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My Other Lecture Notes 0
(/KAERI —
Yujong Kim's Other Lecture Notesat Idaho State University, KAERI WCI,
POSTECH, KAIST, UST, VITZRONEXTech, Korea-Japan Joint Summer
School,KAERI -KBSI Accelerator School,and ISBA.

A BasicAccelerator Physics
= Magnetsand TransverseMotion in Accelerators

= RF Systemand Longitudinal Motion in Accelerators JEosen Panide
cc:éerator School
N . . . o 201
A AdvancedAccelerator PhysicsTutorial for XFEL Projects o
A Accelerator BeamDiagnostics e

A Linux Basicfor Physicists
A Laser Compton Scattering (LCS)
A RF Technologyand Electron Linear Accelerators

There are my lecture noteson beamdynamicsfor KoPAS2015
There are alsomy lecture noteson RF system,Linac, Beam
Dynamics,ASTRA & ELEGANT Simulations,and Al for
Accelerator Simulationsfor ISBA18~ ISBA25.

You can obtain them by sendingan email to Yujong Kim::
yjkim 3488@gmail.com,yjkim@kaeri .re.kr or with facebook
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Short Review of Relativistic Particle Motion ;//7 _

A Particle Accelerator Physicsis a region of applied SpecialRelativity:

Law of physicsmay be expressedn equationshaving sameform in all frames.

5

. Speedof light in free spaceis the samevalue for all observers ¢ 8 i 7l

define the relativistic velocity /3, and the Lorentz factor ~

Do not confuse with Twiss parameters(, b, 9)!

e ot e parete G v~1 Non-relativistic N. R.
C v > 1 Relativistic —
v = (l _ },-32)—% v > 1 Ultra-Relativistic U. R.

yb~1
total energy, momentum, and kinetic energy for a particle of rest mass, m.

~

walenery U/ = yme? @ a d |g=U/mc® =U(MeV)/0.510999060r electron

[7 please note that acceleration ifinac gives
momenum P = (3yme = [3—, and a growth of kinetic energy. At an electron gun exit,
C energygain=50keV = 0. 5 We®5MeV
2 U~0.5MeV+0.511 MeVY 2=1.011/0.511 ~ 1.979

kinetic energy IT‘T — ("‘IF’ — 1)??1(—: . ..
U ~ pcfor Ultra -Relativistic caseb ~ 1. c
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Energy of Rest Mass mc? & Isotope i)

(/KAERI —

Mass and Rest Mass Energy B e +2o mp = 1836.15 m

7 1-~160%& 10°CV =1.602 101°J = 1.60Z 109kg(m/sp B = "down" quark -;e Mass:g;-:gg:&:rfz
m, = 9.109389¢& 1031 kg = 0.5109990&/eV/c? for electron -~ - 1.00727647 u
m,=1.672623¢ 1072’kg = 938.2723MeV/c?for proton

~1836.15272™, Chemical symool

Mass number =

m.c?= 0.5109990MeV for electron @ @ @ E |
m,c*= 938.2723VleV = 1836.152728n.c* for proton 7 2 ' pr— x
m,c2= 939.565@MleV for neutron Protim  Deuterim  Tritum | mumber of protons FZ
myc? = 1875.613MeV for deuterium (D or 2H) with one proton & one neutron

N = neutron number

P . . Particle Mass (u)
Unified Atomic Mass Unit (u or also known asamu) — 0000645
]2 3 14 Neutron 1.008665

12 C C C Proton 1.007276

1 u= mu — m{ D) /I{ 1 '.2 N?tali-on forll?a ditferent igmnpes Hydrogen atom (1p+ + 1 e-) 1.007825
ofthe chemical element carbon Helium atom (2p+ + 2 n + 26-) 4.002063

1 uc2=(1.66053892178 10 2kg) & (2.99792458 10° m/s)? a particle (20+ + 21) 4001505

8 1. &89daRg (m/ s) |& 16 1 A& (BN8e¥ A1H021773 10 13) ~ 931.49MeV

91eV~1.602 1019CV = 1.60% 1019] = 1.60% 1029 kg(m/s)

1u=1.6605389217@ 102" kg = 931.4940612MeV/c* = 1822.88839n,~ 1 m, or 1 m,

6
o] o . . . . -
— H%?‘—"Extﬁ'—qhﬁ% Yujong Kim for Agentic Al, Physical Al, and Superfacility for Accelerators @ KAER| & UST —




Short Review of Relativistic Particle Motion )

=

g=U(MeV)/0.51099904dor electron B=—
g=U(MeV)/9382723for proton »

& Qo r 2
> = W =(y—1)me
~ 800 4 ;
2 > . . o
S unn | g O Y Tad w abd
L] : L] ! .
2 400 2 '% w ak
] : =
- C 1 4
S 200 | S
2 ' 5
L ST xR T D
0 02 04 06 08 $pey
B (v/c) T —
b ~0.99@W = 3MeV for electron ' i
b ~0.43@W =100MeV for proton o eV KOMAC Proton el e

b ~0.99@U =6651MeV for proton- W = U - m.* ~665% 938° 5713VeV
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AERI

b of IBS RAON Accelerator in Korea ? ;7/7

$1.5B IBS RAON Accelerator

ECR-I1S(10keV/u, 12 ppA (particlerrA) 600 Mev for proton
RFQ (300keV/u, 9.5 ppA) 3 b —_~ O 8

Site: 952,066 (~ 290,00Qpyeong

MEBT

SCL1 (18.5MeV/u, 9.5 puA) :
l High energy
Experimental facility (1)

Driver Linac

]
! 1

1 : Neutron
gthrf;ggr SCL2 (200MeV/u, 8.3 pA for U*) I p-production SR ST i
SSR1 + SSR2 (600MeV, 660 pA for p) : targ“ facility !

1

- i
2 1 1

Medical research

IF Target

High energy
Experimental facility (I)

High Resolution
Zero Degree
Spectrometer

_________________________ 3
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Experimental facility

------------------ SCL3 ¢18.5MeV/u

E | ) LEBT Cooler (P, 70 MeV, TmA) o Irfe:tystem

! N ' Post Accelerator gment

' it Large i Atom/lon Trap GEiCatehar

| Chg e eTia Acceptance ! ECR-IS

| Inadiation ey | ISOL system | |

i : Lowb) : . Large -

: geco'ltl T : HRMS: High R lution M S : Aceeptanies :

: _______ [_)E—C_r?f-\:\f _er_ o -; L HIig esolution Mass eparator : Spectrometer :
1 (High E) 1

Low energy i i

i i
| i
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Particle Motion in an Uniform Magnetic Fields A
/KAERI —
A Under a constantmagnetfield B in time, a positive charge g of a designparticle

IS performing a circular motion with aradius 7 along a designorbit :
Lorentz force = centripetal force (for a referenceparticle on the designorbit)
F=qE+7xB ) If there is no electric field & [ = |?\ is a constant

= = d, 7 dy 17
F=quvxB= ; ymv) = m(7y [d; d.?; v) = ’;r-'-m.i.

— —

velocity 7 = @ x p,

& being constant for a central force

qUu X B =ymd X — = yma X 7, Coils
dt

for a particle moving in Vacuum
.1 5 pipe

a plane perpendicular to B

2 el |
'a Br — aB [?I
quB = ymwv = ym— v/
P betatron 9
— PRI X}2IOI TS
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Particle Motion in an Uniform Magnetic Fields (c/’i
for a particle moving in a plane perpendicular to B

112
quB = ymwv = f‘;fm% Dividing by v/p, and by using=bc

p = Bymec = qBp| magnet (or momentum) rigidity

p[GeV/e] ~ U.BB[T] p[m] a relat?on to find beam energy or momentum iInka dipole
for a singly charged particle = Ne=ewith N =1)

)
&

=
'S

ap=3.17-102T
a; = 4.2545- 1073 T/A
as = —2.1-1077 T/A*
a3 = —1.21-10"% T/A®

=

magnetic field B [T]
(=]
= w
w (3]

0.25

=
)

o
III|IIII|IIII|\I\I‘I\II|IIII|IIII|IIII

0.15

0.4 B = B(l)
0.05 B:CED—FH-l-I—FH-Q'IZ"'a'B'IB
0 2'0 — 20 60 80 100

excitation current | [A]

[Measured Magnetlc fleld of a dipole for Bunch Compressor of DESY FLASH FaC|I|ty]
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/kae

Particle Motion in an Uniform Magnetic Fields 7

for a particle moving in a plane perpendicular to B

’ 12
quB = ymwv = ym— Dividing by v/p
p

p = Bymec = qBp| magnet (or momentum) rigidity

p[GeV/C] ~ U.SB[T] ;J[m] a relat?on to find beam energy or momentum iInka dipole
for a singly charged particle = Ne=ewith N =1)

E F E *®E
= 05 120 A "= 3
g f 100 A ‘.\ v Yt ap=317-107"T
e L ] =
S 0al i \ € 03— g, = 42545 107 T/A
g rC i g = _ 2
EoC | ,:1 § 03= g, =-21-10" T/A
3 0af | = :
g 03 f | g 05— g, = —1.21-1078 T/A3
& r 1 '\l - 3 =
g y S0 A {‘ 0.2
0.2— ”’ ‘w . E
- | 0.15—
01— 0 0.12— B = B(l)
of 005 — B:CLD—FH-l-I—FH-Q-Iz—FH-g-IB
; 1 1 1 1 Il 1 1 1 1 1 Il 1 1 1 1 1 Il 1 1 = | L L
500 460 200 o 300 70 500 % 20 40 60 80 100
longitudinal position z [mm] excitation current | [A]

[Measured Magnetic field of a dipole for Bunch Compressor of DESY FLASH Facility ]
11
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Working Principle of Spectrometer )

< / KAERI
E502.5 Ei(l) electrons- dipole magnet
. | = — E
ETF s 05 120 A . E o5 .
£ r & L { \ m =
g B gk ‘ 100 A Z-008F .
§ so02f 5 oal lf_, \‘\ 3'006 B field
g [ g r | | L E
g - E I | - .
E501.57 g 03 ﬁ‘ l& -0.155— F
C H 2 [ B~ 0.22Tifor 50 A 0 02 _ »
- 5 E L€ e | 50 A % -025; / p,,. = 6.87 Mpv/c
501 i ; 02— # E &
L ! ' C 1‘ '0‘3? - P, = 6.65Mevic —
51 . 0.1 0355
500 5: : C 10A wal LoL427A p,. =643 Mevie
500: o D T T B RN z‘(im‘ac)[m]
o e A e e 00 a0 . e (/R R
magnet current [A] dl longitudinal position z [mm] -
",
. L
les¢ the magnetic effective 3~ By <
1 p=pymc=qbp Y L
legs = 75— [ Bl)d! “
mazx A s \
integration ar fB field along magn y — — . .
tegration area of B field along magnet EB,I'C. Iy Rat feﬂ- .
=111 ¥

B=ays+a -I+a - I°+aq-I°
N : B-law  B-lg
ap=3.17-107° T p=e- ————— —¢. ———

ap = 4.2545-1073 T/A . &'1 o s __I___,fl
~921.10°7T /AQ e the electron charge beam arc

(1l —
a.j — —1.21-10"8 T/A® o the deflection angle

B we can measure momentum or energ et
DESY TN-04 02 by P. Castro from bending angle, effective length, magnetic field.

L) 24 0O . . . . -
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Magnet Regidity for Heavy lon Beams 0

N : charge number 1

Y

4 (/ KAERI ™

0 Q

[ AX): energy per one proton or neutron

A: atomic mass numbernumber of proton + neutron
b=vlc

&g
= Hl

=
o
I
:
N

1y

i

p = [Bymec = qBp

\ ¢

—T Y

[ AR e mw ¢4]"[I ]

13
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Equations of Motions for Weak Focusing =

4 KAERI

A Under a constantmagnetfield B in time, a positive chargeq of a designparticle
IS performing a circular motion with aradius r alonga designorbit.

A Local Cartesian Coordinate System(x, y, 2) : moving alonga designparticle

, X :radial outward, x[ R-r (continuouschangingdirection) r=r+x=r(1+ )
. Y :vertically up

. Z: direction of motion of the designparticle

. S: total travelling distancealongthe designorbit, s=s(d) = s(xt)

Y
., hegativecharge: left-handedcoordinates — T~ M
ABy=(uBy/ux)(R- r)t B}
A Trajectory of generalparticles are sllghtly / 7 N \
different from the designorbit dueto

K

___

energyspreadand magneticfield gradient

B" = 4B, /dx , hencea changeof slopeof particle trajectorles 2%

x' =dx/ds by an amount Ax' = —[B’As/(Bp)lx after Ds moving (b-oscillation).

Seepages60 & 66, An Introduction to the Physicsof High Energy Accelerators by Edwardsl 4
e DH R 2 4 71

Yujong Kim for Agentic Al, Physical Al, and Superfacility for Accelerators @ KAERI & UST se—




— CFE A X}2{01

Magnetic Fields and Unit Vectors A

From Page 66, An Introduction to the Physics of High Energy Accelerators by Edwards

——

The position of a particle can then be expressed as a vector R

—

R =rx + yy ,
r=p+x p R
The equation of motion is x
~ §
dp . se g Reference trajectory
— = e i
e | three unit vectors: §, £, §

ignore the possible §-component of B

x ¥y s
T p |V v sl i & s y 3
vXB={"* %y %Sl=—-pBit+uB.§+ (v.8B, —v,B)S.
B, B, 0

ignore the radiation created by an accelerating charge Y

Lorentz factor ¥ do not change 15
Yujong Kim for Agentic Al, Physical Al, and Superfacility for Accelerators @ KAERI & UST se—
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Magnetic Fields and Unit Vectors 0

L KAERI

From An Introduction to the Physics of High Energy Accelerators by Edwards

dp

— = el X B
at | i d
left hand side thus becomes - = ETmR - ymR

evaluate R in these coordinates

R =1k +y9,
R=K+rt+yp
£=05 §= —60% wheref=uv/r
Therefore, ‘ ‘
R =% + rés + yp l l
R =7t + (276 + r6)§ + r68 + y9. andso R = (F — r62)% + (276 + r6)$ + jJ.
— DR 1T 16
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Equations of Motions for Weak Focusing 0

(—/kAERI —
Now return to Page20in Conte'sBook
r @Edwards' book Y R + x @Conte's book
_, . d dv  dry dv
F=qgiox B=—(ymv)=m(yv— + —0) = ym—. elocity 7 = @& X 0.
q d.t(’ ) (Idt o ) =1 o velocity © 7.
d :
E, = gi(vma:) = —qgfBcB,, and
F, = < (ymg) = q8cB
y—dt f)/my ""q & By
d, g B2 d2x o2 d’z ([ qBy _
i mé) = m (8- ) =om (G222 - %) @ T\ Bymt 1) F=0. and
T T d? B,
| s fet dﬁg - ﬁq o =0.
from previous page and 0=+ = v
ignore any energy change
17
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Equations of Motions for Weak Focusing

]

C /kner1 ™

d? B
E{% + ( =1 B 1) R=0, and by applying the paraxial approximatianeg.

Byme
T,y p, R, and

7 ~R%=0. B~ By (relativistic speed of the reference particle),

» p = [Bymec = qBp

d’z 1 8B, z ( .1’:)
adiad — g (1+=)-1{pl1+=)=0.
d92+K1+5’n Oz :.:)( +p) ]p p

Expanding about the reference orbit By ~ By + (—3——) T,
T /) z=0

have neglected terms of order (x/p)? or higher,

8B, 0B, B,

— Pl
—_

from Ampere’s law V x B = 0

Oz Ay Yy

define field indexn

n = -—..ﬂ. (QB_F
Bﬂ 3I =0

d’x p OB d?y dB T
-4 (14 P95y ey [P %5y ) =
a6 ( B, a;r)“" 0, or d92+( By Bz)y(1+2p) By B
d?z
—— +(1-n)z=0 d’y
2 1 . -
de d€2+ny 0.

18
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Equations of Motions for Weak Focusing A

s p 0B, Py (_» 9By ) _
d92+( By a:r)xzﬁ’ > d92+( B, ar )Y\!1%) =0

d?
‘&@E‘f‘(l‘ﬂ) =0, de‘g-l-ny 0.

similar to equations of simple harmonic oscillator!
Therefore, x & y motion can be stable and focused simultaneously only when
0 <n<1:weak focusing

19
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Weak Focusing- Lorentz Force

forces for coming out positive charge

b)

« center

horizontal defocusing for
radially opening poles

y . .
horizontal focusing for
T radially closing poles

41\47\4—/\%9 AT >p

Lorentz force Lorentz force
Iron yoke ) = _)
C) B By d) B 4
C/) o B
- - ' él F t>
= B, F B, B,

. . >p
vertical focusing for F t} B, i vertlcal defocusing for
radially opening poles B, g radially closing poles

20
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Weak Focusing- Resultant Force S

Horizontal motion in Betatron is controlled by a resultant force of outwarding
centrifugal force (m¥/R) and inwarding centripetal Lorentz force (qvB)), Fes:

/ /
mu? mu? o om0 o\
A ( ) wBi( )

Fres = —— — o Py P\™ _
L dB take C:E 6 >1if R >y
By =Byt gy # O  g<lif R<y
4B, |
:Bo+a_x"(f3—p) i :m—vl_l__—qu_l—
:B[l[l—}_%o%l(}?_f’)] res 0 éi 1 0 é’n
- —&i& - = quO(-— T em )
Bo[1+ e i 1)} y £ %
ZBo[l*n(——l)] m—=qvB,
lron yoke B - B g P = Fre 1 1
@_ :Bn[l+?—l] o o QUB() — é’ é,n
4D < =5 %)
l @ here n: field index F,..<0 , R> o
| B = 5BF/[?x
Frf_=5>0 ¥ R{p

betatron -
— ?%?‘—"Ex!ﬁﬁhﬁ% Yujong Kim for Agentic Al, Physical Al, and Superfacility for Accelerators @ KAERI| & UST e—




Weak Focusing (7”7

Horizontal motion in Betatron is controlled by a resultant force of outwarding
centrifugal force (m¥/R) and inwarding Lorentz force (qQvB,), F s, Which acts
to pushthe particles towards the referenceor equilibrium orbit under0<n < 1.

Froo 1 1 F0 , R>p ¥ Inwarding Resultant Force

0 =—= =1L .
quBy, § ¢ F,.>0, R<{p Y Outwarding ResultantForce

¢ = R ¢ >1if R > : outside of reference orbit
o ¢ <1if R <} :inside of reference orbit referenceor equilibrium orbit y

/Lff—“N\

/ outwarding centrifugal force \
II ] . S:O

°
°
out Y I N Y (0] szIrding Lo¥entz fdkce N
e <lif R<y c>1if R>} betatron oscillation around the reference orbit

22
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Solutions of Motion Equations QA

dz
q02 + (1 —n)z =0 with the condition 0 <n < 1 givesa possible solution:

z(8) = Acos/1 — 10+ Bsiny/1—nf
% = /1 —n(—Asiny/1 — nf + Bcos+1 —nb)

If there are initial conditions at g= 0; x(0) =X, X'(0) =Xy = dx/ds= (1/r)(dx¥/dg) ,-o

Xy = :fl( f?zdf} = Wer z(f) = (cos V1 — né)zq + ﬁ(&inx/l —nb)z,
- 1 -
*0 ( d&)ﬂ f J(;_B " vi—n
z'(0) = — p (sin V1 — nf)xo + (cos 1 — nb)z),

A =x . . . .
! or in transfer matrix form in the horizontal plane:

B ___ﬁxﬂ’ (x) =( cos /1 —né :%_—ﬁsinv/l_—ﬁﬁ) (EP)

z' —ﬂsin V1 —né cos /1 — nd Lo
=) (%),
o
23
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Transfer Matrix, Betatron Oscillation, & Tune 2

=

From =2+ ny = 0. similarlythe transfer matrix in the vertical plane:

d@?
_E_ .
y —¥=siny/nf  cos/nb Yo v Yo Bo \ 8z ),

From solutionsof equation of motion, we canfind the fact that motion of particles
showssinusoidal behaviors This type of transverseoscillation is called the betatron
oscillation, which is induced due to the nonzeromagneticfield gradient or n.

Define the total x & y betatron phase advance for aotation angle ofd (see page 71):

¢(s) =vV1-nf=pWI=ns & Jng=r'Jns

— P .
» z(s) = zocosP(s) + i sin ¢(s)zy
horizontal and vertical betatron tunes Q. and Q, are defined as the numbers of
cyclesof horizontal and vertical betatron oscillation which are made by a particle in

oneturn circulation. Qy & Q, <1 for weakfocusing(0<n < 1).

1
Qu=-—V1-n2r=v1—-n Qv = /7. note that Qy? + Qy? =1

2m for weak focusing

phaseadvanceof onebetratron oscillation cycle: 2 24
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Examples ofBetatron Oscillation and Tunes el

=

betatron oscillation & tune for strong focusing:

Qy>1
Q>1

Horizontal Betatron Oscillation

. Vertical Betatron Oscillation
with tune: Qn = 6.3, with tune: Qv =7.5,
1.e., 6.3 oscillations per turn. 1.e., 7.5 oscillations per turn.

What is difficulty in weak focusing accelerator?
Can we observe thdetatron oscillation in a region with quadrupoles?

25
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Tune Diagram and Nonlinear Resonances 0
KAERI

In a circular accelerator, the horizontal and vertical betatron tunes (3,, 3,) should be
chosento avoid the linear betatron resonancesat 3, = m or 3,= n, where m, n are
integers, and half-integer integer betatron resonancesat 23, = m or 23, = n due to the
linear magnetimperfections suchasdipole and quadrupole field errors. Similarly, the
betatron tunes should be chosento avoid linear coupling resonancesat 3,6 3, = |,

wherel is an integer due to skewquadrupolesand solenoids Seedetails at pages85, 178,
179 212 and 2130f S. Y. Lee'sAccelerator Physics,2nd edition.

1.0_ S T 1 T T T 1.0 S "’--.r__"l T—r—TT rerr ‘.._
) o ) _ [ bad tunes & © el o]
linear: cosedorbit distortion due to dipole somewha . - AT PR e 73— somewhat
error and betatron amplitude o8 goodupés ] 0.8\ A% 7N ] goodtunes
distortion due to quadrupole error [ 1 badtunes C N LN ]
. ] =z % = p :,' v : v
: 0.6 — 06— Sisa s /
X & y coupling due to skew quadrupole ! i g g;gk ar BRENTRS
and solenoid qy . . qy g == \
oy ,‘ \ [ -= ;‘\ - ;f ‘n 4".
3 T r Ve L% r ] ol v
. . 0»4 — — 0.4 fm = x ’ \‘ i’ [
nonlinear multipoles: - &\‘& 2 1 Lo . L
higher than sextupolecomponets A e = el N
B Q\~ = = 4,, -..,‘_1—!“' L A A =3
oz~ & = - oz, NN i S A\
good tune area becomes narrower for - © = ) % e g o
higher order multipoles [ o i S FANS K AR RN
PP /AN ERPRPET R il PSP BN PPN 2/ I P IR O N A N
0.0 0.2 c.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
o q,

Left: the linear (coupling) resonanceines,wherem,3, + m3, = |, with |m | Ol and Imy| Olandl isaninteger.
Right: the nonlinear (coupling) resonanceinesup to the fourth order, iemg3, + M3, = |, where|m| + Imy| O4.
The solid lines correspondsto resonancdines associatedvith normal multipoles, and the dashedines are those

associateavith skewmultipoles. The symbolq, and g, are the fractional parts of betatron tunes3, and 3
— CHE R X201
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Transfer Matrix for Field Free Drift Space 0

(/ KAERI ™

new particle position

old particle position N e | leo.
o N X
o Iﬂ] particle angle |
o pmmane — — —*- design orbit
X =Xy + LXy
X' = Xq

Transfer Matrix of a Drift Space with Length L

See alsgage 33for other cases:
uniform magnetic field but no field gradient (n = 0)

90 degree, and opposite sign of

27
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Momentum Dispersion- Beam Spreading f=q

fanes

So far,we assumed that all particles have a same energy (meanergy).
But in the real situation, there is a horizontal beam broadeningn a dipole dueto the

momentum spread. There isthe beam broadening only in the horizontal or radial plane.
Why there is no beam broadening vertically?

p=bogc- p+ap then, thehorizontal motion is described by: Bysz(%)Izum,
j;f—}—(ﬁﬁc R_-I)R:ﬂ » R=r+x=r(1+%)
From page 18 a’zx o 3B, | - \L
(i 2) 14 %) -
p=b gc p+0bﬁ j;ﬁ [7%(31'>+%%X)(1+%)—1:p(1+%) —
e e A R
A DA () N A B
p=quO
mp (i S 5) i 5) -0

28
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AERI

Momentum Dispersion- Beam Spreading (c/’i

dx +[(1 —@Z’—)(H 1= aB~“x)(1+%)—1]p(1+%) =0

do’ p By, odx
by using definition of the fieldindex #=-—
Bﬂ. dx
d’x N _n £\ _1] x) _
= () e e RS B
d“x X n_ _0p_x 6p  n 6p , nx” p x\ _
daﬁ[Hp P L S i S L S R _’O(Hp) !

by ignoring nonlinear terms in X.

d_. —— —2—3 —_—
d’x B _ o
7 +(1—n)x =p p

horizontal equation of motion under nonzero momentum spread
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Momentum Dispersion- Beam Spreading

Similarly, the vertical motion is described by an equation apage 18

d 2_}1 o q B x 3 2
dg*  Byme
Vi

d’y q 0B, yp2(1+%)~ =0

=0

8B, 0B, B,

—_— P

oz dy Y

R=r+x=ra+%)

» do>  Byrmc dy
dy , @By _p 9B, Y
de* b ( By dy y)(1+p) U
by inserting p=b @c- p+adp= p(1+%)
» d’y qeBy [ p 9B, x\* _
a6 " p+6p( B, oy y)(”p) =t
d*y qeB ( _p 0B, ) x \° p=qrB
5yt = v | e =) 0
= 0, By 0
a 17(1 + —/)2) i o ( g ) ignoring x2term
d’y S\(_ o 9B, x\ _ 9By _9B:  Bs
a7 (1 b )( By a2 1+25) =0 g "By y
dy  (1_ X\ _
gt T(1=5 m{1+25) =0 5 0B,
) "TTB, ox

ra
Hl
[
>
)
re
1
[
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Momentum Dispersion- Beam Spreading Q

=

By keeping linear terms the equation of motion in thevertical plane is given by

d*y op 2 dzy

vertical equation of motion under nonzero momentum spread
= same as previous case, without any momentum spread. Why?

Possible particular solutions of equations of motions in the plane:

m—Acﬂsvluné‘+quw]—n9—|— 4 5:'0
m) e

I d '*‘lu_
_ W ; ﬂ(—Asinwl—nﬁ'—l—Bcosxfl—ﬂﬁ)

m_d.e

If there are initial conditions at g= 0; x(0) =X, X'(0) =Xy = dx/ds= (1/r)(d¥/dg) ,-o

(I[} = A+ Ifﬂ:( i‘b)g A =x- lfﬂ( iﬁ)ﬂ
W =B B =

31
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Transfer Matrix under Momentum Spread )

fanes

Therefore, solutions of motion equation in théhorizontal plane undera momentum
spreadcan be given bv

z = (cosv1— nf)zy + (xflp——n sinv/1 — n@) o

+ L(1 — cos V1 — nb) (5_12)
l1—n P

0

’ \/1_ g oy re— a fr—
x =—( nsm\/i—n(i):z:o—l-(cosx/l—n(i):cg

P
1 , op
1_ St -
+< __l_nsm\/ n0><p)0 with

é2_<5_p>
7 pS

z cos /1 —né = sinyI—-nf  £-(1 - cosyT—nb) 7o

' Zg
gg = -5—1’::_""3 sin /1 — né cos+/1 — nd 7%—_-—35&!11;‘1 —nf ) ((;gu) )
p 0 0 1 AP g

horizontal transfer matrix under momentum spread for weak focusing (0 <h < 1)
vertical transfer matrix is same as before without momentum spread (sg&ge24).
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< /kneri =

If a particle is in a uniform magnetic field such as in a wide dipole or cyclotrom = 0.

(3;) ( cos+/1 — né FA=sinyl—-nf £;(1-cosv1 —n@}) ( To
x’ = '
i ( )

-5/—1_5—:_3 siny/1 — n# cos+/1 — n# —-\/,Ii__—fnsinﬁfl_ng ;2“),
0 0 1 Plo

Examples- Electron Motion in Dipole Magnet 7

p

cosf  psinf p(1 —cosé) -1 0 2
Mg(0) = | —Lsinf cosf sin 8 If g=p Myuxr)=| 0 -1 0

p
0 0 1 0 0 1

0
If ( 'I.;lF )are initial conditions for x, X', dp/p, then final x, X' and dp/p of the particle:

1.9

D

x [ —1 0 2p 0
X l=1 0 —-10 0 |=
6b 0 0 1/| L6
p b
» Ly = 2:0@?
p
0
T = =2, . b orbit of electrons under
p beam broadening =4r = ) . .
! =0. P entering uniform B field
33
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Examples- Weak Focusing Synchrotron fg,
Synchrocyclotronis a machinewith a constant radius but with a varying magnetic field

in time according to the increasing momentum at an REavity.
Rapid Cycling Synchrotron (RCS) and booster ring work similarly, except strong focusing.

- Weak focusing  (rift between dipoles =,
~.\_bending magnets

synchrotron is avirtual circular machine:
L =2rp+4ly =2pR

[ ] RF cavity R=p 1_’_2@.
wp

cell or superperiod = a periodic block of elements
here cell number = 4 (one dipole + one drift spadg)

1)/2
Guire = (Io/2)Ir =1/ 2r
i Fle.ld
- S A A N R
*—ﬂ—__
T Shos G i< loa(5-6).

3 ways to make the transfer matrix for one cell in synchrotron above.

e ORI X[ 2101
Korea Atomic

tomic Energy Research Institute
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Examples- Weak Focusing Synchrotron (ﬁ,n\ B
, Garite = (I0/2)/r =|0/2r KAERI

Field ;
] ﬂ_ Find the transfer matrix for one cellin synchrotron!

o P 1o First of all, let's ignore the momentum spread.
| eyl . : . )
2 2 2 ; We will consider it when we study momentum compaction factor.

/T—nm . —nw
Mo =34 (3 a3 (gﬂ)» M = (g %) =g s 25 (14
2y (3 L)\ -CBgin YT o /Iom 0 1

2({—n . —=
My — cosﬂ%ﬁ—%\ﬂ—-nsmﬂ—;’l’l Egms-"l—/?“—wﬁ— e [l—iﬂ%g—}} sin Y50
» For ly/2p < /2 sin(x+y) = sin(x)coqy) + sin(y)coqx) & cogx+y) = cogx).coqy) - sin(x).sin(y)
i - COs iy By sin piy o
Sinly2) ~1/2) | My = ( o )
cos(y2)) ~ 1 —FSinpy  cospy see details in textbook
fu 1.,.#'1 — T R a 2, 0
= | 14+ — | ———— = phase — advance per cell b,* —, R=rg+—
H ( pﬂ) 2 P peree " Q, B
l
Qu = = 1+ = v/1 — n = horizontal betatron tune,
ﬂ/? pT
35
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Examples- Weak Focusing Synchrotron )

(’/kAERI —
» Similarly, for the vertical plane (try to drive these)

(1 B
v = (1 -+ pﬂ‘) \/ﬁa

(14 ko
Ov = (1 " pﬂ') Vi
Sy =~ £ (l + E'_) 1 3

venmQ
36
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Momentum Compaction Factora, (r//’

a ,is defined as the fractional difference in circumference of the reference orbit
with respect to the fractional difference in the particle momentumThat is,
In synchrotron, circumferences are different for particles with differentmomenta

L dL/L
dp/p’

p=Bgr - p(GeV/c) @0.2998[T]r[m]

p

From the weak focusing synchrotron as shown in pads,
L=2mp+4l
dL = 2ndp or dL/L = (1+ 2lo/(wp))~" dp/p

\ paths in straight sectionl, are same for all particles with differentmomenta

Bu 31‘ =0
37
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Momentum Compaction Factora A

_ dL/L _ A (14l AT
_ 20\ =
=(1+2%) a-» -

2 Qu’ =(1+—'—Dﬂ;) Vi—n"*
N 7 21

l—n ] ——2

~__ PT_

I I—mn
P W ep w QeEwL p a_ﬂ,_\:__lg_

For a weak focusing synchrotron, the momentum compactionfactor a, is larger than 1
becauseQ, is smaller than 1 Therefore, the difference of circumference for particles
with a momentum spread is large. Hencethe dimension of vacuum chamber becomes
large to build a high energyweak focusingsynchrotron (problem).

But for the strong focusingmachine,momentum compactionfactor is small
enoughbecauseQy, is much higher than 1.

ngample of PLS storagering: Q, ~14.28 a, << 1

Y no big circumferencedifference for particles with different energies

— CFR A X241
Korea Atomic Energy Research Institute
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)

Momentum Compaction Factora, (r/ o

U | ' ' ' ' B Parameter Value
59 \ yan g, Emitance 3 pm
" s |
— R H R m: ouadrapole
20 B: Dipole RF frequency 500.02 Mhz
£ 20 A :::f:l; y Harmonic number 2176
Q:fx f \ F Beam energy 6 GeV
ST S R IR Ao Working point 1./, 114.05/42.08
10 | n | i }'f I‘I Natural chromaticity &,/¢, -192.96/-183.90
5 | 1 RV | omentum compadion a 1.144x107°
: \N Energy loss per tum U 457 MeV
0 ‘ ~ v, . . Damoing trres 51611 56/1521 ms
> 10 15 20 25 350 Beta function at center of 1D 3,/5, 68072417 m
s (m)
39
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Liouville's Theorem ;/7

A particle density function f(x, y, z, p,, p,, P, t) can be defined asthe number of particle
per volume of six dimensionalphasespace(x, y, z p, by, p,) at a giventime t.

Here, X, y, z is the three spatial coordinates, and p,, p,, p, are their corresponding
momentum components

Liouville's Theorem:

In the local region of a particle, the particle density in phasespaceis constantin time,

provided that the particles movein a generalfield consistingof magneticfields and of

fields whoseforces are independentof velocity |5' F\'(\‘/j (or non-dissipative systems
suchasno radiation loss,spacechargeforce, and wakefields).

ﬂ:O
dt

40
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Magnets inAccelerator - See Dr.Fusan Chen'ngemre
/KAERI —
Typically, magnets in accelerator supply transverse or longitudinal magnetic fields.

From the Lorentz force, magnets are used to change of the direction of motion of a
particle; F =45 x B . Example, bending magnet.

Magnets with transverse fields (ex, dipolegquadrupole) are backbone of accelerator
and beam transport systemand magnets withlongitudinal fields (ex, solenoid)can be
used to detect colliding beams in colliders dio focus beams in a low energy (ex, gun).

B[T]= il = kmnl =4p® 107 kE -3
¢L+ B
magnetic field of SolenoidB [T], where o
m. permeability in material = km -~
N : number of coil turns = nL s | Air
L : length of solenoid [m] = core
| : current [A] B=u.nl B=ku,n
k : relative permeability | !
~ 200 for magnetic iron ot
~ 20000 formmetal for magnetic shielding Pole [
(75% nickel, 2% chromium, 5% copper, 18% iron) give a magnetic ek several
hundred times that of the
http://hyperphysics.phy-astr.gsu.edu equivalent air core solenoid.
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Magnetic Field of Ferromagnetic Material )

=

coil part iron core part
B= HZH + nZM = ”8(H +M ) =M = a (Bcurrent + netdipoleinmaterial)
where

H [A/m] is magnetic field strength driven by external driving current (1)
M [A/m] is magnetization, density of net magnetic dipole moments in a material

X AN Iron will become magnetized in the
] : direction of any applied magnetic
1 field. This magnetization will produce
N m a magnetic pole in the iron opposite to
LY fa 1- 1 that pole which is nearest to
it, 30 the iron will be attracted
! Fl V 1o either pole of a magnet.
—\17} T\t MUY o
In bulk material / R rin b
the domains [ RN v
usually cancel, ‘ ‘ ‘ ‘ ‘ ‘ WL
leaving the Externally ] \| ™
material applied :
unmagnetized. magnetic field. | '.
I | |
http://nyperphysics.phy-astr.gsu.edu H due to external driving current |
—] PN b R 42
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Hysteresis Loop of Magnets with Iron Core o2

e OF 2 @4 X} 2101 10

KAERI
coil part iron core part
B=mH +mM =m(H +M)
where

H [A/m] is magnetic field strength driven by external driving current (1)

M [A/m] is magnetization, density of net magnetic dipole moments in a material Material magnetized

to saturation by

of material M

When driving magnetic fiald drops
o zero, the ferromagnetic material

retains a considerable degree of ::'::“hh.
magnetization. This i useful as a

Tha matarial follows a non-linear
magnetization curve when

magnetic memaory device. magnetized from a zero field value,
F - ANVILC
= - —= Applied magnefic
= £ ~ 1 H field intensity

The driving magnetic field must be
reveraed and increased to a large

valus to drive the magnetization to The hysteresis loop shows the "history

Zaro again. dependent” nature of magnetization of a
= = ferromagnetic material. Once the
- material has been driven to saturation,
= the magnetizing field can then be
Toward saturation in dropped to zero and the material will
the opposite direction retain most :_:n‘ its magnetization it
. remambers its history).
http://nyperphysics.phy-astr.gsu.edu
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Hysteresis Loop of Magnets with Iron Core <
coil part iron core part %AH“
B=mH+mM =m(H +M)
where

H [A/m] is magnetic field strength driven by external driving current (1)
M [A/m] is magnetization, density of net magnetic dipole moments in a material

M
Degree of Saturation | = = - .
magnetization N e http://hyperphysics.phy-astr.gsu.edu
of tape or disk ===
Strength of
magnetizing Hor |
signal

Input' ':'._-‘.'ig::qﬁél. . g

- = | Satiuration

at a certain driving current | (or H), there are two differentM depending on history or
direction of |.

We have tocycle all magnets with ironcoresto reproduce the same magnetic fieldB at
a certain current .

44
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Cycling of Magnets with Iron Core

)
(%AERI —
We have tocycle all magnets with ironcoresto reproduce the same magnetic fieldB at
a certain current I.

Generally, cycling should be done two times (at least) by changing current of power
supply gently to get a good reproducibility in magnetic field:

gentlygol,...,Y waiting (until set MNaY uweai=t irreqd¥Y
gol...Y waitihmgY Ywagioting Y setting a curren

M

I / v 9: setting a current |
/

cycling of a magnet with anunipolar (left) and a bipolar (right) power supply .

— CFR A X241
Korea Atomic Energy Research Institute
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2D Magnet Model ;,7”7

AERI

In preliminary accelerator design, magnets can be considered with tH&) model
if the considering region is 1.5 times of a gap heigltfrom the end of the magnet.
Specially, the 2D model works well if magnet length is long enough.

But in the real accelerator design, the end fringe field effects should be considered.

pole gap height=d

1.5d

Until we learn the end fringe field effect, let's assume magnet with the 2D model.

46
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Maxwell Equations in 2D Magnet Model (74 .

V-B=0 TXE=5+EQ% B = uH

For static field and if there is no current (ignoring beam current),

Then, magnetic field strengthH can be expressed as the gradient of tlleagnetostatic
potential Y and it satisfies the Laplace equation.

=) H=DY

P%Y =0
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Laplace Equation andMultipole Expansion )

=

The general solution of the Laplace equation in the cylindrical coordinates,(q, 2)

(see cylindrical harmonics in John R. Reitz's Foundations of Electromagnetic Theory)
can be found in 2D cylindrical coordinates;

~ 2
pY =0 m) lug g 1wy g

2 2

rwe W+ r Qg . (g X
o ( n+1
=) - — (E) [y cos ((n + 1)8) + Gy sin ((n + 1)6)]
n=0 - - T = rcosf
: : : y = rsinf
Here ais the referenceradius of the expansion ~ half of magnet gap.
While, we can also expand the field of bending magnets in a serieqwfltipoles:
B, = By Z ( ) (b cos nf — an sin n#) B, = By z ( ) (@n cos né@ + by, sin nd)
n=0
B, —iB, = By Z(an —iby) ("””y)ﬂ
@
n=0
§= nﬁ’: myY » Gn = Bobn/uo : normal strength of 2(n+1)th multipole
F, = Byan/uo - Skew strength of 20+1)th multipole
48
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Multipole Expansion

Normal Multipole Components:

n = 0 for normal dipole component

n = 1 for normal quadrupole component
n = 2 for normal sextupolecomponent

n = 3 for normal octupolecomponent

n = 4 for normal decapolecomponent

normal dipole & quadrupole
http://pbpl.physics.ucla.edu

Skewmultipole Components :

poles are rotated byp/2(n+1),

example,

skew dipole = 90 deg rotation fon =0
skewquadrupole = 45 deg rotation forn =1

skew dipole &quadrupole
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Equipotential LinesofYY Pol e Fac (%Q\\_

a
1

ryntl
——= ()" [Fucos((n+1)9) + Grsin((n +1)6)]

a

B=nH=mY v=Y
n=0

Similarly to electric fields, magnetic field must be perpendicular to theequipotential
lines of Y, which gives the pole face of the magnet.

Equation of Optimum Pole Face for Normal Magnets:(i)m]sin [(n+1)8 =1
Pole Face of Dipole :rsinf = y = constant ¢

Figure. 4.1 a) Pole profile for a “dipole” magnet
n=2forQM-  r?sin26 = 2zy = a?

http://pbpl.physics.ucla.edu 0
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Normal & Skew Magnets (;?Q

Example, Normal Dipole Magnet : o0 N

by =1, all otherb, & a,=0 By = By Z (E) (bn cos nd — ap, sin nd)
=0

note that

normal magnets have poles on-gxis for evenn (dipole for n =0, sextupolen =2, ...),
normal magnets have no pole on any axis for odu (quagdrupole for n =1, octupolen =3, ...)

Figure. 4.1 a) Pole profile for a “dipole” magnet. b) Dipole magnet with coils and dipole field.

a)
Figure. 4.2 a) Pole-face profile of equation zy = a? / 2. b) Quadrupole magnet with coils.

for normal magnets for skew magnets
Be(2,y) = —(—1)"Bz(-z,y) Bz(z,y) = (-1)"Bz(-2,y),
Bz(z,y) = —Be(z, —y), By(z,y) = Bz(z, —y),
By(z,y) = (- )“By( z,Y), By(z,y) = —(=1)"By(-z,y)
By(z,y) = By(z, —y). By(z,y) = —By(z, —y).

see also current relation in textbook!
O3 QI XI210T19Q) 51
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Dipole Magnet

Figure. 4.1 a) Pole profile for a “dipole” magnet. b) Dipole magnet with coils and dipole field.

Apply Ampere's law to estimate the magnetic field in dipole gap

L\ . N ’ i
ﬁ3 @" - ”Ba. | - using the approximation firen = 00
C C — —
ﬁ_Ic--a"_ﬂgal 2NI = ¢ H-dl =2aH,
m H=NI/a
— 'K—%I'H—EL?'—M”;T Yujong Kim for Agentic Al, Physical Al, and Superfacility for Accelerators @ KAERI & UST —




Quadrupole Magnet (;?Q_

2 _ —_ a2
r*sin26 =2zy = a here note that
current direction is wrong.

it is reversed.

n=1
r=a

g = p/4 for south
g = -p/4 for north

b)
Figure. 4.2 a) Pole-face profile of equation zy = a? / 2. b) Quadrupole magnet with coils.

Apply Ampere's law to estimate the magnetic field iquadrupole

using the approximation firen = 00 B INT o INT
south \_,1 f&/ — LY
2NT = /north H - dl = Weouth — Ynorth » B=mH = mbY @nearQM center

2NIT

a
=Gi1=(1-(-1)) = Gia, i = ~
12( (-1)) L H = — (y& + z7)
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2(n+1) Multipole Magnet )

6. / KAERI

(5)™ 1P cos ((n +1)6) + Gusin ((n + 1)0)

= (L
:Z_:n+1
n=>0

Gp=(n+1) hf

U, = NI (f)n“ sin((n + 1)6) §= ngl—\IJ= mbY @nearcenter
" a

H,=(n+ 1)3’; (g)nsinnﬁ

Hy=(n+ 1){—1 (E)nmsnﬂ

For sextupole n = 2

The sextupolemagnet has a nonlinear field depending on x as well as'y.
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Quadrupole Lens <)

In the absence of electric fieldwhich means no acceleration,
from page 9 motion equation becomes;

- o= d o dv Vo du
F:quxB_E(;mv)—m{ o +;§L)— m-—..

dv . . (O (2
» ym= =qix B=quoix B B= mH = mbY nearQM center

dt
2 TYFlO:Vy ey
Ym a’z‘{; =gqlv.B,—v.B,] » s W == g3,
2 dZ
YM%tZX =qglv,B,— v.B,] m—&;}i = qu.B,

Here we canignore B, in the 2D modelbecause length of QM is long enough ¢ a).

By using s= fci, v.= A, dz‘=—g~%
near QM center, By ~ By + 9B, ympBic” d’x _ 8e 0B,
YA Oz :::umi » ds* G Sy *
Y 2 9 d° 0B,
And from Ampere's law B3 B=0 7m,32(;273g = gfc 5

8B, 8B, B,
oz oy  y

y 55
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Quadrupole Lens )

——— (’/kAERI
2 . 2 dzx . an dgx __: q aB\E
T T ' ds’ — ympe _ox.
2 2 dzy - aB\: dzy :E q aﬁv: SA’
L ds® g ay Y ds® CymfBc v iy ©
From QM magnetostaticpotential Y at pages 48 & 53, B =mH near QM cente
2NT o
Gy = — 'I’=%;—j—r:cy H =bY 9B, :iO_G_I
@ @ » ox a
ONI G 9B _ Gy
B="FC(i+z)) —> H=—(yx+=xy) dy a
a a Simulation codes usek instead of gradient g(T/m), which is measured.
B C..J(A
k(92 MG Ay 4 9 g0 02995 ITM)__ g ogggtme (A)
pa pUX|_, P p(GeV/c) p(GeV/c)
B, (X,y)=mH, = 2%% y= GlT”Z y=gy, B,(X,y)=gx for perfect QMs

see distributed paper on measuremerg A2z

Y halled _
» dx ¢ 9B, » 75z TRz =0
ik T p ox T TR
2 3B < 639:333~£{ d?y
2 ; a v 3
ds J% > 56
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Quadrupole Lens

)
o-q
< /xneri ™=
d?z /
@ﬁ-kw 0 x(s) = AcosVks+ BsinVks
» , dx .
&y x'(s) =E=‘f§(—ﬂsmﬁs+ﬁ’ms@3)
—ky =20
ds?

Here general solutions are used. From initial conditions (x = Xy, X' = X,' at s=0):

» =4, ID’Z\@B oo X zxﬂcnsw/?as-i-—j%— sinVks
v =—VkxysinVks+ x, sinV ks

In transfer matrix form: s Y lehgthof QM

' cos Vkl

( T ) ( k,' :;1.11‘. Siﬂ'\/—"ﬂg) (ID) PI (mﬂ)
g —VEksinvkl  cosVEl g 8 T
g = COosTI —|—1 Eil'lI

After considering opposite sigrk iny (kY -k), in vertical plane: _E_“ = COST — 1 SNz

. . 1 o _ ef + e "
( j) :l COS a\/_kis A sinV ks ( ,):fg) ) coshz 9 ]
— WhksinWks  cos Vks Y0 sinhg = & ¢
2
- coshvkl  -=sinh vkl
( ) ( vk vE St vk ) (y?) — Mp (y?) coshx = cosiz
vEksinhvkl  cosh vkl Yo Yo sinhx = —isinix
— CIEK|E 1T >/
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Quadrupole Lens (74

=

=

o (2)=(_5o" T () < e ()
2 b kx=0 z —Vksinvkl  cosVEl Lo zg

d? 1
d_ﬁ_m":o (yf):( cos'hﬁﬂ ﬁsmhﬁf) (y?):MD (y?)
y VEksinh vkl cosh VEl Yo

Note that QM always makes opposite focusing in& y planes:
hori zont al focusing QM (QF) Y vertical
vertical focusing QM (QD) Y horizont al

If 'kl < 1 (thin lens approximation with [ — 0 as kl remains constant)

(1 0y (1 0 (X X'0=0) . |
Thin Lens Approximation for QM ;%__:;1“35—%‘“2 —
heref is the focal lengthof the QM. SR (x = 0 X'= -x//f)
If f >0, itis focusing.
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Fringe Field Effects in a Dipole <]

- kAERi —

Up to now, we assumecdthat the designtrajectory is orthogonal to the both endsof a
dipole magnet But in real situation, there are many casesvhere the trajectory is not

orthogonal to the endsof dipoles.
Y there are additional focusingor defocusingfringe field effectsin a dipole.

v
n .
[I- Ay -"'i {I- L ¥
% ! i L] ;."
\ ’ F a "o \". ; L
'l'\. f! ll,lr n A &
9 f a £ \.\ e ;-"

Y

!
A
A}
\

%

beam trajectory T N A
o0 a=0 sector dipole <0

[top view of three different dipoles]

n: normal vector with respect to the magnet yokes
a : rotation angle of the yokeends around vertical axis.

a > Ofor the normal vector is at outside of the beam trajectory (entering clockwise).
a < Ofor the normal vector is at inside of the beam trajectory (exit clockwise).

a = 0 : sector dipole (no pole rotation).
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Fringe Field Effects in a Dipole (7/7 .

Fora >0,

particles located at positivex take shorter paths in the dipole & to be bent weakly

particles located at negatives take longer paths in the dipole & to be bent strongly

Y horizont al defocusing & vertical focus

Fora <O,
particles located at positivex take longer paths in the dipole & to be bent strongly
particles located at negativex take shorter paths in the dipole & to be bent weakly

Y horizont al focusing & vertical def ocus
x>0
~ : x>0
" !
L ¢ L
: w X<0 ;
beam trajectory *, 3
5 £,
v B
1.'.:.___,___.,_:'1"
| 4
L
o=>0
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Slanting Dipole = Normal Dipole + Two Wedges -

(/KAERI —
Horizontal Transfer Matrix for a Slanting Dipole: Mg,ning= Myedgs Msector Mwedge
X ®
© = ! + © + !
o>0 o=0
slanting dipole =wedge + sector dipole + wedge

Wedge is a kind of focusing or defocusinguadrupole magnet:

U . » we can consider this
<= ndeflected Trajectory .
wedge as a defocusing QM!

horizontal trajectory of positive charges in a wedge
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Yujong Kim for Agentic Al, Physical Al, and Superfacility for Accelerators @ KAERI & UST se—

e OF R X} 2101
Korea Atomi i

ea Atomic Energy Research Institute




Transfer Matrix for Wedge 0

< I’(AE;lli —

From Conte's book page 84 oReiser'sbook page 135138,
Horizontal Transfer Matrix of a thin Wedge without any dispersion:

~ a 1 0@ . ~
1 X0 X Q
MW = (tana 2) » g(@:gﬂ 1%@

P

Horizontal Transfer Matrix of a thin Wedge with a dispersion dp/p:

1 0
MW - taz (e} 0 »
0 1

From Conte's book pages 52 & 56;q (3.84) andEq (3.102), the 6 dimensional transfer
matrix (X, X'y, Y, z, dp/p) of a sector dipole without any wedge

o~ O
200: 0: O: oOn

OB B

-O:0 O“O o
Qo
Q
Sk
Q
= O
S
x

"%?8%&_?8 g

I e
0 0 1% ¢

% Zo cosf psind 0 0 0 p(l—cosh) Zo e
' Tl ~sinf cos f 0 00 sinf 74 W

y | _ vo | _ 0 0 1 p0 0 0 Yo

v | =My | T 0 0 0 10 0 6 5 g

z 2 —sinf —p(l—cosf) 0 0 1 —p(f—sinf) || 2 L ____________
) do 0 0 0 00 1 ) < P

Note that a sector dipole can supply a focusing in the horizontal plane.
e O 21 X241 1R

Korea Atomic Energy Research Institute

62
Yujong Kim for Agentic Al, Physical Al, and Superfacility for Accelerators @ KAERI & UST se—




Transfer Matrix for Wedge =4

From the 6 dimensional matrix of a sector dipolelet's extract components of only
horizontal position, horizontal angle, and a dispersionx, x’, d=dp / p) Y

x Zo cosf psinf 0 0 0 p(1—cosb) Zo
' Tl ~sinf cos f 0 00 sinf 74
y | _ Yo _ 0 0 1 pf 0 0 o
y [ TME g | = 0 0 010 0 b
z 20 —sinf -p(l—cosf) 0 0 1 —p(f—sind) || 2
5 do 0 0 0 00 1 0o
» %xg_ éexg é'e cosg rsing r(1- coeq)%xg
zx 8=MH(q):x g =& isinq cog sing gx'g
L@ r 0
aZbo Zhe =) 0 1 B8
-— - g - 9
¢cP= ch% cPx

Then, thetotal horizontal transfer matrix of a slanting dipole with wedgesand a
dispersion can be obtained from a transfer matrix for wedges (lfin page No0.62)
and the horizontal transfer matrix of a sector dipole without any wedge (= M above):

ws6-a)  psing  p(1 - cosé)
My = MWMH(G)MW » My = _31;1£Z;2aa) cozf)@s—aa) sm(6—c-:s);-s1na
0 0 1
e OFE R X211 9 — . . 63
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Transfer Matrix for a Rectangular Dipole

)

< L R

Similarly, from Reiser'sbook page 135138 and the vertical components the transfer
matrix of a sector dipole magnet, the total vertical transfer matrix fora slating dipole

with wedgesbut without a dispersion {y, y') can be given by:

My =My, M @OV, B M= (e 1) (5 7)(
P

1 —-0tana

1 0)
__tana 1

- <—ta%(2—9tana) 1-— 0tana> '

p

00

For a Rectangular Dipole Magnet witha = 6/2, :

pcos? o cos o

% psind  p(1— cosbh)
My =
0 0 1

__sin(f—2a) cos(f—a)

My

1 psin® p(1—cosfh))
0 1 2tang
0 0 1

/ 3 /!
sin(f—a)+sin a — P

cos & -
: cx=g 6=2a /,’I a=—g !

M-, — 1—@tan? p0 /‘\
¥ —%ta,ng(2—9tang) 1—@tan? '
Note that a rectangular dipole can supply a focusing in the vertical plane.
64

e OF 2 @4 X} 2101 10

Korea Atomic Energy Research Institute

Yujong Kim for Agentic Al, Physical Al, and Superfacility for Accelerators @ KAERI & UST se—




2

Angles of Rectangular Dipoles for Chicane (r/

SCSS Bunch Compressor, details can be found frolh Kim's NIMA 528 (2004) 421.

Ig=0lm

> : . -
- . AL=23m
|‘ |; :' :' : E. : 14m

19m

Head 0.15m

Tail Electrons H
._l'_H - iR bending angle ~ 4 deg
QD QFQD  BM Head Electrons QFQD QFQDQF dipOle Iength ~02m

1im 4.8 m

=i beams go from left to right

- l
: 11.0'm

note clockwise igositive

=
X-band Corvection Cavity, -70 MeV
Unit-I C-band Linac, 300 MeV

For the first dipole:

bending angle = + 4 deg

edge anglel for entrance = 0 deg
edge angle2 for exit = + 4 deg

For the second dipole:
bending angle = 4 deg

edge anglel for entrance =4 deg
edge angle2 for exit = 0 deg

d'edgel'l_ dedge2: d.bending

For the third dipole:

bending angle = 4 deg

edge anglel for entrance = 0 deg
edge angle2 for exit = 4 deg

For the fourth dipole:

bending angle = + 4 deg

edge anglel for entrance = + 4 deg
edge angle2 for exit = 0 deg
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Strong Focusing (c/’i _

To keep beam size with a certain limit¢< inner diameter of vacuum chamber), we need
high horizontal and vertical tunes Qy & Q. > 1) : concepts of Strong Focusing.

QM qgives the focusing only in one plane.
But continuous doublets can give the horizontal and vertical focusing:

From two thin lens combination, we can get a focal length of the two combined lens:

R fr/p
ff. f, f.fg o+ fp — 1

If fp = - i

f > 0, doublet gives a focusing system.

Y backbone of strong f oc

P [
<« »
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Twiss Parameters- a, \(s), b, (S), 2, (S)

Separated function magnet has each own one function (bending or focusing)
Combined function magnet has more than one functions (bending and focusing)

[separated function dipole] [combined function dipole]

Generally, transfer matrix M(s) for a periodic cell can be made by multiplying transfer
matrices of machine componentgdrifts, quadrupoles, bending magnets, and so on).
For a generalized coordinatez

Z(s) = (2(s),#' (5)) » ( jr({f)) = (2((:)} 3%3) (:)

#(s) = M(s)Z

Note that the trace of matrix M(s) should be smaller than 2 for the stable periodic beam
motion in ring! (see details from Conte's book pages 900 & resonance conditions) .
[tr(M)| < 2 -
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Twiss Parameters- a, (s), b, (S), 2, \(S) )

L KAERI

For a stable focusingoeamlineregion satisfying [tr(M)| < 2 generally, the transfer matrix
can be parameterized with thelwiss parameters @(s), b(s), 2(s)) (see Conte's book pages

97-100) :
M=Men ()= (49 i) (2)

= |u

I.I

COS b + asin L Gsin p
—y sin i cos i — exsin

-
= ( )cos;a + ( “ P ) sin | a(s) is related to the change ifo(s)-function.
-7 - A stable lattice has p(s)| < 1 for all region.

1 4 &2
v = .
Ié)

Most transverse beam parameters can be expressed by fheiss parameters, phase advance?
emittance U and others.EXx, vertical rms beam size &ms beam divergencewith no dispersion:

1
or By-o?=1] a='5bi

s,(9=./e,(9b,(s), 5,(5=.€,(99,(s)

Desig of a stable focusi ng ivassdarameeers!l at t |

— SIS @UK|EI0I I o8
rch Institute
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Twiss Parameters for PSI 250MeV injector gl

< L R

laser beam - o =270 um, AT=99 ps (FWHM), rise & falling time = 0.7 ps August 21st, 2009 by V. Kim
e-beams : Q0 ~02n0C, €y, =0.195 pm, [, =22 A

- G.=840um —— 58 um
GUN TDSI1 S-band LINAC X-band BC TDS2
o CEES OEES ORED SRR ol AY VA o
[ | [ W s Y s ] s | = /= =3 =3 [ W s I s ] s | [ s W s s ] _ _ B ~ T ‘-_\_I

= 2X5QMs 3FODO
100.0 MV/m 1359 & 16.86 MV/m 17.5 MV/m 212MV/im  E=255.6 MeV Q E=2555MeV, a,=1.665%

37.89 degree 0.0 degree -34 2 degree 180 degree g;~1.674%
: i : ~ 55 pm, 6.~ 55 pm, o, ~ 58 pm
from zero crossing AE=-20MeV R;,=468 mm Ox Oy o
g~ 0.379 pm, g~ 0.350 um
f=4.1deg :
s= 00m 295m 1295m 28.14m 3864m 4247m 47043 m 57543m  6122m

High Energy Transverse Deflecting Structure (TDS2)
developed with collaboration with INFN and PSI
resonance frequency : ~ 2997.912 MHz

deflecting mode : TM,;,

type : five cell SW cavity

physical length / average iris diameter : 441 mm / 36 mm
max available klystron power : 7.5 MW

max deflection voltage : 4.5 MV for about 4.1 MW

max slice number for 10pC (200pC) : 3 (12) slices

b t

, operation energy : ~ 25(MeV (gun region) uners

., rms time resolution for 10pC (200pC) : 11fs (16fs) @ 4.5 MV TDS2 with five cells
— PN et 69
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Diagnostic Section for PSI 2501eV Injector =

C / '
KAERI
5QMs  TDS2 5QMs 3FODO DIRDAE [
0.4 120 I x x _ 5
X
I 00 0 I I I =
T (B e i R i A S ¢ 8
. : Y
O_S% WOO% E OTRs: 1 2 3 4 5 6 7 8 1
: : : "l
0.2] 801 : : /o
. With this special DIAG1,
— - 50 : : : we can measure followings
E O.1L— L E : 3FODO Cells : // - without change any optics:
. o : - > - slice emittance
& * : : : - slice energy spread
0.0L*= 40 : - - | | -longitudinal phase space
. horizontal phase advance @ 3FODO = 55 deg per cell - bunch length
vertical phase advance @ 3FODO = 25 deg per cell - arrival timing jitter
ol 20 . cell length = 3.0 m - projected emittance
S — rms bgam size @ 7FQDO screens ~ @@n for 200 pC - - Twiss parameters
max dispersion by a dipole in DIAG1 ~ 0.2 m . .
- optics matching
0.0 0 only by turning on and/or
Sl ~ -| | off TDS2 and a dipole in
| | | | | DIAG1.
s (m)

Optics for 1DS2 Operation 70
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Phase Advance alonghe Diagnostic Section =)

450
400
500
500

250

Vv,

200
150
100

o0

orea Atom|

=

5QMs

TDS2

5QMs

3FODO 1QM DIPOLE

w
=[]

I I

il

ﬂﬂﬂﬂ m. .LJ.H . . ﬂ.m .H“ "%
6

|

OTRs:1

3FODO Cells

U1 resolution™~ 0-05 HMfor s, =20 pmy
4

Loju resolution ~ 1. & 10

ut,resolution 16 fs n

4.5 MV & 12 slices, 200 pC

o U

55 B0 65
s (m)

Phase Advance for D52 Operation

X}2101 9

ic Energy Researc| h Institute

6. / KAERI "0

Y

Yy

Slice Emittance Measurement

b, should be high at TDS2 =20 m
=(n"+/2) at OTRs
=107.9 deg @ OTR6
Y« = 0~180 deg at OTRs
=189.2 deg @ OTR6
b, should be small at OTRs
=6.5m @ OTR6
b, should be small at OTRs
=43 m @ OTR6
0,= 60 um @ OTRs for 20QpC

Long. Phase Space Reconstruction

b, should be high at TDS2 =20 m
y,=(n"+/2) at OTR8
=140.2 deg @ OTRS8
high d, @ OTR8
=0.2m @ OTR8
small b-beamsizel, at OTR8
= 26 um without dipole
b, should be small at OTR8
=0.96 m @ OTR8
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Beam Profiles along the Diagnostic Section

y (mrm)
y (mm)

-0.2 -0 0.0 o1 0.2 -0.2 -0 0.0 0.1 0.2 -0.2 -0 0.0 0.1 0.2 -0.2 =01 0.0 0.1 0.2
x (mm) x (mm) x (mm) x (mm)
OTR1T@3F0ODO OTR3@3F0ODUO OTR5@3F0ODO OTR7@3F0DO

9 - 4
! ! uU,resolution 1'$ 10
Q=200 pC TDS2 Off for Pr0|ected Emittance Measurements O resoution ~ 16 TS

reconstruction @ OTR6

1.0l
s K1@Q18 = 4
— 05 X-band on
® 0.6l
Z 04|
5
o 0.21
E 0.0L, ) ) ) ) ) ) L
-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0 1.5 20
dz (uncalibrated)
U4 .2 . (S‘IS’W) v.2 U.4 Uz 0l O'OX (mOnj) 0.2 0.9 Slice X-Emittance Measurement at OTR6 v (mm)
OTR1@3FODO OTR6@3FODO OTREE@DBC! y=dz x=dE
TDS2 = 4.5 MV, DM = 6 deg for SliceEmittance & Long. Phase Space Measurements
Ot X201 (2
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Analytical Approach of Twiss Parameters A

/KAERI —
From Hamiltonian equation of charge particles in a sector dipolavithout any fringe field
(see Conte's book pages 44),

r .z 1 s
He= ( +—)—(1+5) (1+5——(:c’2+y'2)+...)+5+1
p 2p? p 2 b
li:__—_\l ____________
p=mp/gBy z=v(tg—1t)=s—vt d:% < o
0 B = Byjj, for0<s< L, and
B= elsewhere.
%5 (1+E)m’ﬁ_~'x’,
ds P
ds 0z’ ds Oz $=—(;+F)+;(1+6):;—?=x”
dy _OH dy OH » dy . _
ds_ oy ds &y — =Y, nsider linear terms only!
ds dy'’ ds Ay ds y conside ear terms onty
dy’ 3
dz _0H dé _ OH EZO:y
ds 85’ ds = 0Oz e . .
—=—(1+—)+1z——,
ds P p
dé
— =0.
ds
DU AAR - - . ) " 73
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Analytical Approach of Twiss Parameters 0

G kAERi —
After adding quadrupole focusing effectqsee Conte's book page 82) /
d?z
] 4+ kzr =0
d?y

and bending effects of a sector dipole togethes generalized equation of motion of charge
particles in magnetssupplying bending and focusing effectean be given by

)
" + ky(s)z =—— _Dr
( p(s) a Po
y" + ky(s)y =0,
here
1 qg OB >~
km(s) :?+Z)_o_(9?y’ and b3 B=0- 8By/8:r::8Bm/8y
qg OB
k SSpe: B |

and energy spreadd was considered.
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Analytical Approach of Twiss Parameters 0

4 KAERi

From the generalized equation of motion of charge particles in magnets
which supply bending and focusing effects

z - ko(s) == + 198y
Z +kx(8)$ ——TS) :I:(S) p2 +p0 B . and
/1
y" + ky(s)y =0, ko (s) = — 9By
y(s) po 833 )

Let's ignore the energy spread tern(later we will consider it). Then we can gea
generalized Hill's equation:

d?z
‘CEZ" + k(s)z = (}

here zrepresentsx or y and k(s) representsk,(s) and k(s).
Sincek(s) is a periodic function with a period ofL, the Hill's equation can have a quasi
periodic solution, which is relatedto the Twiss parameters:

z(s) = za(s) + z5 (s)

here za(s) = Aw(s)cos¥(s) zp(s)= Bw(s)sin¥(s) w(s),is an amplitude function with a
period of L, w(stL) =w(s), A & B are constants,Y (s) is a nonperiodic phase.

— FR X241
Korea Atomic Energy Research Institute
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Analytical Approach of Twiss Parameters [
/KAERI —

Sincez,(s) and z;(s) are solution of the Hill's equation, let's substitutez,(s) in the Hill's
equation:

Z—S’:} +k(s)z=0 2(s) = za(s)+zp(s)  za(s) = Aw(s)cos ¥(s)

=)

To valid this equation for all values of Y, coefficients of sine and cosine functions should
be zero:

Al(w” — w¥”? + kw) cos U — 20/ V' + w¥”)sin ¥] = 0

w’ —wU? + kw=0

200 + wl"” =0

Y Y a2 oo o ny'+2lnw=C - wY'=C- wlY'=1
Y w
. 1
Y \P’ = )
w
. . . . 1
If we insert the last equation to the first equation w” + k(s)w — — = 0
— DR RIX[2] AT 76
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Analytical Approach of Twiss Parameters (r/ A

From a general solution of the Hill's equation, we can get the sloa&s):

2(s) = za(s) + 2B (s)  za(s) = Aw(s) cos U(s) 25(s) = Bw(s) sin ¥(s)

2(s) = Awcos ¥ + Bwsin V. [

» Z(s)=A (w' cos U — quj) + B ('w'sin\ll—l— COS‘I’) [

w w

here, we use( ¥’ = iz

w

By using initial conditions (z(so) = 20, 2'(s0) = 24, ¥(s0) = ¥y, and w(se) = wo We)¢an find two
constantsA & B:

zo = Awg cos ¥g + Bwg sin ¥y

zp=A (wé cos U, — sm‘l’0> + B ('wésin\llo 4 98 \PO)
Wo wo

Y A= (TU6 sin Wg + COS D) zZ0 — ('LUO sin \IJD) 26 B =— (’LUE] COS \I]O . sin \IJO

lI] /
- - ) z2o + (’LUO cos ¥g) Z

by inserting theseA & B in z(s) and Z(s) above (seg¢ region), we can findtransfer matrix
M(s) connecting two pointszand z, Y
e O 21 X241 1R

Korea Atomic Energy Research Institute
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Analytical Approach of Twiss Parameters <]

(/KAEkl —
Transfer matrix M('s) connecting two pointsz and z;:
2(s) \ _ (a(s) b(s) =ty
(z’(s}) a (c(s) d(S)) (zé)
here a(s)= wu()j) cos [U(s) — ¥o] — w(s)w)sin [¥(s) — ¥g]
b(s) = w(s)wpsin [¥(s) — ¥y
os) — 14 w(s)wow' (8)w} sin [0(s) — B wy B w'(s) B
(s) (), [T(s) — W] [w o w, } cos [¥(s) — Wy
d(s) = wu(](;) cos [¥(s) — Yol + wow'(s) sin [¥(s) — W]
If we define following things (Twiss parameters)
ﬁ(s) - wz(s)r —wow( P~ w wO ﬁ ;B(S
a(s) = —28 = —uw(s)uw'(s) M
s) =V(s) — T, wo _wis) = Wolg _ w(s)w'(s) _ a(s) — o
u(s) () ) w(s) wo wow(s) wow(s) BoB(s)
e O R X} 24 0171 TN - : T 8
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Analytical Approach of Twiss Parameters )

< /mm -

If we insert these relationships taa(s), b(s), c(s) , andd(s), then Transfer matrix M( s)
becomes:

w-mon  (3)=(43 &) (3)

» \/— [cos uu(s) + g sin p(s)] BoB(s) sin u(s)

M :
(s) B — o) cos M(\/)I;-B[l + apa(s)] sin p(s) ,6,(20) [cos u(s) — a(s) sin u(s)]
0
From pu(s) = W(s) - o, &' = — , anC B(s) =wi(s) ¥ 1(s) = 1/6(s) s) can be
written as: b(S=bs r0)=bE)= b
M(s) = (g SS) a(s)=a(s,+L)=a(s,)=a,
g(s)=(1+a(s)*)/ b(s)

and from s=s+L  u(s) =p 2(s0) =20 2/(s0) =2 w(so) =wy W(S)=W,
we can find that M(s) above is coincides with:

M = [ Cosu+ asiny Bsin i '
—7y s L COS Lt — QuSIn [t

SER X 79
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Analytical Approach of Twiss Parameters <]

< L R

From n/(s) =1/8(s) , the total phase advance per cell and total tune can be given by:

s+L s+L ds s+ L de o

— lde — — == — =00 —
o= /; Wds f 3 /S 3(s) QN
N /S+L ds

Bu,v

here, N is the number of cellsL is cell length, andQ,, and Q,, are the horizontal and vertical
tunes.

Note the fact that if the transfer matrix of position and slope is given by

(zg _ (Mn M 21
zé Mgl Mgg z‘i

then, transfer matrix for the Twiss parameters isgiven by:

Ba ME —2M71 Mo ME B
ag | = | =MiiMoy M1 Mas + MiaMay  —Mio Mo o

72 M3, —2M31 Moo M2, 71

80
Yujong Kim for Agentic Al, Physical Al, and Superfacility for Accelerators @ KAERI & UST se—

e ORI X[ 2101
Korea Atom i

tomic Energy Research Institute







