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Outline

• Lepton angular distributions of Drell-Yan 

processes

• Comparison with the pQCD calculations

• Interpretations from the geometric picture

– Transverse momentum distributions

– Rapidity dependence

• Summary
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The Drell-Yan Process
S.D. Drell and T.M. Yan, PRL 25 (1970) 316
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PRL 25 (1970) 1523



Angular Distribution in the 

“Naïve” Drell-Yan Model
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Drell-Yan Process with

the 𝑂(𝛼𝑠
1) QCD Effect
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Quark-antiquark (qത𝑞) annihilation with the virtual gluon correction 

Quark-antiquark (qത𝑞) annihilation

with one real gluon 

Quark-gluon (𝑞𝐺) Compton scattering



Drell-Yan Process with

the 𝑂(𝛼𝑠
2) QCD Effect
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Angular Distributions of Lepton Pairs
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Lam-Tung Relation [PRD 18 (1978) 2447]
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Angular Distributions of Lepton Pairs 

from 𝑍/𝛾∗
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E615 @ FNAL: Violation of LT Relation
PRD 39, 92 (1989)
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252-GeV +W

cos2  modulation at large Tp
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E866 @ FNAL: Violation of LT Relation
PRL 99, 082301 (2007), PRL 102, 182001 (2009)
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800-GeV p+p, p+d
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Angular Distributions of Z Production 
CDF, PRL 106, 241801 (2011)
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Angular Distributions of Z Production 
CMS, PLB750, 154 (2015)
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Violation of Lam-Tung relation



Angular Distributions of Z Production 
ATLAS, JHEP08, 159 (2016)
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Violation of Lam-Tung relation



Drell-Yan Angular Distributions

• Features:

– Distinctive 𝑞𝑇 dependence.

– Lam-Tung violation:

• 1 − 𝜆 − 2𝜈 ≠ 0 for fixed-target experiments

• 𝐴0 − 𝐴2 ≠ 0 for collider experiments.

– Rapidity dependence for 𝐴1, 𝐴3, and 𝐴4.

• Can we understand these features by pQCD?

• Can we have some simple pictures for 

interpretation?
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NNLO:𝑂(𝛼𝑠
2)
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pQCD NLO and NNLO 

Calculations: E615

161 2;: ( : () )s sNNLO O NLO O 

Signs of L-T violation for the data 

and pQCD calculations are opposite!



Drell-Yan Angular Distributions

• Features:

– Distinctive 𝑞𝑇 dependence.

– Lam-Tung violation: 
• 1 − 𝜆 − 2𝜈 ≠ 0 for fixed-target experiments

• 𝐴0 − 𝐴2 ≠ 0 for collider experiments.

– Rapidity dependence for 𝐴1, 𝐴3, and 𝐴4.

• Can we understand these features by pQCD? 
Partially YES!

• Can we have some simple pictures for 
interpretation?
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A geometric picture:
J.C. Peng, W.C. Chang, R.E. McClellan, O. Teryaev, PLB 758, 394 (2016)

W.C. Chang, R.E. McClellan, J.C. Peng, O. Teryaev, PRD 96, 054020 (2017)



Hadron Plane
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*Collins-Soper ( /Z rest) Frame
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Quark Plane
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Lepton Plane
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  and  are emitted back-to-back with equal | |

  is emitted at angle  and  in the C-S frame
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Lepton angular distributions

with respect to the natural axis Ƹ𝑧′:

0 1 1 1cos cos cos sin sin cos( )        

Express the lepton angular distributions

with respect to the natural axis Ƹ𝑧:



Lepton angular distributions

w.r.t. the natural axis 𝑧′
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0 7 1 1 are entirely described by , and .A A a 
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• 𝐴0 ≥ 𝐴2(or 1 − 𝜆 − 2𝜈 ≥ 0). Lam-Tung relation (𝐴0 = 𝐴2) is satisfied when 𝜙1 = 0.

• Forward-backward asymmetry, a, is reduced by a factor of cos 𝜃1 for 𝐴4.
• 𝐴0, 𝐴2 and 𝐴4 increases with 𝑞𝑇 monotonically, while 𝐴4 decreases with 𝑞𝑇.

• 𝐴1 (∝ sin 2𝜃 ) first increases with 𝑞𝑇, reaching a maximum and then decrease.

Some implications of the angular 

distribution coefficients A0 – A4
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𝜃1 and 𝜙1 at 𝑂(𝛼𝑠
1): 𝑞ത𝑞 → 𝛾∗/𝑍𝑔
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*Collins-Soper ( /Z rest) Frame
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𝜃1 and 𝜙1 at 𝑂(𝛼𝑠
1): 𝑞ത𝑞 → 𝛾∗/𝑍𝑔
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*Collins-Soper ( /Z rest) Frame
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𝜃1 and 𝜙1 at 𝑂(𝛼𝑠
1): 𝑞𝑔 → 𝛾∗/𝑍𝑞
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*Collins-Soper ( /Z rest) Frame
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(Non-)Coplanarity of 

Quark Plane and Hadron Plane 

• 𝑂(𝛼𝑠
1):𝜙1 = 0 or 𝜋. 𝐴0 = 𝐴2 • 𝑂(𝛼𝑠

2) or higher:
𝜙1 ≠ 0 or 𝜋
 𝐴0 > 𝐴2 (1 − 𝜆 − 2𝜈 > 0)

• Intrinsic 𝑘𝑇 of 
interacting partons: 
𝜙1 ≠ 0 or 𝜋.
 𝐴0 > 𝐴2 (1 − 𝜆 − 2𝜈 > 0)
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CMS Data Interpreted by the 

Geometric Picture

• 𝜆(𝑞𝑇):determine 

42% 𝑞ത𝑞 and 58% 𝑞𝐺
processes.

• 𝜈(𝑞𝑇):determine 
sin2 𝜃1 cos 2𝜙1

sin2 𝜃1
= 0.77

(solid curve).

• Violation of Lam-Tung 

relation 1 − 𝜆 − 2𝜈: is 

well described
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Cancelation Effect for A1, A3 and A4

• 𝑂(𝛼𝑠
1):𝜃1 = 𝛽, 𝜋 − 𝛽;  𝜙1 = 0, 𝜋
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A cancelation effect leads to a 

strong rapidity-dependence of A1, 

A3 and A4.



CMS Data Interpreted by the 

Geometric Picture
• 𝐴0(𝑞𝑇):determine 

42% 𝑞ത𝑞 and 58% 𝑞𝐺
processes.

•

• Rapidity dependence of 
Violation of A1, A3 and 
A4 is well described
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Summary

• The lepton angular distributions in the 

Drell-Yan process can be used to explore 

the reaction mechanisms and the parton 

distributions.

• Fixed-order pQCD calculations could 

quantitatively describe the data from 

colliders at large 𝑞𝑇. Deviation seen for the 

data of fixed-target experiments.
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Summary

• Many salient features of the data and the results of 
fixed-order pQCD calculations could be well 
understood by a geometric picture.
– The lepton angular coefficients 𝐴0-𝐴7 (or 𝜆, 𝜇, 𝜈) are 

described in terms of the polar (𝜃1) and azimuthal angles 
(𝜙1) of the natural q − തq axis.

– The striking 𝑞𝑇 dependence of 𝐴0, 𝐴2 (or 𝜆, 𝜈) can be well 
described by the mis-alignment of the q − തq axis and the 
CS z-axis, i.e. finite 𝜽𝟏.

– Violation of the Lam-Tung relation (𝐴0 ≠ 𝐴2) is described 
by the non-coplanarity of the q − തq axis and the hadron 
plane, i.e. finite 𝝓𝟏. 

– The cancelation effect leads to strong rapidity dependence 
of 𝐴1, 𝐴3 and 𝐴4 (or 𝜇).
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