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Outline 

ÄAcknowledgements
ÄMy Other Lecture Notes
ÄRelativistic Particle Motion and Weak Focusing
ÄTransfer Matrix, Betatron Oscillation, Tune, and Tune Nonlinear Resonances
ÄDispersionand Momentum Compaction
ÄMagnets(dipole, quadrupole, sextupole, multipole expression,solenoid)
ÄStrong Focusing
ÄBeamEmittance
ÄChromaticity and Chromatic Effects
ÄLattices (DBA, TBA, MBA, and FODO) for Light Sources
ÄLongitudinal PhaseSpaceand Synchrotron Oscillation
ÄSliceParametersand SpaceChargeForce

Textbook:

An Introduction to the Physicsof Particle Acceleratorsby Mario Conte

Other Reference:

Accelerator Physicsby S. Y. Lee

Accelerator PhysicsLecture Notesby Y. Kim

Lecture Notesby Y. Kim @ ISBA18- ISBA25

See Dr. Fusan Chen's Magnet Theory!
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My Other Lecture Notes 

Yujong Kim's Other Lecture Notesat Idaho State University, KAERI WCI,

POSTECH, KAIST, UST, VITZRONEXTech , Korea-Japan Joint Summer

School,KAERI -KBSI Accelerator School,and ISBA.

ÄBasicAccelerator Physics
= Magnetsand TransverseMotion in Accelerators

= RF Systemand Longitudinal Motion in Accelerators

ÄAdvancedAccelerator PhysicsTutorial for XFEL Projects

ÄAccelerator BeamDiagnostics

ÄLinux Basicfor Physicists

ÄLaser Compton Scattering(LCS)

ÄRF Technologyand Electron Linear Accelerators

There are my lecture noteson beamdynamicsfor KoPAS2015.

Thereare alsomy lecture noteson RF system,Linac, Beam

Dynamics,ASTRA & ELEGANT Simulations,andAI for

Accelerator Simulations for ISBA18~ ISBA25.

You canobtain them by sendingan email to Yujong Kim :

yjkim 3488@gmail.com,yjkim@kaeri .re.kr or with facebook
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Short Review of Relativistic Particle Motion  

ÄParticle Accelerator Physicsis a region of applied SpecialRelativity :

¸Law of physicsmay beexpressedin equationshaving sameform in all frames.

¸Speedof light in free spaceis the samevalue for all observers.

electronfor51099906.0/)MeV(/
2

UmcU ==g

please note that acceleration in linac gives 

a growth of kinetic energy. At an electron gun exit, 

energy gain = 500 keV = 0.5 MeV Ÿ W = 0.5 MeV

U ~ 0.5 MeV + 0.511 MeV Ÿ ɔ= 1.011/0.511 ~ 1.979

U ~ pc for Ultra -Relativistic case, ɓ~ 1.

c Ȣ ἵȾἻ

ὡ άὧς

Do not confuse with Twiss parameters (Ŭ, ɓ, ɔ)!

total energy

momentum

kinetic energy

v: speed of charge particle

c: speed of light

ŷɓ~ 1
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Energy of Rest Mass - mc2 & Isotope  

Unified Atomic Mass Unit (u or also known as amu)

1 u = 1.66053892173 ě10-27 kg = 931.49406121 MeV/c2 = 1822.88839 me ~ 1 mp or 1 mn

me = 9.1093897ě10-31 kg = 0.51099906 MeV/c2  for electron

mp = 1.6726231ě10-27 kg = 938.2723 MeV/c2 for proton

~ 1836.152725 me

mec
2 = 0.51099906 MeV for electron

mpc
2 = 938.2723 MeV = 1836.152725 mec

2  for proton

mnc
2 = 939.5656 MeV for neutron

mdc
2 = 1875.6134 MeV for deuterium (D or 2H) with one proton & one neutron

Mass and Rest Mass Energy

1 uc² = (1.66053892173 ě10ī27kg) ě(2.99792458 ě108 m/s)² 

å 1.49242 ě10ī10kg (m/s)Į å 1.49242 ě10ī10J ě(1 MeV / 1.6021773 ě10ī13J) ~ 931.49 MeV

Ź 1 eV ~ 1.602ě10-19 CV = 1.602ě10-19 J =  1.602ě10-19 kg(m/s)2

ŷ1 eV ~ 1.602ě10-19 CV = 1.602ě10-19 J =  1.602ě10-19 kg(m/s)2
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Short Review of Relativistic Particle Motion  

protonfor2723.938/)MeV(

electronfor51099906.0/)MeV(

U

U

=

=

g

g

E
le

c
tr

o
n

 K
in

e
ti
c
 E

n
e

rg
y
 (

M
e

V
)

P
ro

to
n

 K
in

e
ti
c
 E

n
e

rg
y
 (

M
e

V
)

MeV57139386651~  protonforMeV6651@99.0~

protonforMeV100@43.0~

electronforMeV3@99.0~

2 º-=­=

=

=

c U - mW U

W

W

pb

b

b

Ὗ ‎άὧς ὡ άὧς

‎
ὡ άὧς

άὧς

100 MeV KOMAC Proton
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ɓof IBS RAON Accelerator in Korea ?  

$1.5B IBS RAON Accelerator

600 MeV for proton

ɓ ~ 0.8 

(particle mA)

HWR + QWR

SSR1 + SSR2

Site: 952,066 (~ 290,000 pyeong) 

HRMS: High Resolution Mass Separator
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Particle Motion in an Uniform Magnetic Fields

ÄUnder a constantmagnetfield B in time, a positivechargeq of a designparticle

is performing a circular motion with a radiusralonga designorbit :

Lorentz force = centripetal force (for a referenceparticle on the designorbit)

betatron

B
C

&

xBRxBB yy
¡¹-µµ=D ))(/( r

B
C

q

ᴆὺ

ʖ
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Particle Motion in an Uniform Magnetic Fields

magnet (or momentum) rigidity

[Measured Magnetic field of a dipole for Bunch Compressor of DESY FLASH Facility]

B = B(I)

a relation to find beam energy or momentum in a dipole

for a singly charged particle (q = Ne = ewith N =1)

, and by using v=ɓc
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Particle Motion in an Uniform Magnetic Fields

magnet (or momentum) rigidity

a relation to find beam energy or momentum in a dipole

for a singly charged particle (q = Ne = ewith N =1)

B = B(I)

[Measured Magnetic field of a dipole for Bunch Compressor of DESY FLASH Facility ]
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Working Principle of Spectrometer

Ÿ

we can measure momentum or energy 

from bending angle, effective length, magnetic field.DESY TN-04 02 by P. Castro

ɟ

ɟԓ

dl

B(l)

Ã

electrons ­ dipole magnet

B field

integration area of B field along magnet

Bmax ~ 0.22 T for 50 A

Ŭ
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Magnet Regidity for Heavy Ion Beams 

N : charge number ­ή ὔὩ

Ὗ 'Å6ȾÕ: energy per one proton or neutron

A: atomic mass number = number of proton + neutron

b= v/c

‍Ὗ 'Å6ȾÕḙπȢσὄ4”Í
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ÄUnder a constantmagnetfield B in time, a positivechargeq of a designparticle

is performing a circular motion with a radiusralonga designorbit .

ÄLocal CartesianCoordinate System(x, y, z) : moving alonga designparticle

¸x : radial outward, x ſR -r(continuouschangingdirection)

¸y : vertically up

¸z : direction of motion of the designparticle

¸s : total travelling distancealong the designorbit, s = s(ɗ) = s(ɤt)

¸negativecharge: left-handedcoordinates

ÄTrajectory of generalparticles are slightly

different from the designorbit due to

energyspreadand magneticfield gradient

, hencea changeof slopeof particle trajectories

afterDsmoving (b-oscillation).

Seepages60 & 66, An Introduction to the Physicsof High Energy Acceleratorsby Edwards
14

Equations of Motions for Weak Focusing 

B
C

xBRxBB yy
¡¹-µµ=D ))(/( r
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Magnetic Fields and Unit Vectors 

From Page 66, An Introduction to the Physics of High Energy Accelerators by Edwards

Ÿ

R
C
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Magnetic Fields and Unit Vectors 

From An Introduction to the Physics of High Energy Accelerators by Edwards
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Now return to Page20 in Conte'sBook

Equations of Motions for Weak Focusing 

r  @ Edwards' book Ÿ  R = r+ x @ Conte's book 

ignore any energy change

from previous page and
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Equations of Motions for Weak Focusing 

define field index n

by applying the paraxial approximation, i. e.

18
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Equations of Motions for Weak Focusing 

similar to equations of simple harmonic oscillator!

Therefore, x & y motion can be stable and focused simultaneously only when

0 < n < 1 : weak focusing
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Weak Focusing - Lorentz Force 

forces for coming out positive charge

« center

horizontal defocusing for 

radially opening poles

horizontal focusing for

radially closing poles

« center

vertical focusing for 

radially opening poles

vertical defocusing for

radially closing poles
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Weak Focusing - Resultant Force 

Horizontal motion in Betatron is controlled by a resultant force  of outwarding

centrifugal force (mv2/R) and inwarding centripetal Lorentz force (qvBy), Fres :

0

2

qvB
v

m =
r

betatron

B
C

heren: field index

ɕ> 1 if  R > ɟ

ɕ< 1 if R < ɟ
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Weak Focusing 

Horizontal motion in Betatron is controlled by a resultant force of outwarding

centrifugal force (mv2/R) and inwarding Lorentz force (qvBy), Fres , which acts

to push the particles towards the referenceor equilibrium orbit under 0 < n < 1.

R

q
F

n = 0.5

□○

╡

qvBy

ɕ> 1 if  R > ɟ: outside of reference orbit

ɕ< 1 if R < ɟ: inside of reference orbit

ɕ> 1 if  R > ɟɕ< 1 if  R < ɟ

outwarding centrifugal force

inwarding Lorentz force 

referenceor equilibrium orbit

Ÿ Inwarding Resultant Force

Ÿ Outwarding Resultant Force

out Ÿ in Ÿ out Ÿ in Ÿ out 
betatron oscillation around the reference orbit
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Solutions of Motion Equations

with the condition 0 < n < 1 gives a possible solution:

If there are initial conditions at q= 0; x(0) = x0,  x'(0) = x0' = dx/ds= (1/r)(dx/dq) q=0

or in transfer matrix form in the horizontal plane:
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Transfer Matrix, Betatron Oscillation, & Tune

From                             similarly, the transfer matrix in the vertical plane:

From solutionsof equationof motion, wecan find the fact that motion of particles

showssinusoidal behaviors. This type of transverseoscillation is called the betatron

oscillation, which is induced due to the nonzeromagneticfield gradient or n.

horizontal and vertical betatron tunes QH and QV are defined as the numbers of

cyclesof horizontal and vertical betatron oscillation which are madeby a particle in

oneturn circulation. QH & QV < 1 for weak focusing(0 < n < 1).

Define the total x & y betatron phase advance for arotation angle of ɗ(see page 71):

&

for weak focusing 

snn
1-=rq

phaseadvanceof onebetratron oscillation cycle: 2ˊ
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Examples of Betatron Oscillation and Tunes

betatron oscillation & tune for strong focusing:

QH > 1

QV > 1

What is difficulty in weak focusing accelerator?

Can we observe the betatron oscillation in a region with quadrupoles?

Yujong Kim for Agentic AI, Physical AI, and Superfacility for Accelerators  @ KAERI & UST
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Tune Diagram and Nonlinear Resonances

qy qy

bad tunes

somewhat

goodtunes
bad tunes

somewhat

goodtunes
linear: cosedorbit distortion due to dipole

error and betatron amplitude 

distortion due to quadrupole error

x & y coupling due to skew quadrupole 

and solenoid

nonlinear multipoles: 

higher than sextupolecomponets

good tune area becomes narrower for

higher order multipoles

In a circular accelerator, the horizontal and vertical betatron tunes (ɜx, ɜy) should be

chosento avoid the linear betatron resonancesat ɜx = m or ɜy = n, where m, n are

integers,and half-integer integer betatron resonancesat 2ɜx = m or 2ɜy = n due to the

linear magnetimperfections suchasdipole and quadrupole field errors. Similarly, the

betatron tunes should be chosento avoid linear coupling resonancesat ɜxõɜy = l,

where l is an integer due to skewquadrupolesand solenoids. Seedetails at pages85, 178,

179, 212, and 213of S. Y. Lee'sAccelerator Physics,2nd edition.

Left: the linear (coupling) resonancelines,wheremxɜx+ myɜy= l, with |mx|Ò1and|my| Ò1and l isaninteger.

Right: thenonlinear (coupling)resonancelinesup to thefourth order, i.emxɜx+ myɜy= l, where|mx|+ |my| Ò4.

Thesolid linescorrespondsto resonancelinesassociatedwith normal multipoles,andthedashedlinesarethose

associatedwith skewmultipoles.Thesymbolqx andqy arethefractional partsofbetatron tunesɜx andɜy.

u
n
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u
p
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Transfer Matrix for Field Free Drift Space 

x = x0 + Lx0'

x' = x0' 

Transfer Matrix of a Drift Space with Length L

See also page 33 for other cases: 

uniform magnetic field but no field gradient (n = 0)

90 degree, and opposite sign of n

old particle position

new particle position

particle angle

Lx0'

design orbit
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then, the horizontal motion is described by:

2828

Momentum Dispersion - Beam Spreading 

So far, we assumed that all particles have a same energy (mono-energy). 

But in the real situation, there is a horizontal beam broadening in a dipole due to the 

momentum spread. There is the beam broadening only in the horizontal or radial plane. 

Why there is no beam broadening vertically?  

0Bqp r=

ppmcp dbg +­=

ppmcp dbg +­=

)1(
r

rr
x

xR +=+=

From page 18
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Momentum Dispersion - Beam Spreading 

by using definition of the field index

by ignoring nonlinear terms in x. 

horizontal equation of motion under nonzero momentum spread

2
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Momentum Dispersion - Beam Spreading 

by inserting

Similarly, the vertical motion is described by an equation at page 18 :

0Bqp r=

ignoring x2 term

)1(
p

p
pppmcp

d
dbg +=+­=

)1(
r

rr
x

xR +=+=
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Momentum Dispersion - Beam Spreading 

By keeping linear terms, the equation  of motion in the vertical plane is given by

vertical equation of motion under nonzero momentum spread

= same as previous case, without any momentum spread. Why?

Possible particular solutions of equations of motions in the x plane:

If there are initial conditions at q= 0; x(0) = x0,  x'(0) = x0' = dx/ds= (1/r)(dx/dq) q=0

Yujong Kim for Agentic AI, Physical AI, and Superfacility for Accelerators  @ KAERI & UST
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Transfer Matrix under Momentum Spread 

Therefore, solutions of motion equation in the horizontal plane under a momentum 

spread can be given by

horizontal transfer matrix under momentum spread for weak focusing (0 < n < 1)

vertical transfer matrix is same as before without momentum  spread (see page 24).
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3333

Examples - Electron Motion in Dipole Magnet 

If a particle is in a uniform magnetic field such as in a wide dipole or cyclotron, n = 0.  

orbit of electrons under 

entering uniform B field 

If  q=p

If               are initial conditions for x, x', dp/p,  then final x, x' and dp/p of the particle:

beam broadening = 
p

pd
r4

Ã ÃÃ

Ã ÃÃ

Ã ÃÃ

Yujong Kim for Agentic AI, Physical AI, and Superfacility for Accelerators  @ KAERI & UST



3434

Examples - Weak Focusing Synchrotron 

Synchrocyclotron is a machine with a constant radius but with a varying magnetic field 

in time according to the increasing momentum at an RF cavity. 

cell or superperiod= a periodic block of elements

here cell number = 4 (one dipole + one drift space l0)

3 ways to make the transfer matrix for one cell in synchrotron above.

drift between dipoles =l0

qdrift = (l0/2)/r=l0/2r

synchrotron is a virtual circular machine:

= 2pR

l0
Rapid Cycling Synchrotron (RCS) and booster ring work similarly, except strong focusing.

qdrift
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Examples - Weak Focusing Synchrotron 

Find the transfer matrix for one cell in synchrotron!

First of all, let's ignore the momentum spread. 

We will consider it  when we study momentum compaction factor.

qdrift = (l0/2)/r=l0/2r

see details in textbook

öö
÷

õ
ææ
ç

å
+=¹
pr

rb 0

H

H

2
1,

l
R

Q

R

sin(x+y) = sin(x).cos(y) + sin(y).cos(x) & cos(x+y) = cos(x).cos(y) - sin(x).sin(y) 

a b

ab

sin(l0/2ɟ) ~ l0/2ɟ

cos(l0/2ɟ) ~ 1
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Examples - Weak Focusing Synchrotron 

Similarly, for the vertical plane (try to drive these)

VQ

R
¹
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Momentum Compaction Factor ap

ap is defined as the fractional difference in circumference of the reference orbit 

with respect to the fractional difference in the particle momentum. That is, 

in synchrotron, circumferences are different for particles with different momenta. 

]m[]T[2998.0)GeV/c(,
/

/
rra BpBqp

pdp

LdL
p @­=¹

From the weak focusing synchrotron as shown in page 34,

paths in straight section lo are same for all particles with different momenta.

\

¬
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Momentum Compaction Factor ap

For a weak focusingsynchrotron, the momentum compactionfactor ap is larger than 1

becauseQH is smaller than 1. Therefore, the difference of circumference for particles

with a momentum spread is large. Hencethe dimension of vacuum chamber becomes

large to build a high energyweak focusingsynchrotron (problem).

But for the strong focusingmachine,momentum compactionfactor is small

enoughbecauseQH is much higher than 1.

Exampleof PLS storagering: QH ~ 14.28,ap << 1

Ÿ no big circumferencedifference for particles with different energies.

ρ ὼ ḙρ ὼ ὪέὶὼḺρ
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Momentum Compaction Factor ap
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Liouville's Theorem 

A particle density function f(x, y, z, px, py, pz, t) can be defined asthe number of particle

per volume of six dimensionalphasespace(x, y, z, px, py, pz) at a given time t.

Here, x, y, z is the three spatial coordinates, and px, py, pz are their corresponding

momentum components.

Liouville's Theorem:

In the local region of a particle, the particle density in phasespaceis constant in time,

provided that the particles move in a general field consistingof magnetic fields and of

fields whoseforces are independentof velocity (or non-dissipative systems

suchasno radiation loss,spacechargeforce, and wakefields).
)(vFF
CCC

¸

0=
dt

df
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Typically, magnets in accelerator supply transverse or longitudinal magnetic fields.

From the Lorentz force, magnets are used to change of the direction of motion of a 

particle;                    . Example, bending magnet.

Magnets with transverse fields (ex, dipole, quadrupole) are backbone of accelerator

and beam transport system, and magnets with longitudinal fields (ex, solenoid) can be 

used to detect colliding beams in colliders or to focus beams in a low energy (ex, gun).

4141

I
L

N
knIknIB ö

÷

õ
æ
ç

å
³=== -7

0 104]T[ pmm

http://hyperphysics.phy-astr.gsu.edu

magnetic field of Solenoid  B [T], where

m: permeability in material = km0

N : number of coil turns = nL

L : length of solenoid [m]

I : current [A]

k : relative permeability 

~ 200 for magnetic iron

~ 20000 for m-metal  for magnetic shielding

(75% nickel, 2% chromium, 5% copper, 18% iron)

Magnets in Accelerator - See Dr. Fusan Chen's Lecture
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Magnetic Field of Ferromagnetic Material

)()(000 materialindipolenetcurrent BBHMHMHB ä +==+=+= mmmm

where 

H [A/m] is magnetic field strength driven by external driving current (I )

M [A/m] is magnetization, density of net magnetic dipole moments in a material 

http://hyperphysics.phy-astr.gsu.edu H due to external driving current I

coil part       iron core part
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Hysteresis Loop of Magnets with Iron Core

)(000 MHMHB +=+= mmm

where 

H [A/m] is magnetic field strength driven by external driving current (I )

M [A/m] is magnetization, density of net magnetic dipole moments in a material 

http://hyperphysics.phy-astr.gsu.edu

coil part       iron core part
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Hysteresis Loop of Magnets with Iron Core

)(000 MHMHB +=+= mmm

http://hyperphysics.phy-astr.gsu.edu

where 

H [A/m] is magnetic field strength driven by external driving current (I )

M [A/m] is magnetization, density of net magnetic dipole moments in a material 

at a certain driving current I (or H), there are two different M depending on history or 

direction of  I .

We have to cycle all magnets with iron cores to reproduce the same magnetic fields B at 

a certain current I .

M

H or I

coil part       iron core part
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Cycling of Magnets with Iron Core

We have to cycle all magnets with iron cores to reproduce the same magnetic fields B at 

a certain current I .

Generally, cycling should be done two times (at least) by changing current of power 

supply gently to get a good reproducibility in magnetic field:

gently go ImaxŸ waiting (until set value = reading value) Ÿ go IminŸ waiting Ÿ 

go Imax Ÿ waiting Ÿ go IminŸ waiting Ÿ setting a current

cycling of a magnet with an unipolar (left) and a bipolar (right) power supply

I

M

9: setting a current3, 7

4, 8

1, 5

2, 6

I

M
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2D Magnet Model

In preliminary accelerator design, magnets can be considered with the 2D model 

if  the considering region is 1.5 times of a gap height d from the end of the magnet.

Specially, the 2D model works well if magnet length is long enough. 

But in the real accelerator design, the end fringe field effects should be considered. 

Until we learn the end fringe field effect, let's assume magnet with the 2D model.

pole gap  height = d
Good

2D Region

1.5d

d
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Maxwell Equations in 2D Magnet Model

For static field and if there is no current  (ignoring beam current),

Then, magnetic field strength H can be expressed as the gradient of the magnetostatic

potential  Yand it satisfies the Laplace equation.

0

0

0,0

=³Ð

=ÖÐ

­==
µ

µ

H

B

j
t

E

C

C

C
C

0
2 =YÐ

YÐ=H
C

Yujong Kim for Agentic AI, Physical AI, and Superfacility for Accelerators  @ KAERI & UST



4848

Laplace Equation and Multipole Expansion

The general solution of  the Laplace equation in the cylindrical coordinates (r, q, z)

(see cylindrical harmonics in John R. Reitz's Foundations of Electromagnetic Theory)

can be found in 2D cylindrical coordinates;

Here a is the reference radius of the expansion ~ half of magnet gap.

While, we can also expand the field of bending magnets in a series of multipoles: 

0
2 =YÐ 0

11
2

2

2
=

µ

Yµ
+ö
÷

õ
æ
ç

å

µ

Yµ

µ

µ

qrr
r

rr

y

x

a2

(r,q)

YÐ== mmHB
CC

: normal strength of 2(n+1)th multipole

: skew strength of 2(n+1)th multipole
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Multipole Expansion

Normal Multipole Components:

n = 0 for normal dipole component

n = 1 for normal quadrupole component

n = 2 for normal sextupolecomponent

n = 3 for normal octupolecomponent

n = 4 for normal decapolecomponent

Skew multipole Components : 

poles are rotated by p/2(n+1), 

example, 

skew dipole = 90 deg rotation for n =0

skew quadrupole = 45 deg rotation for n = 1

normal dipole & quadrupole

skew dipole & quadrupole

http://pbpl.physics.ucla.edu
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Equipotential Lines of YŸ Pole Face

YÐ== mmHB
CC

equipotential lines of Y = pole face

Similarly to electric fields, magnetic field must be perpendicular to the equipotential 

lines of Y, which gives the pole face of the magnet. 

Equation of Optimum Pole Face for Normal Magnets:

Pole Face of Dipole : 

http://pbpl.physics.ucla.edu

n =2 for QM ­
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Example, Normal Dipole Magnet :

b0 = 1, all other bn & an = 0 

note that

normal magnets have poles on y-axis for even n (dipole for n =0, sextupolen =2, ...),

normal magnets have no pole on any axis for odd n (quadrupole for n =1, octupolen =3, ...)

5151

Normal & Skew Magnets

for normal magnets                                            for skew magnets

see also current relation in textbook!
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Dipole Magnet

equipotential lines of Y = pole face

Apply Ampere's law to estimate the magnetic field in dipole gap 

äñ

äñ

=Ö

­=Ö

IldH

IldB

m

m

m

0

0

CC

CC

N turnsI
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Quadrupole Magnet

Apply Ampere's law to estimate the magnetic field in quadrupole

S

N

N

S

here note that 

current direction is wrong.

it is reversed.

n = 1

r = a

q= p/4 for south

q= -p/4 for north

centerQMnear@00 YÐ== mmHB
CC
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2(n+1) Multipole Magnet

For sextupole, n = 2 

centernear@00 YÐ== mmHB
CC

The sextupolemagnet has a nonlinear field depending on x as well as y.
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Here we can ignore Bz in the 2D model because length of QM is long enough (l > a).

By using                                                

near QM center, 

And from Ampere's law 

5555

Quadrupole Lens

In the absence of electric field, which means no acceleration, 

from page 9, motion equation becomes;

centerQMnear00 YÐ== mmHB
CC

0=³Ð B
C

TYPO: vy
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Quadrupole Lens

YÐ=H
C

From QM magnetostaticpotential Yat pages 48 & 53, rHB centeQMnear0

CC
m=
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see distributed paper on measurement g

Simulation codes use k instead of gradient g(T/m), which is measured. 
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Quadrupole Lens

Here general solutions are used. From initial conditions (x = x0, x' = x0' at s=0):

In transfer matrix form:

After considering opposite sign k in y (kŸ -k),  in vertical plane:

i

s Ÿ l = length of QM
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Quadrupole Lens

Note that QM always makes opposite focusing in x & y planes:

horizontal focusing QM (QF) Ÿ vertical defocusing

vertical focusing QM (QD) Ÿ horizontal defocusing  

If

Thin Lens Approximation for QM

here f is the focal length of the QM.

If f > 0, it is focusing. 

(x0, x'0 = 0)

(x = 0, x'= -x0/f)
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Fringe Field Effects in a Dipole

Up to now, weassumedthat the designtrajectory is orthogonal to the both endsof a

dipole magnet. But in real situation, there are many caseswhere the trajectory is not

orthogonal to the endsof dipoles.

Ÿ there are additional focusingor defocusingfringe field effectsin a dipole.

n
C

n
C

: normal vector with respect to the magnet yokes
a: rotation angle of the yoke-ends around vertical axis.

a> 0 for the normal vector is at outside of the beam trajectory (entering - clockwise).

a< 0 for the normal vector is at inside of the beam trajectory (exit - clockwise).

a= 0 : sector dipole (no pole rotation).

beam trajectory

[top view of  three different dipoles]

sector dipole

n
C
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n
C

beam trajectory

6060

Fringe Field Effects in a Dipole

For a> 0, 

particles located at positive x take shorter paths in the dipole & to be bent weakly

particles located at negative x take longer paths in the dipole & to be bent strongly

Ÿ horizontal defocusing & vertical focusing

For a< 0, 

particles located at positive x take longer paths in the dipole & to be bent strongly

particles located at negative x take shorter paths in the dipole & to be bent weakly

Ÿ horizontal focusing & vertical defocusing

x > 0

x < 0

x > 0

x < 0
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Slanting Dipole = Normal Dipole + Two Wedges

Horizontal Transfer Matrix for a Slanting Dipole: Mslanting = Mwedge³Msector³Mwedge

Wedge is a kind of focusing or defocusing quadrupole magnet:

horizontal trajectory of positive charges in a wedge

we can consider this 

wedge as a defocusing QM!

slanting dipole          = wedge    +        sector dipole      +    wedge
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From Conte's book page 84 or Reiser'sbook page 135-138,

Horizontal Transfer Matrix of a thin Wedge without any dispersion:

Horizontal Transfer Matrix of a thin Wedge with a dispersion dp/p:

From Conte's book pages 52 & 56, Eq (3.84) and Eq (3.102), the 6 dimensional transfer

matrix ( x, x' y, y', z, dp/p) of a sector dipole without any wedge:

Note that a sector dipole can supply a focusing in the horizontal plane.
6262

Transfer Matrix for Wedge
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Transfer Matrix for Wedge

Then, the total horizontal transfer matrix of a slanting dipole with wedgesand a 

dispersion can be obtained from a transfer matrix for wedges (Mw in page No. 62) 

and the horizontal transfer matrix of a sector dipole without any wedge (= MH above):
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From the 6 dimensional matrix of a sector dipole, let's extract components of only 

horizontal position, horizontal angle, and a dispersion (x, x', d= dp/p) Ÿ
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Transfer Matrix for a Rectangular Dipole

Similarly, from Reiser'sbook page 135-138 and the vertical components the transfer 

matrix of a sector dipole magnet, the total vertical transfer matrix for a slating dipole 

with wedges but without a dispersion (y, y') can be given by:

For a Rectangular Dipole Magnet with :  

yw,Vyw,V M)(MMM ɗ=

Note that a rectangular dipole can supply a focusing in the vertical plane. 
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Angles of Rectangular Dipoles for Chicane

SCSS Bunch Compressor,  details can be found from Y. Kim's NIMA 528 (2004) 421.

For the first dipole:
bending angle = + 4 deg

edge angle1 for entrance = 0 deg

edge angle2 for exit = + 4 deg

For the second dipole:
bending angle = - 4 deg

edge angle1 for entrance = - 4 deg

edge angle2 for exit = 0 deg

For the third dipole:
bending angle = - 4 deg

edge angle1 for entrance = 0 deg

edge angle2 for exit = - 4 deg

For the fourth dipole:
bending angle =  + 4 deg

edge angle1 for entrance =  + 4 deg

edge angle2 for exit = 0 deg

bending angle ~ 4 deg

dipole length ~ 0.2 m

beams go from left to right

note clockwise is positive

ɗedge1+ ɗedge2 = ɗbending
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To keep beam size with a certain limits (< inner diameter of vacuum chamber), we need 

high horizontal and vertical tunes (QH & QV > 1) : concepts of Strong Focusing.

QM gives the focusing only in one plane.

But continuous doublets can give the horizontal and vertical focusing:

From two thin lens combination, we can get a focal length of the two combined lens:

If fD = - fF, 

f > 0, doublet gives a focusing system.

Ÿ backbone of strong focusing!

6666

Strong Focusing

­-+=
DFDF ff

l

fff

111

l
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Separated function magnet has each own one function (bending or focusing)

Combined function magnet has more than one functions (bending and focusing)

[separated function dipole]                    [combined function dipole]

Generally, transfer matrix M(s) for a periodic cell can be made by multiplying transfer 

matrices of machine components (drifts, quadrupoles, bending magnets, and so on).

For a generalized coordinate z 

Note that the trace of matrix M(s) should be smaller than 2 for the stable periodic beam 

motion in ring! (see details from Conte's book pages 97-100 & resonance conditions) .

6767

Twiss Parameters -ax,y(s), ɓx,y(s), ɔx,y(s)

Yujong Kim for Agentic AI, Physical AI, and Superfacility for Accelerators  @ KAERI & UST



For a stable focusing beamlineregion satisfying                    , generally, the transfer matrix 

can be parameterized with the Twissparameters (a(s), ɓ(s), ɔ(s)) (see Conte's book pages 

97-100) :

6868

Twiss Parameters -ax,y(s), ɓx,y(s), ɔx,y(s)

Most transverse beam parameters can be expressed by the Twissparameters, phase advance m

emittanceŮ, and others. Ex, vertical rms beam size & rms beam divergence with no dispersion:

Design of a stable focusing machine lattice  Ÿ optimization of the Twissparameters!

)()()(,)()()( ' ssssss yyyyyy gesbes ==

ba ¡-=
2

1

a(s) is related to the change in ɓ(s)-function.

A stable lattice has |a(s) | < 1 for all region.
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Twiss Parameters for PSI 250 MeV injector

pickup

tuners

High Energy Transverse Deflecting Structure (TDS2) 

¸developed with collaboration with INFN and PSI

¸resonance frequency : ~ 2997.912 MHz

¸deflecting mode : TM110

¸type : five cell SW cavity

¸physical length / average iris diameter : 441 mm / 36 mm

¸max available klystron power : 7.5 MW

¸max deflection voltage : 4.5 MV for about 4.1 MW

¸max slice number for 10 pC (200 pC) : 3 (12) slices

¸operation energy : ~ 250 MeV (gun region)

¸rms time resolution for 10 pC (200 pC) : 11 fs (16 fs) @ 4.5 MV TDS2 with five cells
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Diagnostic Section for PSI 250 MeV Injector
5QMs      TDS2        5QMs                                            3FODO                                    1QM DIPOLE

3FODO Cells

OTRs : 1          2         3           4          5          6           7                     8

horizontal phase advance @ 3FODO = 55 deg per cell

vertical phase advance @ 3FODO = 25 deg per cell

cell length = 3.0 m

rms beam size @ 7FODO screens ~ 60 mm for 200 pC

max dispersion by a dipole in DIAG1 ~ 0.2 m

With this special DIAG1, 

we can measure followings

without change any optics:

- slice emittance

- slice energy spread

- longitudinal phase space

- bunch length

- arrival timing jitter

- projected emittance

- Twiss parameters 

- optics matching
\

only by turning on and/or 

off TDS2 and a dipole in 

DIAG1.
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Phase Advance along the Diagnostic Section

5QMs      TDS2        5QMs                                            3FODO                                    1QM  DIPOLE

3FODO Cells

OTRs : 1          2         3           4          5          6           7                      8

Slice Emittance Measurement

ɓy should be high at TDS2  = 20 m

ɣy = (n +́ /́2) at OTRs

=107.9 deg  @ OTR6

ɣx = 0 ~180 deg at OTRs

=189.2 deg  @ OTR6

ɓy should be small at OTRs 

= 6.5 m @ OTR6

ɓx should be small at OTRs 

= 4.3 m @ OTR6

ůx = 60 µm @ OTRs for 200 pC

Long. Phase Space Reconstruction

ɓy should be high at TDS2 = 20 m

ɣy = (n +́ /́2) at OTR8

= 140.2 deg @ OTR8

high ɖx @ OTR8

= 0.2 m @ OTR8

small ɓ-beamsizeůx at OTR8

= 26 µm without dipole

ɓx should be small at OTR8

= 0.96 m @ OTR8

Ůn, resolution ~ 0.05 µm for sx,y = 20 µm 

ůŭ,resolution ~ 1.3ě10-4 

ůt,resolution ~ 16 fs

4.5 MV & 12 slices, 200 pC
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Beam Profiles along the Diagnostic Section

TDS2 Off for Projected Emittance Measurements

TDS2 = 4.5 MV, DM = 6 deg for Slice Emittance & Long. Phase Space Measurements

K1@Q18 = 4

X-band on

ůŭ,resolution ~ 1.3ě10-4 

ůt,resolution ~ 16 fsQ = 200 pC

reconstruction @ OTR6
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Analytical Approach of Twiss Parameters

From Hamiltonian equation of charge particles in a sector dipole without any fringe field 

(see Conte's book pages 42-54),

0p

pD
=d

''x=

''y=

consider linear terms only!
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Analytical Approach of Twiss Parameters

After adding quadrupole focusing effects (see Conte's book page 82) 

and bending effects of a sector dipole together, a generalized equation of motion of charge 

particles in magnets supplying bending and focusing effectscan be given by

here 

and energy spread dwas considered.

­=³Ð 0B
C

0p

pD
=d
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Analytical Approach of Twiss Parameters

From the generalized equation of motion of charge particles in magnets 

which supply bending and focusing effects

Let's ignore the energy spread term (later we will consider it). Then we can get a 

generalized Hill's equation:

here z represents x or y and k(s) represents kx(s) and ky(s).

Since k(s) is a periodic function with a period of L, the Hill's equation can have a quasi-

periodic solution, which is related to the Twissparameters:

here                                     ,                                     , w(s) is an amplitude function with a 

period of L, w(s+L) = w(s), A & B are constants, Y(s) is a non-periodic phase. 
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Since zA(s) and zB(s) are solution of the Hill's equation, let's substitute zA(s) in the Hill's 

equation:

To valid this equation for all  values of  Y, coefficients of sine and cosine functions should 

be zero:

Ÿ

Ÿ

If we insert the last equation to the first equation:

7676

Analytical Approach of Twiss Parameters

1''ln2'ln0
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From a general solution of the Hill's equation, we can get the slope z'(s):

ᶉ

ᶉ

here, we used              .

By using initial conditions (                                                                              ), we can find two 

constants A & B:

Ÿ

by inserting these A & B in z(s) and z'(s) above (see ᶉ region), we can find transfer matrix 

M(s) connecting two points z and z0 Ÿ
7777

Analytical Approach of Twiss Parameters
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Transfer matrix M( s) connecting two points z and z0:

here

If we define following things (Twissparameters)

7878

Analytical Approach of Twiss Parameters
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If we insert these relationships to a(s), b(s), c(s) , and d(s), then Transfer matrix M( s) 

becomes:

From ,               ,  and Ÿ                        , then M(s) can be 

written as: 

and from 

we can find that M(s) above is coincides with: 

7979

Analytical Approach of Twiss Parameters
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From                       , the total phase advance per cell and total tune can be given by:

here, N is the number of cells, L is cell length, and QH and QV are the horizontal and vertical 

tunes.

Note the fact that if the transfer matrix of position and slope is given by 

then, transfer matrix for the Twissparameters is given by: 

8080

Analytical Approach of Twiss Parameters
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