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Brief history of MWI
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Microwave instability (MWI) is a type of
longitudinal single bunch instability
caused by the effects of short-range wake
fields.

First experimental observation:
microwave signal during the beam
debunching process in ISR [2]

The instability is related to impedance e microwave sinal absoned by Boussar (21
about GHz range (coherent synchrotron without (2) and with (b) damping resistor in the purnp
radiation, vacuum chamber discontinuities,

etc.)
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Perturbation formalism
]
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Vlasov equation describes the collective motion of particles under the influence of EM fields

oY

z = Boct — s(t)

8 —I_{w?H} _O 5:—E_ED
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Phase space distribution: ~ ¥(J, ¢, s) = J) +1U1(J, ¢, )
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Hamiltonian: Hy = N + V(z) H, = EUC/ dz / dqf»f dJ Vi(J, & s)W (" —2)

(z,0) and action-angle variable (J, @) are connected through a canonical transformation
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Eigenvalue problem

Keeping only the first-order term, we get the Sacherer integral equation

Q2 —w,(H)|P(H) = —g[;;;(H)EHZ]Dm dH’Pm(H’)Im[/ dw E,: )h;(H w)h* (H', )]
" 2Ne? 1

2m
. ] e — . W (H _ = d ilwz(H,d)/e—1d]
Intensity parameter: BT, Beam spectrum function (H,w) . /O b e

Z(w)

W

Discretization method: QF; = JZ {wS(Hz-)é;méz—j — by (H; ) AH; Im{/ dw
0

mj

hi(H;, w)hy, (Hj, w)} }ij

The double RF system impose no limitation, but the real spectrum shows no clear mode coupling.

Orthogonal basis method we(K) K
(associated Laguerre —% =1 Z Z {5fmf dK — EKP[—m]fi(K)fé(K)
polynomial) : m=0a=0 s = H — Hun
+ ' Im {/0‘ dw%gi(w)gg‘*(w)] }arf:a
A Hypin 2N e2 o
K = oxp|——"5'] LK) — o K g & o :f _ K
\/ﬂagn nos ~ EyTy folK) = \/WC},?(” —I—Q:)!(?]UE) Le, (ngg) 9 (w) . dK exp| ngé]fa(K)hI(K:-w)

It is difficult to calculate the infinite integral over 'K’ in Double RF systems due to nonlinearity.



Ideal lengthening condition &
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Harmonic cavities are commonly utilized in modern light source (mitigating intra-beam scattering,decreasing

the peak current, introducing Landau damping, etc.)

62
Hamiltonian (no PWD): H=az"+ T
For a specific value of Hamitonian: H=H
, .
Action: J = a (1/4)1/ . (E):"/‘El
3 nmwoa
p = arccos(z /1)
_ 273/2 1 2
Angle: ¢ = [Fg(l/d)}ﬂ (K /3 . (E)mx

l a
The elliptic integral of the first kind
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we(H) dH
Synchrotron frequency: ¢ dJ

80

[=)]
o

normalized density
N
o

]
Le=]
!

0_

— ideal lengthening
w/o HC
~0.15 -0.10 -005 000 005 010 015

Z [m]

longitudinal electron distribution of different RF configurations
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Extrapolation

Similar to Y. Cai's method for handling PWD in a single RF system [7], we calculate the integral piecewise:
a numerical integral truncated at the cutoff Hamiltonian + an analytical expression of extrapolation.

. fo ak ) ool B (k) L ()

C nos K. nas
_ fK{’ a2 T o B ) LK) + 6052 Find a proper extrapolation
0 & nos (& .
function above the cutoff
] o K under ideal lengthening
g (w) :/; diK EXP[_F‘_?]JCQ(K)}”(K:W) Condrt'On
— [ K expl MK ) + [ K el Sl OR (K )
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Two properties of associated Laguerre polynomial:
oo k
_ (n+k)! L, ) R 7
f;e LW L dx= 6, 2Tk T @ )
n! =
RF settings Potential well Beam spectrum Synchrotron Use the properties
function frequency
Single RF Quadratic Bessel function of Constant Yes
(small amplitude VK
approximation)
|ldeal lengthening Quartic No simple A one-quarter order No
analytical function of K
expression

Several approximations are required to calculate the infinite integral.
Goals: 1. re-derive the Bessel function; 2. find a constant frequency extrapolation



Extrapolation

1.extrapolation of the incoherent frequency matrix

o0 W™ 93/2,1/2,1/4, :;/40!/2
ex __ d ' (1 = 60 (w') = 5(!' / é
I = [ el IRV K) = Bog 22 = 80g ™

Assumptions: The extrapolated potentlal well contains no particles.
The frequency projection of mode alpha onto mode beta is zero.
The projection of a specific mode on itself is the average frequency.

2.extrapolation of the beam spectrum function
?;'5?
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Fourier expansion Hamiltonian
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cn: Jacobi elliptic function
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Laguerre polynomial: threshold @ ¢ = 1.52 Discretization: threshold @ ¢ = 1.58
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Ideal lengthening, CSR impedance
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Laguerre polynomial Discretization

Active harmonic cavity: large frequency spread even at low current
Strong instability: Coupling between dipole & quadrupole azimuthal modes
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Ideal lengthening, Q=1 BBR impedance
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Laguerre polynomial: threshold @ ¢ = 27

(convergence issue, also reported by Y. Cai
under single RF configuration[7])
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Discretization: threshold @ ¢ =~ 28
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Examples

]
deal lengthening, Q=1 BBR impedance

10.50

10.50 e
HIHHHH‘HEHHHH RitEH R HH R H

- - e
:ttq-+++++++++++++++++++++++++++-H-+++++++++H-H-uq,H,H.H,H,+++++++++++++++++++!!iii [Tl

::ttttttt:t:ttttt!ii!IIE!!'

lD 25 +"+"‘++ ++++”+“"+++"““‘+++++.: lD 25
. . _
L T T

Rt te ek an s gpay, CEEE ey

g
LI L]
* LELE TT T YNy
++.+++++++++++++tt*‘¢*¢-I¢-¢.

LETT ™

11T o

FEFEEE e aR e AR EH AR AR S e R ER g E - e ®

10.00

lﬂ.ﬂﬂ i LI LTI Y]

Bilnanaaden

TE
T

tt:tt H +:
¢tttt:===:l'.“:
BEIRERRREZIIIINL
H
L]
[ ]
L]

l'i!+++++i++++++++++++++++++l

H [ 1]
HHTTH HE

.
.
: !!!l !'!!ttt [
Hittt i H 14444
¥

9.75 9.75

L

[ H
L]
*
i
*
#
#
-
1
*

s
s
i
s
w#
1]
g
s
w8
s
w#

- Ll
s
LYY [] e R EE L] *
se s antnn e s LR FHEE IR BRI S S EEEE
41 1) Samsa '++*++l+ FEE PP i BEEEEEIE s aa s St n s an ns an e an
B R Ll FEE HH
ssmasEssEmaab AR RRan d ARAR B T Ll L e = sesdlociile sy S e
HET T T
— . T L RO i H
o [ 9 5{] a . ® = q-"; EEEEEEEE S R sessessssssesnssf TEEEN tttttt: ]
E; . LT L T T T T amasanatds® - E; Ea_fi(] — ++++++++++++++++++++++++++++++++++++++++++++++++++++++.t+ sessgpppessnaerBaneseennnnss
EEEEEEEE L] :=:++++++++++;.!!!!! .- i 'ttttt"+++++++ +++++++ii:++ ++++++i+++++++,+++++
- EEEEE S CELE] F R
ELE R H it LT +++ e ey
Srsesrssstaanans B H [ lli

Poan
ey

.
II .tt'l:i++++++++++++ [YXTIILIIL1L] iiji;;;;;;;;iii!!!!!!!!!!:++++++H_!!!!!!Efi;-ti-ﬂ-.iﬂ-u-::l::t 1

FEEEEE R FE R R R R R F R R R R E F R P R R RE RE R R R FE RE AR FRE RERE FE R R R R FHE FE FE

[} '++++++++++++++++++++t!
Ll =i Tees,
9.25 1 Y L il P 9,25 Ill:::::::;llgggg:ttttttt!iltttttttttttttt¢t¢¢¢o¢¢
LT LY ®
ST I LT L L b - . T tt;;i H
F RS . e snad R B AR s Ea st S EEEREae P RERR G PR AR ++++++++
™

LA LN L)

55::%itttt:?ii!!!iiiiiiiii!!!!!!!!:!!::!:z:-

EEEE g

======E$;iiii:+++++++:++++++:t*

e T L T 1111

¢:++++++++;t'!+++++++++titttttt¢ttt¢. .ttot:..‘i
H11H Itﬂunn
(L]

+++
T T

e
EEER AR TR R AR SRR R P R R R B R R R
llllllllllllllllllllllllllll.......!!! [ 111

e E e FEES
B e g EE R S R

9.00

9.00

P e L L L L R L L]

Faw
R LT (.
® ]
“+++++ +++:I-
tre,, ]

"‘iiiiiii ++++++++++++++++++++++++++++++++++++H‘++
EEEE

B

fnamses s l!¥++++++++
T sagemtieeeeranagg
..... M
”!:"‘"‘"“"1‘1-1-1-1-1-1-1-1-1-1-1-1-1-++++EEE++++++++++O+++++
¥

[
N e B
L - e
8.75 " B.75

| H- * L

T ‘...,....gg.tttiiitt++

e

+!i*==
Bire :tti:iiiiiiiiiiill
i

. HHH*!!!H

fEzzsssssssssnssnnsnnsmnsnnnsanses H
HH
I I T I T 8.50 -

0 10 20 30 40 50 0 10 20 30 40 50
§ §

Laguerre polynomial Discretization
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Strong instability: Coupling between the 9th & 10th azimuthal modes



Summary

Completed works:
* AVlasov slover for MWI in Python
* Mode coupling theory of MWI under ideal lengthening condition

Outlook :
* Toinclude PWD
* General RF settings
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Thanks for listening!
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Canonical transformation

Generating function: Fy(z, J(H)) :/ V2[H -V (2)]/n

Action variable: J(H) = % V2[H — V(2)]/n
OF5 B dH [*m™= 1

Angle variable: b =

0J — dJ J, \/a[H-V(2)
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