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Atiyah—Singer(AS) index theorem [Atiyah and Singer 1963]

Zero mode of Massless Dirac operator Dy =0 D :=y*(, + iA,)
Ind(D)
[ : | 1 /
_ 4 . _uvpo
n, —n_ = d xe tr(F,, F,o)
‘ 3272 | pere
Analytical index Topological index

ny : # of zero modes with v5 =1

n_ : # of zero modes with v5 = —1

Can we formulate AS index on the lattice? Yes, by Overlap fermion.

How about other cases?



Atiyah-Patodi-Singer index theorem [Atiyah, Patodi, Singer 75]

Index of massless Dirac operator on a manifold with boundary

U(iD3D) 1 4 vpo
Ind(D) = > + o d*xe""P°tr(F,, F o)
2] H H 7 reg
n invariant n(iDsp) = E sgn(A) A : eigenvalue of iDsp T

56420

A
Atiyah-Patodi-Singer (APS) boundary condition

(At ANVl =0 D=rasyDimriaefy'n)

R

Abandon locality and keep chirality

Can we formulate APS index on the lattice ?



Our Goal

Spectral flow for lattice
Wilson-Dirac operator

Index of Dirac operator | —

Isomorphism in K theory

1. Understand the reformulation of index theorem by lattice Dirac operator
from K theory point of view

2. Extend the idea to more general situation
e.g. (manifold with boundary, odd dimensions, mod 2 index)

3. Very the idea using numerical study.



1. Introduction



Lattice chiral symmetry from the Ginsparg-Wilson relation
» Ginsparg-Wilson relation  [Ginsparg Wilson 1982]

 Block spin transformation: peent Dé?fc:

« Chiral Ward-Takahashi identy can be translated as
(D", 55} = 0 — {Dlif, 75} = aDlii~s Dl

» Exact chiral symmetry on the lattice [Hasenfratz 1998], [Luscher 1998]

For lattice fermion satisfying GW relation {D; 75} = aDys D
One can define exact chiral symmetry as b = 4 ivs(l — aD) = o + it

b — P +ivys
 Explicit construction of GW fermion

Overlap fermion [Neuberger]




Overlap fermion Hy

T : V5 = ,—H‘%V
D= — [1 — V5W5] — 45 =5(1 —aD) Hyy = vs5(Dw + Mp)

a
. Dw Wilson Dirac operator
S > D + D’Y5 = CLD’}/5D
L, 5D+ Dys=0— =

Mo  Negative mass of cutoff order
Ginsparg-Wilson relation

Exact chiral symmetry and exact index theorem

1
amitonian M i=ysD =[5 =35  {H,T} =0

Chirality operator T := — [y5 + 5]

9 Lattice chiral symmetry

Ind(H) = tr (I') ~ Instanton #

Lattice index theorem




Can we describe lattice index for
more general setup using overlap?

Not likely.

Example: Index theorem on a manifold with boundary.

When there is a boundary on the lattice, Ginsparg-Wilson relation
Is violated by O(a) effect. [Luscher]

We need a new approach.



Hints

|. Lattice Atiyah-Singer index by overlap happens to be identical
to spectral flow of lattice Hamiltonian

Il. In the continuum, Atiyah-Singer index is obviously identical to
spectral flow.

See the following pages

This may be a hint for a new formulation.



Hint |. Lattice AS index = Lattice specral flow

Define lattice Wilson Dirac Hamiltonian
Hy (m) := v5(Dw +m)

Lattice Atiyah-Singer index can be rewritten as > -5~ (

A>0 A0
A . eigenvalue of H

_1 oy Lo [ _Hw(too) — Hw(Mo)
tr(I) = >t (75 +45) = ot <\/(Hw(+<><>))2 \/(HW(MO))2>
1

=3 (n(Hw (+00) — n(Hw (Mpy)))

Lattice index counts the eigenvalue flow

)
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Hint II. AS index in continuum= Spectral flow in continuum

Massless Dirac H — |5D

Hamiltonian

{H,!5}:O-><

HI,

H #s!

n-n

e

Nonzero
eigenvalues

Zero modes

D:=1"D,
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