic mass shift , δ, given by

δ/⌫c ⌘ h⌫c/ (mc
2) ⇡ 10− 9 [47, 51].

The lowest cyclot ron states for each spin aree↵ect ively
stable because the spin is so nearly uncoupled from its

environment [47]. Without a t rap, the cyclot ron state

n = 1 has a lifet ime γ− 1c = 0.1 s. With a trap that is also

a low-lossmicrowavecavity, this rate for the spontaneous

emission of synchrot ron radiat ion is inhibited by a factor

of 50 to 70. Cyclot ron excitat ions can then be detected

beforedecay, when B is chosen so ⌫̄c is far from resonance
with cavity radiat ion modes [52]. The cyclot ron damp-

ing cont ributes 0.03 Hz to the cyclot ron and anomaly

linewidths (to be discussed), a negligible 0.2 ppt and a

very important 0.2 ppb, respect ively. Blackbody photons

that excite n = 0 to n = 1 are eliminated by cooling the

t rap cavity below 100 mK [42].

The Brown-Gabrielse invariance theorem [53],

⌫c =
p
⌫̄2c + ⌫̄

2
z + ⌫̄

2
m (4)

provides the⌫c and ⌫a = ⌫s − ⌫c needed in Eq. (3) to
determine µ/ µB . I t is crit ical that Eq. (4) is invariant

under unavoidable misalignments of B and the axis of

V , and under ellipt ic distort ions of V . The hierarchy

⌫̄c ⌫̄z ⌫̄m δ allows an expansion of Eq. (4) that

suffices for our precision to be inserted in Eq. (3), so
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with ⌫̄a and f̄ c (defined in Fig. 2c) to be deduced with
⌫̄z from measured line shapes. The added cavity-shift

∆ gcav / 2 arises because the cyclot ron frequency couples

to radiat ion modes of the t rap cavity, shift ing both ⌫̄c
and ⌫̄a [54, 55]. This g/ 2 measurement correct ion and its
uncertainty are not reduced or evaded by a g − 2 mea-
surement . They must be determined and corrected at

the full 10− 13 precision of µ/ µB .

To measure the ⌫̄z needed in Eq. (5), the current in-
duced in the elect rodes by the axial oscillat ion is sent

through a resonant circuit that is the input of a cryo-

genic HEMT amplifier. The 1-minute Fourier t ransform

of the amplifier output in Fig. 3c illust rates the Johnson

noise and elect ron signal canceling to make a dip that re-

veals ⌫̄z [56]. Energy loss in the circuit damps the axial
mot ion with a t ime constant γ− 1z = 32 ms. The amplifier

heats the elect ron axial mot ion to Tz = 0.5 K.

Small shifts in ⌫̄z provide quantum nondemolit ion de-

tect ion (QND) of one-quantum spin and cyclot ron jumps,

without the detect ion changing the cyclot ron or spin

state. Saturated nickel rings (Fig. 2b) produce a mag-

net ic bot t le gradient , ∆ B = B2
⇥
(z2 − ⇢2/ 2)ẑ − z⇢̂⇢

⇤

with B2 = 300 T /m2. This couples spin and cyclot ron

energies to ⌫̄z , which then shifts by ∆ ⌫̄z ⇡ 1.3 (n + ms)

Hz. (The B2 and ∆ ⌫̄z are 5 and 3 t imes smaller than
used previously [37].) To rapidly detect jumps after the

cyclot ron and anomaly drives are turned o↵, the ampli-
fied signal is immediately fed back to the elect ron. This

self-excited oscillator (SEO) [57] resonant ly and rapidly

drives itself to a largeamplitudeeven if ⌫̄z shiftswith am-
plitude, whereupon the gain is adjusted to maintain the

amplitude. A Fourier t ransform of the largesignal reveals

the small ∆ ⌫̄z that signals cyclot ron and spin jumps.

Quantum jump spect roscopy produces anomaly and

cyclot ron resonances (Fig. 3a-b) from which to ext ract

⌫̄a and f̄ c to use in Eq. (5). Cyclot ron and anomaly

quantum jump trials are alternated. The magnet ic field

drift of 0.2 ppb/ hr in thenew apparatus isslow enough to

correct using a quadrat ic fit to the lowest cyclot ron drive

frequencies that produce excitat ions. Each cyclot ron

and anomaly quantum jump trial starts with resonant

anomaly and cyclot ron drives that prepare the elect ron

in the spin-up ground state, |n = 0, ms = 1/ 2i , followed
by 1 s of axial magnetron sideband cooling [47, 50].

Cyclot ron jumps to n = 1 are driven by a 5 s mi-

crowave drive injected between t rap elect rodes (Fig. 2b),

with an o↵-resonance anomaly drive also applied. Jumps
occur in less than 20% of the trials to avoid saturat ion ef-

fects. Cavity-inhibited spontaneous emission [52] makes

Cyclotron motion is in the ground state

Axial motion is NOT in the ground state

→ Source of the systematic error

• cooling axial motion, quantum measurement
could not be realized in the NW22 measurement

A factor 10 ~ 20 improvement can be expected

X. Fan and G. Gabrielse
arXiv:2008.01898,PRL 2021



Prospects on the electron g-2 theory
• The crucial input number, the fine-structure constant α

need to be improved from 0.1 ppb to  0.01 ppb 
h/m_X,    X=Cs (UC Berkley),  Rb (or Sr)  (LKB Paris), and  Sr and/or Yb (Oxford U, 2024)  

Ar(m_Rb)    …    its uncertainty is just half of h/m_Rb

• QED calculations 

The discrepancy in the universal term A1 
(10) has been resolved

Further independent checks are needed for the mass-dependent term A2 
(10)

  

Preparation of the 12th-order QED is in progress               202,770 Feynman diagrams

quenched lattice QED                          Kitano et al.  2021,2022,  Kitano 2024

diagrams with fermion loops              Yamazaki, master thesis, Saitama University 2023

• Hadronic contributions   ???

Open questions both experimentally and theoretically

75 ppt                                                                 140 ppt



Thank you for your attention
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Effects of two QED results of the 10th-order term

X. Fan, et. al. arXiv: 2209.13084,PRL130,071801(2023)

QED 10th-order term from AHKN 2019

QED 10th-order term from S. Volkov 2019

The difference is not crucial right now, but must be resolved. 



Other non-QED but SM corrections

Keshavarzi, Nomura, Teubner 2019

Di Luzio, Keshavarzi, Masiero,  Paradisi 2024

Jegerlehner 2017 

Hoferichter, Stoffer, Zillinger 2025 

Jegerlehner 2017 

Corrections involving weak bosons Z and W
(a) (b) (c) (d) (e)

Had.

奈良春日野国際フォーラム甍



Different renormalization schemes

On-shell renormalization constants for a self-energy diagram G:

for  vertex renormalization   

for  wave-function renormalization

Volkov:  IR-free,  Ward-Takahashi identity holds:   

AHKN:  IR free, easy-to-determine, but breaking WT-identity: 

Finite renormalization 
Restore the gauge invariance



Numerical calculation of  

Difference of vertex renormalization constants  

numerically calculated for n=1, 2, 3, 4 loops

(#)  # of independent diagrams

269 x  1 hour x 40 core ~ 10,000 core x hours

easy calculation compared to the 10th-order g-2

Order  2n 2 4 6 8

# of vertex  
diagrams 1 6  (4) 50 (38) 518 (269)
dimension of 
integrals 1dim 4 dim   7 dim 10 dim

(a) (b) (c) (d) (e)

I(a) I(b) I(c) I(d) II(a) II(c)II(b)

III IV(a) IV(b) IV(c) IV(d) V(a) (b) (c) (d) (e)

A. Hirayama, JPS 2021 spring meeting

UV subtraction w/ AHKN’s K-operation



To-do list for a diagram-by-diagram 
comparison
To compare AHKN and Volkov’s numerical results of integrals,

• Obtain the symbolic expressions of the gap equations

expressed by                                        of the 2nd ~ 8th order quantities

• Calculate the values of                           

are known from AHKN’s old publications.

• The difference of numerical integrals is compared to the numerical values 
of the gap equation.
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