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Wave Propagation and Signal

Phase Velocity

Group Velocity 
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Wave Propagation in a Cylindrical Waveguide

Cylindrical waveguide

TM01 and TE11 modesTM01 mode EM fields distribution

Dispersion curve
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TM01 mode EM fields distribution

Phase velocity
Dispersion relation
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Periodic structures of

electrically and magnetically 

coupled  systems

Dispersion relation

Dispersion relation

Periodic structures of

electrically coupled  system (TM010) Periodic structures of

magnetically coupled  system (TE110)
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Two ways to study a disc-loaded slow wave structre:

1) Traditionally, starts from a waveguide (all books and lecteurs)

2) New point of view, start from a single cavity (this lecteur by Jie GAO)

Advanced Beam Dynamics on Linear 
accelerators and Linear Colliders-J. Gao 7ISBA25, Sept. 3, 2025, SARI, Shanghai, China



General Accelerating Cavity and Structure Theories

Cited by: T.P. Wangler, RF Linear Accelerators, John Wiley& Sons, Inc. 1998.

Nucl. Instr. and Meth. A311 (1992) 437-443.  
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Slater Perturbation Theory

The frequency change due to energy change in a cavity
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H. Bethe and  R.E. Collin Theories on Equivalent Dipoles
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-
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Electric coupling

Magnetic coupling
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Mode in a periodic structure

where N is the number of the same 

type coupling apertures in each cavity
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Electric Field Distributions for Different Modesθ

(it is possible to chose other modes)

θ=0, 2π/3, π/2, π
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Disk-loaded Accelerating Structure Theory
(Application of the general theory)
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Cited by: T.P. Wangler, RF Linear Accelerators, John Wiley& Sons, Inc. 1998.



A closed pill box cavity 

as the starting point 
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TMmnl modes' EM fields 

in a closed pill box

TMmnl modes' frequncyies  

in a closed pill box
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Coupling coefficient

Group velocity

Dispersion relation
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Dispersion relation

Coupling coefficient

Group velocity
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Fondamental longgitudinal mode shunt impedance
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Fundamental transverel mode shunt impedance

Advanced Beam Dynamics on Linear 
accelerators and Linear Colliders-J. Gao 27ISBA25, Sept. 3, 2025, SARI, Shanghai, China



Fudamental mode 

loss factor
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Transverse mode 

loss factor
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Coupler axis shift due to

coupling aperture 
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Coupling Coefficent of a Coupler Cavity
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Coupling coefficient between waveguide 

and cavity

β=1， matching condition,

no reflection
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Coupling coefficient

of coupler

Coupler cavity frequency
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Wakefields of  Periodic Structures-I 
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Wakefields of  Periodic Structures-II 

Analytical formulae for the loss factors and wakefields of 

a rectangular accelerating structure

Proceedings of EPAC 96, 1996
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Genrerlized

Panofsky-Wenzel

theorem
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Coupling between Cavities with Losses 
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Radio Frequency Electron Gun Theory
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Radio Frequency Electron Gun Theory

00

Injection phase

E0

Laser pulse 0

Rf gun cavity

Electron bunch

at the rf gun exit

L
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Maximum electric field

on cathod surface

Final phase of the electron

Electric field inside the Rf gun cavity

Electron energy at the exit of the Rf gun
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Final energy spread

of the electron bunch

at the exit of rf gun

Final relative energy 

spread of the electron 

bunch at the exit of rf gun

Final electron bunch

length at the exit of rf gun

Final electron bunch

charge at the exit of rf gun

Final  electron bunch

current at the exit of rf gun

Cathode Quantum efficiency
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Normalized emittance

due to rf phase variation

Normalized emittance

due to space charge 

effect

Normalized emittance

due to cathode temperature

Normalized emittance

due to all effects of the electron bunch
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S-band 1.6Cell BNL RF Gun Example 
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Analytical Treatment of Emittance Growth in Linacs

J. Gao, “Analytical treatment of the emittance growth in the main 
linacs of future linear colliders”, Nucl. Instr. and Meth., A 441 (2000) 
314-319
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Asymptotic Emittance Growth Formulae

The emittance growth of a bunch go through a long linac of many accelerating structures of 

section length ls, Ne is the particle number in a bunch,     is the misalignment errors. 

When the linac is very long,  for the asymptotic values of emittance growth, 
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Analytical Estimates of Halo Current Loss Rates 
in Space Charge Dominated Beams

J. Gao, “Analytical estimates of halo current loss rates in space charge 
dominated beams”, Nucl. Instr. and Meth. A 484 (2002) 27–35

Halo current loss rate formula (A/meter):



Theory of RF Field Measurement by Perturbation Methods

Uncorrected perturbation formula

Corrected perturbation formula

by      , taking into accound the image

charge effect due to perturbation object

approching the cavity wall


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Linear Collider Design-1
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J. Gao, “Parameter Choice for International Linear Collider (ILC)”, HIGH 
ENERGY PHYSICS AND NUCLEAR PHYSICS, Vol. 30, Supp. Feb., 2006



Linear Collider Design-2
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J. Gao, “Parameter Choice for International Linear Collider (ILC)”, HIGH ENERGY PHYSICS AND NUCLEAR PHYSICS, Vol. 30, Supp. Feb., 2006
D. Wang, J. Gao,” ILC high luminosity study at 250GeV”,  Asian Linear Collider Workshop, May 28 to June 1, 2018, Fukuoka, Japan

Example of application of the 

previous analytical method to 

make a linear collider design



Some Fundamental Property Formulae

Following equations you could find from general 

linear accelerator lectures or books
Conductivity of copper Skin depth Surface resistance

Surface resistance Surface dissipated power
Quality factor

Shunt impedance Shunt impedance over Q Phase shift due to 

frequency change

Advanced Beam Dynamics on Linear 
accelerators and Linear Colliders-J. Gao 68ISBA25, Sept. 3, 2025, SARI, Shanghai, China



Constant Impedance Structure Property Formulae

Energy gain in the structure

Filling time of the structure

Accelerating field
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Constant Gradient Structure Property Formulae

Energy gain in the structure

Filling time of the structure

Accelerating field
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Some Scaling Laws

Longitudinal wakefield Transverse wakefield
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SLAC Type 2π/3 Mode Constance Impedance Accelerating Structure
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BEPC-II type 2π/3 Mode Constance Impedance Accelerating Structure
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