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Introduction
• Storage ring is an important type of accelerators, which is widely used in 

circular colliders and synchrotron radiation facilities, etc.

• In a storage ring, the most important accelerator physics issue is the dynamic 
aperture, which limit the ultimate performance of the storage ring, and it is 
therefore extrememly important to study ,understand, and master this 
important problem theoretically.

• Beam-beam effects which are special case of nonlinear force effects are the 
key problems in circular colliders both lepton and hadron ones.

• Single bunch collective effect issues, both in longitudinal and transverse 
directions, for example,  are other limiting factors in

storage rings 
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We start with the discussion on dynamic aperture theory in this paper

J. Gao, “Analytical estimation of the dynamic apertures ofcircular accelerators”, 
Nuclear Instruments and Methods in Physics Research A 451 (2000) 545-557.
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A linear storage ring lattice

A nonlinear 

multipole  

Storage ring with

nonlinear multipoles

Linear storage ring 

A storage ring lattice with nonlinear magnetic multipoles

Basic theroy of dynamic aperture
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（0.97164) Analytical DA 

expressions

Sextupole term

octupole term
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Standard Map 

Chirikov, B. V. "A Universal Instability of Many-Dimensional Oscillator 
Systems." Phys. Rep. 52, 264-379, 1979. 

*R.Z. Sagdeev, D.A. Usikov, G.M. Zaslavsky, Nonlinear Physics, from the 
Pendulum to Turbulence and Chaos, Harwood Academic Publishers, 1988.

when K≥0.97164 stochastic motion starts,
so called Chirikov Criterion

The progresses of nonlinear physics are the bases for understanding various 
long stadind beam dynamics phenomenons.
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Analyitcal treatment of dynamic apertures of multipoles

For one multipole m≥3

For more independent multipoles 

Many multipoles

Circular machine

A nonlinear multipole  
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Relation between X and Y 

Hénon and Heiles problem
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Héno-Heiles Problem 

Hénon, M. and Heiles, C. "The Applicability of the Third Integral of 
Motion: Some Numerical Experiments." Astron. J. 69, 73-79, 1964. 
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Super-ACO lattice as an example 
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Super-ACO lattice comparison results of analyical and numerical 

estimations on the dynamic apertures due to multipoles 
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case 1

case 1

case 2

case 2
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case 3

case 3

case 4

case 4
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case 5

case 5

case 6

case 6
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Super-ACO

2D dynamic aperture 
of a sextupole: simulation

2D dynamic aperture 
of a sextupole: formula

Dynamic aperture 
of a sextupole vs 
strength

Dynamic aperture 
of a octupole vs 
strength
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Dynamic aperture of wigglers in a storage ring

J. Gao, “Analytical estimation of dynamic apertures limited by the
wigglers in storage rings”, Nuclear Instruments and Methods in Physics Research A 516 (2004) 243–248

A example of a sum of multipoles

Wiggler fields
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Comparison  between the theoretical and numerical simulationresults of Super-ACO

One wiggler case

Two wiggler case

J. Gao, “Analytical estimation of dynamic apertures limited by the wigglers in storage rings”, Nuclear 
Instruments and Methods in Physics Research A 516 (2004) 243–248
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Bare lattice of Super-ACO

The second case in table 1

The first case in table 1

The third case in table 1
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Basseti-Erskine formula for beam-beam induced transverse kicks

Nonlinear beam-beam effects-1 (e+e-)

J. Gao, “Analytical estimation ofthe beam–beam interaction limited dynamic apertures and lifetimes in 
e+e- circular colliders”, Nuclear Instruments and Methods in Physics Research A 463 (2001) 50–61
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Nonlinear beam-beam effects-2 (e+e-)
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Nonlinear beam-beam effects-3 (e+e-)

Dynamic apertures limited by nonlinear beam-beam effects

1/2

1/2

1/2

Advanced Beam Dynamics in Circular 
Accelerator and Circular Colliders-J. Gao ISBA25, Sept. 4, 2025, SARI, Shanghai, China 22



Nonlinear beam-beam effects-4 (e+e-)

J. Gao, “Analytical estimation ofthe beam–beam interaction limited dynamic apertures and lifetimes in e+e- 
circular colliders”, Nuclear Instruments and Methods in Physics Research A 463 (2001) 50–61

Round beam vs flat beam
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Parasitic crossing beam-beam effects

J. Gao, “Analytical treatment of the nonlinear electron cloud effect and the combined effects with beam-beam and
space charge nonlinear forces in storage rings”, Chinese Physics C Vol. 33, No. 2, Feb., 2009, 135-144 

J. Gao, ON PARASITIC CROSSINGS AND THEIR LIMITATIONS TO E+E− STORAGE RING COLLIDERS, 
Proceedings of EPAC 2004, Lucerne, Switzerland, p. 671-673 (2004)
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Beam-beam effects with crossing angle

J. Gao, “Analytical treatment of the nonlinear electron cloud effect and the combined effects 
with beam-beam and space charge nonlinear forces in storage rings”, Chinese Physics C Vol. 33, 
No. 2, Feb., 2009, 135-144 

J. Gao, “Analytical estimation of the effects of crossing angle on the luminosity of an e+e- circular 
collider”, Nuclear Instruments and Methods in Physics Research A 481 (2002) 756–759
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Space charge nonlinear effects

J. Gao, “Analytical treatment of the nonlinear electron 
cloud
effect and the combined effects with beam-beam and
space charge nonlinear forces in storage rings”, 
Chinese Physics C Vol. 33, No. 2, Feb., 2009, 135-144

J. Gao,  Theoretical analysis of the limitation from the 
nonlinear space charge forces to TESLA damping ring, 
TESLA 2003-12
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Electron cloud nonlinear effect

J. Gao, “Analytical treatment of the nonlinear electron cloud effect and the 
combined effects with beam-beam and space charge nonlinear forces in 
storage rings”, Chinese Physics C Vol. 33, No. 2, Feb., 2009, 135-144 
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Combined beam-beam, space charge, electron cloud 
nonlinear effects 

J. Gao, “Analytical treatment of the nonlinear electron cloud effect and the combined 
effects with beam-beam and space charge nonlinear forces in storage rings”, Chinese 
Physics C Vol. 33, No. 2, Feb., 2009, 135-144 
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BEPCII DA

M. Xiao and J. Gao, “ANALYTICAL ESTIMATIONS OF THE DYNAMIC APERTURES OF BEAMS WITH MOMENTUM DEVIATION 
AND APPLICATION IN FFAG”, WEPEA022 Proceedings of IPAC2013, Shanghai, China, p. 2546-2548

Analytical formulae for dynamic apertures  with energy spread
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Luminosity from Colliding Beams
• For equally intense Gaussian beams

• Expressing luminosity in terms of our

usual beam parameters
R

N
fL

y

b

x

2

4
=

Geometrical factor: 
- crossing angle
- hourglass effect

Particles in a bunch

Transverse beam size (RMS)

Collision frequency

30

where

Analytical expression for the maximum value of             is the keystone of a 

circular colliders both for lepton and hadron one          
max,y

In ACO it is found

that      has a maximum

value

For exampe, for BEPCII

at 1.89 

y

𝜉ymax = 0.04

Luminosity of Circular Colliders
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ICFA mini workshop: Beam-Beam Effects in Circular Colliders 

BB24，Sept. 2-5, 2024, EPFL, Switzerland

https://indico.cern.ch/event/1344947/sessions/518431/#20240902

Beam-beam effect is an 

important issue for colliders 

https://indico.cern.ch/event/1344947/sessions/518431/#20240902
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For lepton collider (flat beam and head-on):

For hadron collider (round beam
and hean-on ): 

J. Gao, “Review of some important beam physics issues

in electron positron collider designs”,

Modern Physics Letters A, Vol. 30, No. 11 (2015) 

1530006 (20 pages)

J. Gao, et al, "Analytical estimation of maximum  beam-beam tune 
shifts for electron-positron and hadron circular colliders", 
Proceedings of ICFA Workshop on High Luminosity Circular e+e-
Colliders – Higgs Factory, 2014

IPRN
e
r






61

2845

maxy,
=

re is electron radius

γ is normalized energy

R is the dipole bending radius

NIP is number of interaction points

rp is proton radius

max,
2

maxx, y
 =

J. Gao, Emittance growth and beam lifetime 
limitations due to beam-beam effects in e+e- storage 
rings, Nuclear Instruments and Methods in Physics 
Research A 533 (2004) 270–274
J. Gao, Nuclear Instruments and Methods in Physics 
Research A 463 (2001) 50–61

where

IPy N
 0T

2

2845

maxy, π
=

Maximum Beam-beam  tune shift analytical expressions for 
lepton and hadron circular colliders

Keystones

For example: BEPCII@

1.89GeV 

For example: LHC@ 13TeV 
𝜉y,max，theory = 0.005
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×
4

3
2
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𝜉y,max，𝑒𝑥𝑝 = 0.0045

𝜉y,max，𝑒𝑥𝑝 = 0.04
𝜉y,max，𝑡ℎ𝑒𝑜𝑟𝑦 = 0.04



J. Gao, Emittance growth and beam lifetime limitations due 
to beam–beam effects in storage ring colliders, 
Nuclear Instruments and Methods in Physics Research A 533 
(2004) 270–274
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J. Gao, Emittance growth and beam lifetime limitations due to beam–beam effects in 
electron positron storage ring colliders, Nuclear Instruments and Methods in Physics 
Research A 533 (2004) 270–274

Comparison electron positron circular collider beam-beam limit 
Formulae and experimental results （~head-on flat beam collision）
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Hadron collider beam-beam limit formulae (pp, round beam)

J. Gao, “Emittance Growth and Beam Lifetime due to
Beam-Beam Interaction in a Circular Collider”, Personal note, 2004 (LAL, Orsay)
J. Gao, “Review of some important beam physics issues in electron positron collider designs”, Modern Physics 
Letters A Vol. 30, No. 11 (2015) 1530006 (20 pages)
J. Gao† , M. Xiao, F. Su, S. Jin, D. Wang, Y.W. Wang, S. Bai, T.J. Bian, “ANALYTICAL ESTIMATION OF MAXIMUM 
BEAM-BEAM TUNE SHIFTS FOR ELECTRON-POSITRON AND HADRON CIRCULAR COLLIDERS”, HF2014 Proceddings
(2014)

H0  ~2845,

f=1 corresponds electron

positron colliders
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Eq. I

Eq. II

Eq. I and Eq. II are 
equivalent for 
isomagnetic lattice

34

Eqs. I and II with round proton beam collisions will be published in: 
J. Gao, “The Status of the CEPC Project in EDR”,
International Journal of Modern Physics A, submitted in 2025 



Analytical formulae for the luminosity of electron-positron 
circular collider with flat beam crab-waist crossing 
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max 𝑒
Φp
3.22 （1 + 0.000505 ∗ Φp2）      Eq. A

Φp is 𝑃𝑖𝑤𝑖𝑛𝑠𝑘𝑖 𝑎𝑛𝑔𝑙𝑒 = ( / )tan( Θ/2 ), and Θ is the crossing angle

𝑒
Φp
3.22 （1 + 0.000505 ∗ Φp2）Eq. B

𝑒
Φp
3.22 （1 + 0.000505 ∗ Φp2） Eq. C

Eq. A, B, C, D are equivalent 
for isomagnetic lattice

Eqs. A, B, C and D are formulae with crab-wait corrections will be published in: 
J. Gao, “The Status of the CEPC Project in EDR”, International Journal of Modern Physics A, submitted in  2025 
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By using following relations
One could get more 
equivalent formulae:

Ib=Pb/U0

U0=Cγ𝐸4/R
Cγ=8.85*10^-5mGeV^-3

R=r0C0/2π

where R is local bending 
radius, r0 is dipole filling factor, 
C0 is collider circumference
 

Lmax [𝒄𝒎−𝟐 𝒔−𝟏]= 𝟎. 𝟏𝟓𝟖𝟏𝟎𝟑𝟒
(1+r)
β𝒚[mm]

𝑹[𝒎]

𝑪γ[𝒎𝑮𝒆𝑽𝟑]𝑵𝑰𝑷
(𝑷𝒃[MW]/𝑬[𝑮𝒆𝑽]𝟐)𝒆

𝜱𝒑

𝟑.𝟐𝟐（1+0.000505∗𝚽𝒑
𝟐）     Eq. D 

W



CEPC-SppC Physics Goals in TDR

• Circular Electron-Positron Collider (91, 160，240 GeV, 
360GeV)

• Higgs Factory（106 Higgs）: 
• Precision study of Higgs(mH, JPC, couplings)，Similar & complementary 

to Linear Colliders
• Looking for hints of new physics

• Z & W factory（1010~1012 Z0）: 
• precision test of SM
• Rare decays ?

• Flavor factory: b, c,  and QCD studies

• Super proton-proton Collider(~125 TeV)
• Directly search for new physics beyond SM
• Precision test of SM

• e.g., h3 & h4 couplings

Baseline SR power/beam: 

30MW, upgradable to 50MW
Advanced Beam Dynamics in Circular 

Accelerator and Circular Colliders-J. Gao ISBA25, Sept. 4, 2025, SARI, Shanghai, China

Introduction The discoveries of Higgs boson 
around 125GeV at CERN on LHC on 
July 4, 2012 and the gravitation 
waves on LIGO in USA on February 
11, 2016
provide unprecedented 
opportunities to our better 
understandings of mysterious 
universe

36



CEPC TDR Layout@30GeV Linac

CEPC collider ring (100km)
CEPC booster ring (100km)

H/tt-bar

W and Z

CEPC as a Higgs Factory：H, W, Z, upgradable to tt-bar, followed by a SppC ~125TeV

Injection energy 30GeV

Advanced Beam Dynamics in Circular 
Accelerator and Circular Colliders-J. Gao

30MW SR power per beam (upgradale to 50MW)

CEPC MDI

CEPC Civil Engineering
CEPC TDR S+C-band 30GeV linac injector

ISBA25, Sept. 4, 2025, SARI, Shanghai, China IHEP Lecture
Beijing, 9 February 2017



Lepton Circular Collider Design Procedure
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Started from energy and maximum 

luminosity design goals,  by using the analytical 

maximum beam-beam tune shift formulae, to 

derive all other beam and machine parameters

Just like linear collider design introduced previously.

To design crab-waist collision collider, just use the 

Corresponding beam-beam formular in this lecture

shown previously on page 35. 

D. Wang, J. Gao, et al., “Optimization parameter design of a 

circular e+e- Higgs factory”, Chinese Physics C Vol. 37, No. 9 

(2013) 097003.
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CEPC TDR  Parameters (30MW and 50MW SR/beam)
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J. Gao, CEPC Technical Design Report: Accelerator.  Radiat Detect Technol Methods (2024). https://doi.org/10.1007/s41605-024-00463-y 

Luminosity per IP 

(10^34 cm^-2s^-1) from 

formula

5 115 12 0.59 Luminosity per IP 

(10^34 cm^-2s^-1) from 

formula

8.4 192 21 0.97

Luminosity results 

calculated

from eqs. A, B, C, D 

on previous page 35 

39

D. Wang, J. Gao, et al., “Optimization parameter design of a circular e+e- Higgs factory”, 

Chinese Physics C Vol. 37, No. 9 (2013) 097003.
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Studies of Beam-Beam Effects in CEPC 
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◼ Luminosity simulations w/ZL ◼ Transverse size simulations

ttbar Higgs

W Z 

Beam-beam simulation results are 

consistent with the TDR parameter tables.

ttbar Higgs

W Z

• Luminosity & Lifetime is evaluated by strong-strong simulation

• X-Z instability is well suppressed even considering Potential Well Distortion

• Lifetime optimization with both beam-beam\lattice nonlinearity is done

Above results from CEPC accelerator TDR: J. Gao, CEPC Technical Design Report: Accelerator. Radiat Detect Technol Methods (2024). https://doi.org/10.1007/s41605-024-00463-y

Results from J. Gao’s formulae

https://doi.org/10.1007/s41605-024-00463-y
https://doi.org/10.1007/s41605-024-00463-y
https://doi.org/10.1007/s41605-024-00463-y
https://doi.org/10.1007/s41605-024-00463-y
https://doi.org/10.1007/s41605-024-00463-y
https://doi.org/10.1007/s41605-024-00463-y
https://doi.org/10.1007/s41605-024-00463-y


Hadron Circular Collider Design Procedure 
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Feng Su (苏峰), Jie Gao (高杰), Ming Xiao (肖铭), Dou Wang (王逗), Yi-Wei Wang 
(王毅伟), Sha Bai (白莎) and Tian-Jian Bian (边天剑), “Method study of 
parameter choice for a circular proton–proton collider”, Chinese Physics C, 
Volume 40, Number 1 Citation Feng Su et al 2016 Chinese Phys. C 40 017001 DOI 
10.1088/1674-1137/40/1/017001

Started from design energy and maximum 

Luminosity goal by using the analytical 

Maximum beam-beam tune shift formulae, to 

derive all other beam and machine parameters

Just like linear collider and lepton circular

Collider design introduced previously. 

The maximum beam-beam tune shit formulae 

of hadron machine in the paper should be 

replaced by the maximum beam-beam tune 

shit formulae of round beam collision shown

in this lecture shown previously.



SppC Col l ider TDR Parameters
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J. Gao, CEPC Technical Design Report: Accelerator. 

Radiat Detect Technol Methods (2024). 

https://doi.org/10.1007/s41605-024-00463-y 

Beam-beam tune shift calculated from Eqs. I or II 0.0147

Beam-beam tune shift result calculated

from Eqs. I or II of J. Gao on previous page 34

42

F. Su, J. Gao, et al., Method Study of Parameter Choice for a Circular Proton-Proton Collider, 

Chinese Physics C( 2016), Vol. 40, Issue(1) : 017001 DOI: 10.1088/1674-1137/40/1/017001 



J. Gao, "On the single bunch longitudinal collective effects in electron storage rings",
Nucl. Instr. and Methods, A491 2002, p.1

Analytical wake potential of a storage ring
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KEK B low energy ring
wake potential

PEP-II low energy ring
wake potential

KEK ATF storage ring
wake potential
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J. Gao, Bunch lengthening and energy spread increasing in 
electron
storage rings, Nucl. Instr. and Meth. in Phys. Res. A 418 (1998) 
332—336
J. Gao, An empirical equation for bunch lengthening in electron
storage rings, Nuclear Instruments and Methods in Physics 
Research A 432 (1999) 539}543
J. Gao, "On the single bunch longitudinal collective effects in 
electron storage rings", Nucl. Instr. and Methods, A491 2002, p.1

Bunch lengthening and energy spread increasing in a storage ring
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Theory of single bunch transverse emittance
growth in electron storage rings-1
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Jie Gao, Review of some important beam physics issues in electron positron collider designs, Modern Physics Letters A Vol. 30, No. 11 

(2015) 1530006 (20 pages) , DOI: 10.1142/S0217732315300062

Jie Gao, Analytical Treatment of Some Selected Problems in Particle Accelerators, LAL/RT 03-04, LAL, Orsay, France, p. 96-104



Theory of single bunch transverse emittance
growth in electron storage rings-2
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Jie Gao, Analytical Treatment of Some Selected Problems in Particle Accelerators, LAL/RT 03-04, LAL, Orsay, France, p. 96-104

Small emittances are vital for advanced light sources and high luminosity 
linear collider damping rings and circular colliders with carb-waist collisions  



J. Gao, Theory of single bunch transverse collective instabilities in electron storage rings, 
Nucl. Instr. and Meth. in Phys. Res. A 416 (1998) 186-188

Theory of single bunch transverse collective
instabilities in electron storage rings

Kohaupt’s formula

B. Zotter’s formula

J. Gao’s formula
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Below microwave instability

Above microwave instability

J. Gao, On the scaling law of single bunch transverse 
instability threshold current vs. the chromaticity in 
electron storage rings, Nuclear Instruments and Methods 
in Physics Research A 491 (2002) 346–348
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Accelerator and Circular Colliders-J. Gao ISBA25, Sept. 4, 2025, SARI, Shanghai, China 49



Summary

The fundamental beam physics in a storage ring are single particle effects, such as 
dynamic apertures, and collective effects, such as beam-beam effects in both lepton 
and hadron circular colliders, wake potential of a storage ring, single bunch 
longitudinal and transverse instabilities, etc.

The above mentioned problems could be treated in analytical ways, and the 
corresponding theories have been presented.

Some concrete applications have been given.

Theoretical understanding of the fundamental physics problems in storage rings and 
circular colliders are very important in machine designs and operations.
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