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Zero mode of Massless Dirac operator D� = 0
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D := � µ (@µ + iAµ )
<latexit sha1_base64="MOFH4cLvQITlod6CvUs/Ew4aYmY="></latexit><latexit sha1_base64="MOFH4cLvQITlod6CvUs/Ew4aYmY="></latexit><latexit sha1_base64="MOFH4cLvQITlod6CvUs/Ew4aYmY="></latexit><latexit sha1_base64="MOFH4cLvQITlod6CvUs/Ew4aYmY="></latexit><latexit sha1_base64="MOFH4cLvQITlod6CvUs/Ew4aYmY="></latexit>

Analytical index Topological index

n+ � n� =
1

32� 2

π
d4x� µ� �� tr(Fµ� F�� )
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Ind(D)
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Atiyah—Singer(AS) index theorem [Atiyah and Singer 1963]
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<latexit sha1_base64="W1IDzxKhvu4jYrytS3ioL8DPaCg="></latexit>

n+ : # of zero modes with �5 = 1

n� : # of zero modes with �5 = �1

Can we formulate AS index on the lattice? Yes, by Overlap fermion. 

How about other cases?



Atiyah-Patodi-Singer index theorem

Ind(D) = �(iD3D )
2 +

1
32� 2

π
d4x� µ� �� tr(Fµ� F�� )
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”η invariant”

[Atiyah, Patodi, Singer 75]

Index of massless Dirac operator on a manifold with boundary

x4 = 0
�(iD3D) =

reg�

�

sgn(�) � : eigenvalue of iD3D

Atiyah-Patodi-Singer (APS) boundary condition

Abandon locality and keep chirality

D = � 4@4 + �
iDi = �

4(@4 + � 4� iDi )
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A
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(A + |A|)� |x 4=0 = 0
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Can we formulate APS index on the lattice ?



1. Understand the reformulation of index theorem by lattice Dirac operator 
from K theory point of view

2. Extend the idea to more general situation 
e.g. (manifold with boundary, odd dimensions, mod 2 index)

3. Very the idea using numerical study.

Our Goal 

Index of Dirac operator＝
Spectral flow for lattice 
Wilson-Dirac operator

Isomorphism in K theory 
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1. Introduction
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Lattice chiral symmetry from the Ginsparg-Wilson relation

• Ginsparg-Wilson relation [Ginsparg Wilson 1982]

• Block spin transformation:

• Chiral Ward-Takahashi identy can be translated  as

• Exact chiral symmetry on the lattice [Hasenfratz 1998], [Luscher 1998]

• Explicit construction of GW fermion

Overlap fermion [Neuberger]

<latexit sha1_base64="SJLSXRQhn8iyv6Z9ovVV18aGRaY="></latexit>

Dcont �! Dlat
e↵

<latexit sha1_base64="GQDgmFSjUpHxixJPJOiKnueWUxU="></latexit>

{Dcont, �5} = 0 �! {Dlat
e↵ , �5} = aDlat

e↵ �5D
lat
e↵
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{D, �5} = aD�5DFor lattice fermion satisfying GW relation

One can define exact chiral symmetry as
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Overlap fermion

Exact chiral symmetry and exact index theorem

Wilson Dirac operator

Negative mass of cutoff order

<latexit sha1_base64="RBld4x3qW+qyOM8M3PWZ9kc1q6U="></latexit>

�̂5 := � HWp
H

2
W
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�5D +D�̂5 = 0

Ginsparg-Wilson relation
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H := �5D =
1

a
[�5 � �̂5]
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� :=
1

2
[�5 + �̂5]
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{H,�} = 0

Lattice chiral symmetry

Hamiltonian

Chirality operator

<latexit sha1_base64="fbojt8I3ZjBtVpLb6K/TrFNYwRo="></latexit>

Ind(H) = tr (�) ⇠ Instanton #

Lattice index theorem
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�̂5 = �5(1� aD)
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D =
1

a
[1� �5�̂5]
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�5D +D�5 = aD�5D



Can we describe lattice index for 
more general setup using overlap?

Not likely.

Example: Index theorem on a manifold with boundary.
When there is a boundary on the lattice, Ginsparg-Wilson relation 
is violated by O(a) effect. [Luscher]
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We need a new approach.



Hints

I. Lattice Atiyah-Singer index by overlap happens to be identical 
to spectral flow of lattice Hamiltonian

II. In the continuum, Atiyah-Singer index is obviously identical to 
spectral flow.
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See the following pages

This may be a hint for a new formulation.



Hint I. Lattice AS index = Lattice specral flow
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<latexit sha1_base64="af8LCiEm3NHnN9xPRTXPQZNcDx4="></latexit>

HW (m) := �5(DW +m)

Lattice Atiyah-Singer index can be rewritten as 

Define lattice Wilson Dirac Hamiltonian 

<latexit sha1_base64="JeNhwKwS0NOnHfsShNt5b95K7kU="></latexit>

tr(�) =
1

2
tr (�5 + �̂5) =

1

2
tr

 
HW (+1)p
(HW (+1))2

� HW (M0)p
(HW (M0))2

!

=
1

2
(⌘(HW (+1)� ⌘(HW (M0)))

Lattice index counts the eigenvalue flow 

<latexit sha1_base64="saPdtHdEvNMWLQCo7H5YOYmjgcE="></latexit>

⌘(H) :=
regX

�>0

�
regX

�<0

= tr

✓
Hp
H2

◆

<latexit sha1_base64="nrOw62i+qQLZlzECu9l3JWX/9pI="></latexit>

� : eigenvalue of H



Hint II. AS index in continuum= Spectral flow in continuum
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D := ! µDµ
Massless Dirac 
Hamiltonian
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H := ! 5D
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H ! n = " n ! n

H #5! n = ! " n #5! n
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{ H, ! 5} = 0

Nonzero 
eigenvalues 

<latexit sha1_base64="QJEnYxecgotz9vlmFaHTFe4cOOE="></latexit>

! n ! " 5! n

#n ! " #n

paired

Zero modes   

<latexit sha1_base64="/QJg6KJcbYmxin7Z8UDuidw2UaA="></latexit>

! 5 = +1 : n+

! 5 = ! 1 : n!
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H (m) := ! 5(D + m) = H + m! 5
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(H + ! 5m)" (± )
n (m) = ±

!
#2

n + m2
" #$ %

=: ! n (m )

" (± )
n (m)

1$2&0%"-7&#*5$.8*********************"(&*"-5"6#*9"$(&3*5$.8*# #$20:***********************
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|! n (m)| = m ! ! n = 0!/3&#*5$.8*******************************************"(&*0/.*9"$(&3*
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! (+)
n (m) = |m|

!
1 +

m
|m|

" 5

"
#n (R- or L-handed)

! ( ! )
n (m) = |m|

!
!

m
|m|

+ " 5

"
#n (L- or R-handed)
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n+ Right modes , n! Left modes
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n! : from positve to negative
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!"#$%$&$'%()*(+,-(.%/(01'/,2&(

!"

<latexit sha1_base64="11OLTMAPqfsNxReogZwfl+/GYUA="></latexit>

([(H , h, ! )], [(H , h!)]) !" [(p"
X H # p"

Y H !, (h # 1) + ( ! # h!))]

!"##$%&'(

<latexit sha1_base64="RCrPpLgOqHbScmAkGWXUNsf7qcs="></latexit>

K 0(X, A ) ! K 1(Y, B) " K 1((X, A ) ! (Y, B))

3 +,-(*((4.&,1.556(/"#$%"/(76(/$1"2&(8,-9

3 :1'/,2&*

;<$8(01'/,2&(2.%(7"(/"#$%"/(.8(



!" #$%&'(')*'+',-)&.'/012'+&3'4')*'%5,.62'

7$%8%'.$%')*-5-8,$)*5'5+,')*'

9+5%:6 +&3')&3%;'$+*'-&%'.-'-&%'<-88%*,-&3%&<%=

>" #$%&'(')*''''''''''''''''''''2'''4')*'.$%'.7-'%&3',-)&.*'''''''''''''''' 2

?-.. %:%5%&.'3%@)&%3'A6' ='

<latexit sha1_base64="ducF8S2ixpBwGNtGy9s5Jkh0y4w="></latexit>

D 1 = [ ! 1, 1]

B&-7&'@+<.*')&'B'.$%-86

!"

<latexit sha1_base64="19YZfO166i3WvOr9vDBgf2HZMc0="></latexit>

[(H , h, ! )] !" trace ! |Ker h = Ind( h)

<latexit sha1_base64="6fYJqf0X1DP6N+LGIssPS+m4/pA="></latexit>

K 0({ ! } , " ) #= Z

<latexit sha1_base64="9vUxm/kaUsBxVBinoEnmd/8yM7Y="></latexit>

K 0(! , " )

<latexit sha1_base64="RCM9Z0q6+5imRTnvkiVEkRqsajI="></latexit>

! := [( C, xá)] ! K 1(D 1, S0)

<latexit sha1_base64="KUy6eDS6ND0uPZgZE7Qb7LM+LIA="></latexit>

S0 := {{ ! 1} , { 1}}



!"#$%&'()&(*+'(,-#,.#/,'' 0&010-'#,-

(2#*+&&03#+2#!"!#$%!&'%()*# 4#5%2)0-2(,-#1+)#(2#+-#(2,1,6)7(21#
82%2)0-2(,-#(2,1,6)7(21"

9"#:70-#;#(2#+#),(-'#<=>#+-3#?#(2#01)'@A#############################7,&324

B70#1+)#(2#C(D0-#E@# A#F7060#2.8GA7"#(2#2)0*'6+&#.&,F4#
2.8GA7"H#I#J#,.#0(C0-D+&%02#*6,22(-C#K06,#.6,1##L',#MN#

L I#J#0(C0-D+&%02#*6,22(-C#K06,#.6,1#M#',#LN

<latexit sha1_base64="E1J07mmQv2mZwNsKUZyrCZqcpxs="></latexit>

[(H , h)] !" sf(H , h)

!"

<latexit sha1_base64="1lPDcr4meKkpRUy/88zq0S22b0E="></latexit>

K 0(X, A )

<latexit sha1_base64="63blIQKNkOWeXp5GHECzKb5XhOM="></latexit>

K 0(X, A ) ! [(H , h, ! )] "#$ [(H , h, ! )] á" = [( p!
X H , h + x! )] %K 1((X, A ) & (D 1, S0))

<latexit sha1_base64="BW/231giJB9PCxULg7OIXEHIuFY="></latexit>

K 1(D 1, S1) != Z



!"# $%&&'()$* +#
',-########################'(*#)$"&"(./)01#

2,-#3/*#),4'()',3$# 0/'('03*()$),5 3/*&#/'$#3/*#(*6'3)",7

!"

8(*-/"6& ),-*9#:#$.*03('6#;6"<1

<latexit sha1_base64="01Ju6ym12+0kVCZ5bToE0aaq6dQ="></latexit>

trace ! |Ker h = sf( H , h)

<latexit sha1_base64="npyFMTz1+9xl+d5LITbE23+CJng="></latexit>

K 0({ ! } , " )
<latexit sha1_base64="0jOYMi8hjvVBZtET75ejokcFXT0="></latexit>

K 1(D 1, S0)



!"##$%%&'()*'+,#*+#-'.)(#+%/.)*+.

!"



!""#$%&'$()*'(*!'$+&, -.$)/01*$)203*$)*%()'$)445

62**/&4/0*',0(1+*7$',*5&88#088*9$1&%*:015$()
9$1&%*("01&'(1*

!"

<latexit sha1_base64="4FpYn/6LLMxeLObvSnuZFFLHeiM="></latexit>

! (x)<latexit sha1_base64="tYRjkXyOE4wkK/7jZ/1qNCbGx2g="></latexit>

D =
4!

µ=1

! µ (" µ + iA µ (x))

!"8"&%0*(:*9$1&%*:015$()*:$0#2
,015$'$&)

&)'$-%(554'0*7$',*,

<latexit sha1_base64="dT+gFYGX8+OYpYQtUCKAyBdkreo="></latexit>

H
<latexit sha1_base64="oQxdT/5s61/fVcxC2ehEFimHWQI="></latexit>

h = ! 5D
<latexit sha1_base64="9ROENjJZK6yRryGhUtd2uTw5CXE="></latexit>

! := ! 5 = ! 1! 2! 3! 4

<latexit sha1_base64="YgCwgdyZsAPi7YMj4WW4DAs1n3E="></latexit>

(X, A ) = ( ! , " );&$1*< 20)('08*',&'*/&"*%&)*%#(80*&'*5=>*"($)'

?1$"#0*<

9$1&%*@&5$#'()$&)*%&)*A0*B$07*&8*&*10"1080)'&'$B0*0#050)'**
(:*%01'&$)*0C4$B&#0)%0*%#&88*$)*

<latexit sha1_base64="by8GdGGevGFrhdPdtekA14D52OA="></latexit>

K 0({ ! } , " )

<latexit sha1_base64="KsUa7tLZz3EViJi085ProoGKXuk="></latexit>

(H , h, ! )



!"

!"#$%&'

<latexit sha1_base64="m96/yNWCIWijDbHZg0JbXz20s/E="></latexit>

D 1 = [ ! 1, 1], S0 = {{ ! 1} , { 1}}

()*+,',,,,,,,,,,,,,,,,,,,,,,,,,,,,,-).,".&/0,)1,2,3, 45,)/6,57
<latexit sha1_base64="fbkTOY+W1WWrKuYlHsm2nbaBHOg="></latexit>

(X, A ) = ( D 1, S0)

!"0.)8&,"9,!*+)8,9&+2*"/,9*&%6

:&+2*1*)/

<latexit sha1_base64="dT+gFYGX8+OYpYQtUCKAyBdkreo="></latexit>

H
<latexit sha1_base64="ZmK80feS3A8NRG6MCMe2c7UpWHU="></latexit>

h(m) = ! 5D
! "#$
= h

+ m! 5

5)00*;&,!*+)8,:)2*%1"/*)/,8)/,$&,;*&<&6,)0,),
+&.+&0&/1)1*;&,"9,)/,&=#*;)%&/8&,8%)00,*/,,,,,,,,,,,,,,,,,7

<latexit sha1_base64="RdWBK77HJlXBp9Dn3KMWQJfehfE="></latexit>

K 1(D 1, S0)

>)/,$&,"$1)*/&6,9+"2,?,$@,1?&,.+"6#81,"9,1?&,A"11&%&2&/1

<latexit sha1_base64="hdbDeyQsmifVqhsHY7swHnnqCwo="></latexit>

(H , h(m))



!"

!"#$%&#'(&)'#(*(+$,'#*

-("&.'&/)0)(1)2%+()*(3%#)
4.)*56)7'.,)8,'+49'.:

-("&.'&/)0)(1))2%+()
8+(##'&/)7'.,)3'+%8.'(&#

8('&8'3%

<latexit sha1_base64="GjZMf3t5Dc0oSdE+PqCMQ6UHfP8="></latexit>

K 0(! , " ) #= K 1(D 1, S1)

<latexit sha1_base64="1HR+0DgNegUXvskq4XEde8NyHcY="></latexit>

K 0(! , " ) #$ tr( ! 5)|Ker( h(0))
<latexit sha1_base64="gXbaB6QhOkYkUcG1j5RtbMZUwE8="></latexit>

K 1(D 1, S1) !" sf(h(m))

;4##9%##)$('&.
7'.,)8,'+49)#:**%.+:

<'/%&=49"%)19(7)1+(*)
*5 >;).()?;)7'.,)&()
8,'+49)#:**%.+:



!"#$%"&'(&))*$%+,-.$'/"$0"#*)1+'("&,$2 *+,,1-, +&3$*+,,(4-5$+6#--7

8"/$+9")'$':-$1+''(%-;

!"#$<(1,"&$0-#*("&.$"&-$%+&&"'-=>#-,,$+$#->#-,-&'+'(4-$"0$$+$%1+,,$
(&$$$$$$$$$$$$$$$$$$$$.$,(&%-$':-#-$(,$&"$%:(#+1$,?**-'#?7$

8"/-4-#.$"&-$ %+&-=>#-,,$+$#->#-,-&'+'(4-$"0$+$%1+,,$(&

@:(,$(,$9-%+),-$':-$3-0(&('("&$(,

A"$&--3$0"#$%:(#+1$,?**-'#?$+'$+11.$$$$$$$$$$$$$$$$$$$$

!"

<latexit sha1_base64="by8GdGGevGFrhdPdtekA14D52OA="></latexit>

K 0({ ! } , " )

<latexit sha1_base64="xA9cehheGmlGzMX25qz5Uk+gGmw="></latexit>

K 1(X, A ) = { (H , h)} / !

<latexit sha1_base64="h5ti1M3+Mnd5I3eBPZUUr+RiSJg="></latexit>

K 1(D 1, S0)



!"

!"#$%&'()*+"%&'%&',-)'#.,,"/)

0%'/-"*.#'$1++),*1

2%*'.'3"4)&'+.$$"4)''!"#$%&'5"*./'%6)*.,%*7'
%&)'/.&'.$$"3&'.'/#.$$'%(''''''''''''''''''''7''.&8'
%9,."&',-)'$6)/,*.#'(#%:;

<latexit sha1_base64="RdWBK77HJlXBp9Dn3KMWQJfehfE="></latexit>

K 1(D 1, S0)



!"#$%&'()*(+%,-).#/%01*1&"/%01."2" /%!"&31)/%4/%5"+"617'#%898:;

!!

<latexit sha1_base64="ya1XHO6BZ3sDjDZT0GNYn44gmx4="></latexit>

IndDcont = sf( ! 5(DWilson ! sM )) , s " [! 1, 1]

<)=>3%?)*%31??#7#($&=2%3+"==%="&&#7(%3@"7#$6

41&=#$(%)?%&'(%@*))?A
B(%@*)C(>%&'"&%&'(%!"33#C(%D#*"7%)@(*"&)*%#$%7)$&#$11+%"$>%
7)**(3@)$>#$6%+"33#C(%B#=3)$%D#*"7%)@(*"&)*%E(=)$6%&)%&'(%3"+(%
(F1#C"=($7(%7="33%#$%

<latexit sha1_base64="GqZtd+a9Ht2gghF8hDh7IHdzpH4="></latexit>

[H cont , ! 5(Dcont ! sM )] = [ H lat , ! 5(DWilson ! sM )]

G'(%*#6'&%'"$>%3#>(%#3%"=3)%(F1"=%&)%
<latexit sha1_base64="PACBpMpeSSbWJRFP5B8a7sqpZXo="></latexit>

1
2

[! (" 5(DWilson + M )) ! ! (" 5(DWilson ! M ))]

<latexit sha1_base64="RdWBK77HJlXBp9Dn3KMWQJfehfE="></latexit>

K 1(D 1, S0)



!"#$%&'()*+,-.'/#'&#'-0%(#./1.2%3

!"



!"#$%&'()*+$,-$#-./0-+,1"2- 3.$4+5-6'4)7) 5-6'%'*) 5-8)*9'$5-:5-;)&)<'=>+-?@?AB

!"

<latexit sha1_base64="VwzQH+soJksFqRd0qydOG0pnN8k="></latexit>

sf(! 5D lat
DW ) = sf( ! 5D cont

DW ) = Ind APS D cont

36'4)7) 5-6'%'*) 5-8)*9'$5-:5-;)&)<'=>+5--;)&)9>+*)-?@CD !

E$&)+, FG)((-&)99-
<latexit sha1_base64="Io1qo1MioS7kEo0/nueTH4+ZgVA="></latexit>

M DW (x) =
!

M (x4 > 0)
! M (x4 < 0)

/)'(+ FH+(()%9-&)99-

I>)*-+9-*>"-J)&+(*$,+),->K9L-
#$%-------------------------M

<latexit sha1_base64="odpDJ/6dJB7LsOwrRTFAxhZq/A8="></latexit>

h(s) = ! 5(D + M s(x))
<latexit sha1_base64="mVlTiE1ilxNUMrwfDBtz36aHFbs="></latexit>

M s(x) :=
!

M (x4 > 0)
! sM (x4 < 0)

<latexit sha1_base64="Vrr66CMh04R8dwdEjTzxYbU9rfc="></latexit>

M PV = M

<latexit sha1_base64="cFFJPYp+G0cd2JzsqY4uTM0VnAU="></latexit>

M +1 (x) = M DW (x)

<latexit sha1_base64="kkntG2YeFjV2RMthh2rJ4xYaC+A="></latexit>

M ! 1(x) = M PV

/%$N"1-O"#$%"-'9+,<-*>"-=>+%)(-
97&&"*%7-+,-=$,*+,''&

.((-G"-,""1-*$-P%$N"-+9-*$-9>$G-*>)*-->K9L-+,-=$,*+,''&-),1-
$,-*>"-()**+="-O"($,<-*$-*>"-9)&"-"Q'+N)(",="-=()99-$#

<latexit sha1_base64="UVG91OuKrgClMzbtHtBs4OlY2AE="></latexit>

K 1(D 1, S1)

<latexit sha1_base64="RdWBK77HJlXBp9Dn3KMWQJfehfE="></latexit>

K 1(D 1, S0)



!"#"$%&'(%)'*#+)*+,*-.+'#-"/

!"

0'$%1+*2"$%)*$+'#+3+-'4+-"51$'6"+,*-+.+'#-"/
"/%42&"+! 7'))"#+%#*4%&8+'#+9:;.<+=%>="+)?"*$8

<latexit sha1_base64="hqIYxYn1cYIpJTuxDEREuefMhbg="></latexit>

sfmod2 (DW ! sM ) = sf mod2 (D cont ! sM )

= Ind mod2 D cont

<latexit sha1_base64="9ctQUoP7I8U5SRgcLBYMJEHOOmE="></latexit>

sfmod2@"$"+ 1*>#)5+)?"+#>46"$+*A+2%'$5+1$*55'#=+("$*

B?'5+A*$4>&%)'*#+1%#+%&5*+6"+"/)"#-"-+)*+0*4%'#CD%&&+
A"$4'*#E+D?'1?+?%5+6*>#-%$'"5

FG>H%8%E+G>$>)%E+,%)5>H'E+IE+J%4%=>1?'E+J%4%5?')%+.K.KL

<latexit sha1_base64="7AmZ35VSuYhtVMezrL5t8DjjdbA="></latexit>

KO 0(D 1, S0)



! !"#$%&'()*+",&-,"./",0&"(12&3".1",0&"+*,,()&

!"

4! 567"(12&3"8(,0"9:;<"=*$=&"/(&+2".1"*">"2(%",.'$-
;<"?.%*(1 @8*++"8(,0"-,'*(=0,@+(1&"-0*A&
><"?.%*(1@8*++"8(,0")(')$+*'"-0*A&

44! B.2">"(12&3"/.'" B*C.'*1* /&'%(.1".1"*">"2(%",.'$-"
8(,0")(')$+*'"0.+&!



!"

!"##$#%&'#()*+#,-.,/#01/234 *+#503-&,10#6&'/#72'-&89:-66

;28<0-80#=6.<#&8#,3//8#3/,&28#:&01#
02>262,&?-6#8.'@/3#

A-.,/#=&/6%<#-3/#03&B&-6#&8#201/3#
>6-?/<"#C.3>6/#6&8/#&<#01/#%2'-&89
:-66"

<latexit sha1_base64="xQYUZFdjgNrHQDUSiJnh/dlOOqY="></latexit>

1
2!

!
dxdyF12 = Q ! Z

D:2#>.3>6/#6&8/<#-3/#01/#%2'-&89:-66<"#!8#
3/,&28#&8<&%/E#01/#=/3'&28#1-<#'-<<#F<GE#
:1&6/#&0#1-<#'-<<#G#2.0<&%/"

HC5#&8%/I#&<#=2.8%#02#@/#J"
K1-0#-@2.0#01/#<>/?03-6#=62:L



!"#$

!"#%

!"#&

!"#'

"

"#'

"#&

"#%

"#$

!"#%!"#&!"#' " "#' "#&"#%

!"# "

��

()*+ ,-./ $

!"#%!"#&!"#' " "#' "#&"#%

!"# !'

()*+ ,-./ $

!0
!"#$
!"#%
!"#&
!"#'
"
"#'
"#&
"#%
"#$
0

��
!"

#$
%

&
#'

(

!"

!"#$%&'()*(+,)-
.#*%)"'/#(-)0#&+)*+&)1234))))))))))))))5678%)"'/#(-)9:)*+&)129:

!"#$%&'()*(+,;)<+)'7&##),6%8)=>!)6/<#?4



!"#$%&'#()*(+#,-+./0#.1#23#,./*4#######2'#56/7*8)/#9.:)61;<)88

!"

=*/>8+#861+?#9.:)61;<)88
@+/:6.1#:)44#64##A4B 61463+#)13#B#.*,463+"

C)*(+#D8*E#FG641.1H+/.#61#(/++1#/+(6.1"#
I.,#1+7+44)/680#)1#61,+(+/"#
J-+1#1.1 ;61,+(+/K#,-+/+#64#)#7.1,/6L*,6.1#
,.#M61N)/6)1,)8.1(#,-+#9.:)61 ;<)88"

O=P#613+E#,*/14#.*,#,.#L+#61,+(+/"
J-),#)L.*,#,-+#4>+7,/)8#D8.<Q



!"#$

!"#%

!"#&

!"#'

"

"#'

"#&

"#%

"#$

!"#%!"#&!"#' " "#' "#&"#%

!"# '

��

()*+ ,-./ $

!"#%!"#&!"#' " "#' "#&"#%

!"# !0#12

()*+ ,-./ $

!0
!"#$
!"#%
!"#&
!"#'
"
"#'
"#&
"#%
"#$
0

��
!

!"
#$

%
&

#'
(

!"

<latexit sha1_base64="PuXgHr0u9q0+Vmvm7xxn2B9gtwM="></latexit>

sf(h(s)) =
1

2!

!
F

" #$ %
= Q !

!
1
2

" (iD 1D )

!"#$%&'$()*'$"+$,-%'.'#$"#$-"-/,-%'.'#$+0123$%&'$456$
,-7'2$)-7$*8'(%#)0$+0"9$)#'$:"%&$,-%'.'#*$)-7$(",-(,7';



!!"#$%&'()*+#,-#./0,)/1/ 23)/'#-&)+3,1#
,1#/#(,)*4#53(6#/#'3)'*7/)#-7,5

!"#$

!"#%

!"#&

!"#'

"

"#'

"#&

"#%

"#$

!"#%!"#&!"#' " "#' "#&"#%

()*+��

,-./ 0)12!

!"#%!"#&!"#' " "#' "#&"#%

" ! /3 #"

4.56789:

,-./ 0)12!

!;
!"#$
!"#%
!"#&
!"#'
"
"#'
"#&
"#%
"#$
;

��
!

!"
#$

%
&

#'
(

!"

<latexit sha1_base64="TORJQTFHG63pUSIZ040zxngng8E="></latexit>

iH m = ! 1" x + ! 3" y + i ! 2m(s, r )
8&-(! 94. )&:3,1#34#3143;&#2<

=3:6(>#94. )&:3,1#34#,*(43;&#2<

.,;#?#4%&'()/7#-7,5#/1;#

.,;#?#@A$#31;&B#/:)&&"



!"#$%&&'()

!"



!"#$%&&'()

* !"##$%& +,-./0 12,('3#/45('6/(#3'0#75#,8506,9,58#'.#'#&'6:5&'6,3'-#
/7;536#,0#<#6:5/()"#=:5#.4536('-#9-/>#?,@5#@'(,/%.#,085A#6:5/(5&."

* B0#/%(#9/(&%-'6,/0C#6:5(5#,.#0/#0558#9/(#3:,('-#.)&&56()#D/(#E+#
(5-'6,/0F"#B0#G$#,085A#3'.5C#/%(#9/(&%-'6,/0#3/,03,85.#>,6:#6:'6#7)#
H@5(-'4#95(&,/0"

* I/%08'()#3'0#75#,06(/8%358#7)#2/&',0 1>'--#'08#2/&',0 1>'--#3'0#
75#3%(@58"

* '"()*&)+&,$(&+)$()"-*$.-"-/)+$!&(#$0(1
* $6'08'(8#/(#J/8#K#@5(.,/0#3'0#75#6(5'658#,0#'#%0,9,58#&'005("

!!



!"#$%&'

!"



!"#$%&#$"'()*&##$+,)-&.-,)#/,"01

2"0)'"'3,0#.04&#$%,)5#.61)"7)89:;)*&##$+,)89:)
$5)&)3"<,07.*)#""*=

>"<,%,0;)6$5+0,#$?&#$"')"7)7,0@$"')+&.5,5)
53,+$,5)6".4*$'-;)A'"<')&5)B$,*5,' CB$'"@$1&D5
#/,"0,@=

E')"06,0)#")&%"$6)#/,)6".4*$'-)30"4*,@;)#/0,,)
#13,5)"7)*&##$+,)7,0@$"'5)&0,)<$6,*1).5,6=

!"

F&.-,)2$,*6

8.&0A



!"#$%&'()#*+,-%()

!"

<latexit sha1_base64="qXX3yFycJyFrZTj7pHjx4Cp1EQc="></latexit>

(DWilson ) (x) :=
4!

µ=1

! µ 1
2a

(" (x + öµa) ! " (x ! öµa)) + m" (x)

!
4!

µ=1

ra
2

1
a2 (" (x + öµa) + " (x ! öµa) ! 2" (x))

./01+#2+,-

$%&'()#2+,-

$%&'()#2+,-#3%1+#-/''+'#2(#24+#5(67&+,'8
9(:+1+,;#24%'#5+'2,(<'#24+#=4%,/&#'<--+2,<#>6'2#/'#24+#-/''#2+,-8



!"#$%&'() *+',,#-./&(%)

!"!#$%!$!! &'

01#23(/',#-./&(%)#'44.'/5#'6#63.#
1%&'() *+',,#%-#71#$(/'8#-./&(%)
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