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Zero mode of Massless Dirac operator D� = 0
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D := � µ (@µ + iAµ )
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Analytical index Topological index

n+ � n� =
1

32� 2

π
d4x� µ� �� tr(Fµ� F�� )
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Ind(D)
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Atiyah—Singer(AS) index theorem [Atiyah and Singer 1963]
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<latexit sha1_base64="W1IDzxKhvu4jYrytS3ioL8DPaCg="></latexit>

n+ : # of zero modes with �5 = 1

n� : # of zero modes with �5 = �1

Can we formulate AS index on the lattice? Yes, by Overlap fermion. 

How about other cases?



Atiyah-Patodi-Singer index theorem

Ind(D) = �(iD3D )
2 +

1
32� 2

π
d4x� µ� �� tr(Fµ� F�� )
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”η invariant”

[Atiyah, Patodi, Singer 75]

Index of massless Dirac operator on a manifold with boundary

x4 = 0
�(iD3D) =

reg�

�

sgn(�) � : eigenvalue of iD3D

Atiyah-Patodi-Singer (APS) boundary condition

Abandon locality and keep chirality

D = � 4@4 + �
iDi = �

4(@4 + � 4� iDi )
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A
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(A + |A|)� |x 4=0 = 0
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Can we formulate APS index on the lattice ?



1. Understand the reformulation of index theorem by lattice Dirac operator 
from K theory point of view

2. Extend the idea to more general situation 
e.g. (manifold with boundary, odd dimensions, mod 2 index)

3. Very the idea using numerical study.

Our Goal 

Index of Dirac operator＝
Spectral flow for lattice 
Wilson-Dirac operator

Isomorphism in K theory 
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1. Introduction

6



7

Lattice chiral symmetry from the Ginsparg-Wilson relation

• Ginsparg-Wilson relation [Ginsparg Wilson 1982]

• Block spin transformation:

• Chiral Ward-Takahashi identy can be translated  as

• Exact chiral symmetry on the lattice [Hasenfratz 1998], [Luscher 1998]

• Explicit construction of GW fermion

Overlap fermion [Neuberger]

<latexit sha1_base64="SJLSXRQhn8iyv6Z9ovVV18aGRaY="></latexit>

Dcont �! Dlat
e↵

<latexit sha1_base64="GQDgmFSjUpHxixJPJOiKnueWUxU="></latexit>

{Dcont, �5} = 0 �! {Dlat
e↵ , �5} = aDlat

e↵ �5D
lat
e↵

<latexit sha1_base64="2sqVqemLNaGJoqQznevlM9iASfI="></latexit>

{D, �5} = aD�5DFor lattice fermion satisfying GW relation

One can define exact chiral symmetry as
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Overlap fermion

Exact chiral symmetry and exact index theorem

Wilson Dirac operator

Negative mass of cutoff order

<latexit sha1_base64="RBld4x3qW+qyOM8M3PWZ9kc1q6U="></latexit>

�̂5 := � HWp
H

2
W

<latexit sha1_base64="t9zKuubbekGAS3AtiWzQD/tDEEw="></latexit>

�5D +D�̂5 = 0

Ginsparg-Wilson relation

<latexit sha1_base64="6KUsrSFc451gE91OwDxw32nSjUg="></latexit>

H := �5D =
1

a
[�5 � �̂5]

<latexit sha1_base64="Afjpd+pn0eeM7CJzYzUgDQY60NE="></latexit>

� :=
1

2
[�5 + �̂5]

<latexit sha1_base64="+bGUkkvAVlkIGG2wSMgAbXSGtJ8="></latexit>

{H,�} = 0

Lattice chiral symmetry

Hamiltonian

Chirality operator

<latexit sha1_base64="fbojt8I3ZjBtVpLb6K/TrFNYwRo="></latexit>

Ind(H) = tr (�) ⇠ Instanton #

Lattice index theorem

<latexit sha1_base64="NmvKix/ydbNlHfk5LJX+Q3y38+0="></latexit>

�̂5 = �5(1� aD)

<latexit sha1_base64="9L/ycOb0fGE5qjTNCMPv4d88y/o="></latexit>

D =
1

a
[1� �5�̂5]

<latexit sha1_base64="BdJTusWkN05c2CBvSHRxoflVCiI="></latexit>

�5D +D�5 = aD�5D



Can we describe lattice index for 
more general setup using overlap?

Not likely.

Example: Index theorem on a manifold with boundary.
When there is a boundary on the lattice, Ginsparg-Wilson relation 
is violated by O(a) effect. [Luscher]
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We need a new approach.



Hints

I. Lattice Atiyah-Singer index by overlap happens to be identical 
to spectral flow of lattice Hamiltonian

II. In the continuum, Atiyah-Singer index is obviously identical to 
spectral flow.
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See the following pages

This may be a hint for a new formulation.



Hint I. Lattice AS index = Lattice specral flow

11

<latexit sha1_base64="af8LCiEm3NHnN9xPRTXPQZNcDx4="></latexit>

HW (m) := �5(DW +m)

Lattice Atiyah-Singer index can be rewritten as 

Define lattice Wilson Dirac Hamiltonian 

<latexit sha1_base64="JeNhwKwS0NOnHfsShNt5b95K7kU="></latexit>

tr(�) =
1

2
tr (�5 + �̂5) =

1

2
tr

 
HW (+1)p
(HW (+1))2

� HW (M0)p
(HW (M0))2

!

=
1

2
(⌘(HW (+1)� ⌘(HW (M0)))

Lattice index counts the eigenvalue flow 

<latexit sha1_base64="saPdtHdEvNMWLQCo7H5YOYmjgcE="></latexit>

⌘(H) :=
regX

�>0

�
regX

�<0

= tr

✓
Hp
H2

◆

<latexit sha1_base64="nrOw62i+qQLZlzECu9l3JWX/9pI="></latexit>

� : eigenvalue of H



Hint II. AS index in continuum= Spectral flow in continuum
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<latexit sha1_base64="/0KwiTeMNVNDEpBvhUh3dvKJxOg="></latexit>

D := �µDµ
Massless Dirac 
Hamiltonian

<latexit sha1_base64="HYiI/nxStWrPmMHhq54khPNADI4="></latexit>

H := �5D

<latexit sha1_base64="7OU9q6Iq73BrKASkQ1wK3ucN+90="></latexit>

H�n = �n�n

H�5�n = ��n�5�n

<latexit sha1_base64="fHqU098nsn0hL/A2VQ/92sr7FuM="></latexit>

{H, �5} = 0

Nonzero 
eigenvalues 

<latexit sha1_base64="QJEnYxecgotz9vlmFaHTFe4cOOE="></latexit>

�n $ �5�n

�n $ ��n

paired

Zero modes   

<latexit sha1_base64="/QJg6KJcbYmxin7Z8UDuidw2UaA="></latexit>

�5 = +1 : n+

�5 = �1 : n�
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Massive Dirac Hamiltonian
<latexit sha1_base64="BcWu0n+/moCav6E+TMh6rSuq1DI="></latexit>

H(m) := �5(D +m) = H +m�5

Eigen modes

<latexit sha1_base64="d76FykQauDdoUGhccZ8j4JYX0Ao="></latexit>

 (+)
n = (�n +

p
�2n +m2)�n +m�5�n

 (�)
n = �m�n + (�n +

p
�2n +m2)�5�n

Massive eigen modes can 
be written by massless 
eigen modes

<latexit sha1_base64="GhaKoZPeV6hmmGVMqaqD6oifx7s="></latexit>

(H + �5m) (±)
n (m) = ±

p
�2n +m2

| {z }
=:�n(m)

 
(±)
n (m)

Eigenvalues with                     are always paired with ± sign.                       
<latexit sha1_base64="ce70lYHHTbT5nwvYUW9KI5Sjl4U="></latexit>

|�n(m)| > m

<latexit sha1_base64="LEt8FMi5ksmuilbmYog+kPxRE4I="></latexit>

|�n(m)| = m $ �n = 0Modes with                                           are not paired 
<latexit sha1_base64="vi31eYmsffeDGmtqkPbgQTQX000="></latexit>

 (+)
n (m) = |m|

✓
1 +

m

|m|�5
◆
�n (R- or L-handed)

 (�)
n (m) = |m|

✓
� m

|m| + �5

◆
�n (L- or R-handed)
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Eigenvalue of H(m)

At m= 0 case: For zero modes there are  
<latexit sha1_base64="VVU4LyBwc6wAlJckcyf3LyqJ+is="></latexit>

n+ Right modes , n� Left modes

<latexit sha1_base64="cRiJcPzkhIML5TL1Bqa+PFesj3E="></latexit>

# of modes in the flow :

n+ : from negative to positive ,

n� : from positve to negative

Index of massless  Hamiltonian = Spectrum flow of massive Hamiltonian



Index Dirac operator 
= Spectral flow of lattice Wilson Dirac operator.

15

Is there mathematical reason?è K theory

Hint I and Hint II  suggest that .
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K0
<latexit sha1_base64="mqvgjxN1Gg7S5tJmLTcqDf6+zAI="></latexit>

K1<latexit sha1_base64="9x0k4xtlLLFIsuStuhnGuktvl80="></latexit>⇠=

Suspension

Same class

<latexit sha1_base64="+oTP1po/Sf2ZtGXdrSahQ8NQAb0="></latexit>

Ind(Dcont) = sf(�5Dcont +m�5) = sf(�5D
lat
W +m�5)



2. K theory
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Key words in K theory

1. Triple (H, h, gamma), Equivalence, K^0(X,A), Index

2. Double (H, h), K^1(X,A), spectral flow

3. Bott element, Suspension, Suspension isomorphism
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X: compact Hausdorff space
A: Subspace of X

<latexit sha1_base64="FLVV24OYUymGuvgNm1JNYzyNd38="></latexit>

X

<latexit sha1_base64="A5dE2/kj45OigbiV3GPvmdUw6Js="></latexit>

A
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1. is a complex Hilbert bundle on X. The fiber at           is      .  

2. is a family of self-adjoint operators, continuous on X.

3. is a family of self-adjoint  operators s.t. at

4.

5. For , 

<latexit sha1_base64="bjYYCKMVkouDVoMxK3XjDALIO3A="></latexit>

H
<latexit sha1_base64="mwPpDYVKTE88kycyOBpnbsQgp5A="></latexit>

x 2 X
<latexit sha1_base64="s3iPCX+hM6licgJpS7Z+7RcVMQ0="></latexit>

Hx

<latexit sha1_base64="9BOais6pK88FHPWVmONy1vTuCWc="></latexit>

h : H ! H

<latexit sha1_base64="hh8jlae2UADd/I3P4g26yM8lCOU="></latexit>

� : H ! H

<latexit sha1_base64="P5y9uk2JgEK13c9hvHCtU0A2TX8="></latexit>

�2
x = 1

<latexit sha1_base64="NRKn9VwC7V0iKOytQ5NXsCAYeOk="></latexit>

{�x, h} = 0

<latexit sha1_base64="KMnMx9RasoA0YNlNe7yVTUD7NJ0="></latexit>

x 2 A
<latexit sha1_base64="f7CduJ8QnVn4p5dvwpEYrAbc0dg="></latexit>

Ker hx = 0

Definition1:                is a triple for the pair (X,A) if 
<latexit sha1_base64="3Cs0ZI2hjiE0Z5mnxyywEOemSlc="></latexit>

(H, h, �)

<latexit sha1_base64="mwPpDYVKTE88kycyOBpnbsQgp5A="></latexit>

x 2 X

Physically                is a Hamiltonian system parameterized by           
with Hamiltonian h(x). It has gap on          .
h(x) and γ anticommutes. 

<latexit sha1_base64="mwPpDYVKTE88kycyOBpnbsQgp5A="></latexit>

x 2 X
<latexit sha1_base64="CL18cuUdKfsoHfrmzJn0d9g4hcY="></latexit>

A ⇢ X

<latexit sha1_base64="3Cs0ZI2hjiE0Z5mnxyywEOemSlc="></latexit>

(H, h, �)



Definition 2:

can be continuously deformed to a triple for (X,X) .

for (X,A)  

The triples                 and                 for (X,A) are  equivalent 

when  the combined  triple

<latexit sha1_base64="KsUa7tLZz3EViJi085ProoGKXuk="></latexit>

(H, h, �)
<latexit sha1_base64="LOxA7ItSXBuGnDTTKKFKO/IascE="></latexit>

(H0, h0, �0)
<latexit sha1_base64="9JT4gKj4Tgf+a43ae2XQvHyqck4="></latexit>0

@H�H
0
� Ĥ,

0

@
�h

h0

ĥ

1

A ,

0

@
��

�0

�̂

1

A

1

A

Physical interpretation: 

Consider Hamiltonian systems  h, h’ parameterized by                 satisfying  
1) h(x) and h’(x) have open gaps for all                . 
2) for all 

The systems of h and h’ are equivalent if the combined Hamiltonian  can be 
continuously deformed to have gap everywhere in X.

<latexit sha1_base64="58aSQBvSA0pCisCLOyJmLjp9vM8="></latexit>

x 2 A ⇢ X

<latexit sha1_base64="mwPpDYVKTE88kycyOBpnbsQgp5A="></latexit>

x 2 X
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<latexit sha1_base64="mwPpDYVKTE88kycyOBpnbsQgp5A="></latexit>

x 2 X

<latexit sha1_base64="3q1isa9rdx/h0Ipobz2znrLt2l8="></latexit>

(Ĥ, ĥ, �̂) is some triple for (X,X)

<latexit sha1_base64="jiaf5VVWrZCQZbaKLDjUryC2BoU="></latexit>

{h(x), �} = {h0(x), �0} = 0



Comment: Is               equivlalent to itself? è Yes.
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<latexit sha1_base64="KsUa7tLZz3EViJi085ProoGKXuk="></latexit>

(H, h, �)

<latexit sha1_base64="d1lptZRZOA4iVsCZZItxxgq9NgE="></latexit>

h̃t =

✓
�(1� t)h t

t (1� t)h

◆ <latexit sha1_base64="kwR8MrpWM9j6sf4HW0Jz/4XqgE0="></latexit>

�̃ =

✓
� 0
0 �

◆
∵)  Let us define

<latexit sha1_base64="XprSQcO1TgsQd8msHfD0/+mwnF4="></latexit>

{h̃t, �̃} = 0

<latexit sha1_base64="vXNQEns4CFePXXxiufIfNTD0UuY="></latexit>2
K
0
(X

,A
)

<latexit sha1_base64="53jzhFBu4J9xiH6pMb2hqHmX5Fs="></latexit>

h̃0 =

✓
�h 0
0 h

◆
�!

t=0!1
h̃1 =

✓
0 1
1 0

◆
<latexit sha1_base64="krriX63PvYby+xt6tbYfsvSRM0I="></latexit>

2 K0(X,X)

<latexit sha1_base64="eX+qN/LjxuG6lLdWNJ1l+X+7aRM="></latexit>

h̃0 can be continuously deformed to           which is gapped everywhere in X, 
while keeping the condition of a triple for the pair (X,A).

<latexit sha1_base64="GNz7ginZw0VSYbO+gmlsJyDW4TE="></latexit>

h̃1



We denote the equivalence class of                  as                      .
<latexit sha1_base64="VGV5QJzWypdZK8oWSFHFx9wMWVs="></latexit>

[(H, h, �)]
<latexit sha1_base64="KsUa7tLZz3EViJi085ProoGKXuk="></latexit>

(H, h, �)
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Definition 3 : Equivalence class of triples
<latexit sha1_base64="nbVPpYiO19jompOZd0AfiR2hz24="></latexit>

K0(X,A) = {(H, h, �)}/ ⇠

We denote the equivalence class of                  as                   .
<latexit sha1_base64="LJWutQxyuMfH9SYFSG2mehGoXas="></latexit>

(H, h)
<latexit sha1_base64="nUyMr/wWPdcdv+ZkOCH8r5wqlXA="></latexit>

[(H, h)]

<latexit sha1_base64="yByJ0BxTFqNaxVgYDSWRj6ycyxo="></latexit>�

<latexit sha1_base64="LJWutQxyuMfH9SYFSG2mehGoXas="></latexit>

(H, h)

Definition 4: Equivalence class of doubles
<latexit sha1_base64="xA9cehheGmlGzMX25qz5Uk+gGmw="></latexit>

K1(X,A) = {(H, h)}/ ⇠

The definitions are the same as                  except that we drop     
throughout and replace triple by double              .

<latexit sha1_base64="yByJ0BxTFqNaxVgYDSWRj6ycyxo="></latexit>�<latexit sha1_base64="1lPDcr4meKkpRUy/88zq0S22b0E="></latexit>

K0(X,A)



Definition 5: Sum and product 
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<latexit sha1_base64="11OLTMAPqfsNxReogZwfl+/GYUA="></latexit>

([(H, h, �)], [(H, h0)]) 7! [(p⇤XH⌦ p⇤Y H
0, (h⌦ 1) + (� ⌦ h0))]

pull back

<latexit sha1_base64="RCrPpLgOqHbScmAkGWXUNsf7qcs="></latexit>

K0(X,A)⇥K1(Y,B) ! K1((X,A)⇥ (Y,B))

• Sum :  Naturally defined by direct sum.

• Product:

This product can be defined as 



1) When X is a point {*}, and A is empty, 

where the isomorphism map is 

Namely and index has one to one correspondence.

2) When X is                    ,   A is the two end points                ,

Bott element defined by . 

<latexit sha1_base64="ducF8S2ixpBwGNtGy9s5Jkh0y4w="></latexit>

D1 = [�1, 1]

Known facts in K theory

24

<latexit sha1_base64="19YZfO166i3WvOr9vDBgf2HZMc0="></latexit>

[(H, h, �)] 7! trace � |Kerh = Ind(h)

<latexit sha1_base64="6fYJqf0X1DP6N+LGIssPS+m4/pA="></latexit>

K0({⇤}, ;) ⇠= Z

<latexit sha1_base64="9vUxm/kaUsBxVBinoEnmd/8yM7Y="></latexit>

K0(⇤, ;)

<latexit sha1_base64="RCM9Z0q6+5imRTnvkiVEkRqsajI="></latexit>

� := [(C, x·)] 2 K1(D1, S0)

<latexit sha1_base64="KUy6eDS6ND0uPZgZE7Qb7LM+LIA="></latexit>

S0 := {{�1}, {1}}



3) Multiplication of Bott element on

is called as suspension map. Suspension map is an isomorphism 
(suspension isomorphism)

4) When X is a point {*} and A is empty,                             holds.

The map is given by , where sf(H,h) is spectral flow. 

sf(H,h)= [ # of eigenvalues crossing zero from  - to +] 

- [ # eigenvalues crossing zero from + to - ]

<latexit sha1_base64="E1J07mmQv2mZwNsKUZyrCZqcpxs="></latexit>

[(H, h)] 7! sf(H, h)
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<latexit sha1_base64="1lPDcr4meKkpRUy/88zq0S22b0E="></latexit>

K0(X,A)

<latexit sha1_base64="63blIQKNkOWeXp5GHECzKb5XhOM="></latexit>

K0(X,A) 3 [(H, h, �)] 7�! [(H, h, �)] · � = [(p⇤XH, h+ x�)] 2 K1((X,A)⇥ (D1, S0))

<latexit sha1_base64="BW/231giJB9PCxULg7OIXEHIuFY="></latexit>

K1(D1, S1) ⇠= Z



To summarise, 
and                        are isomorphic. 

And the invariants characterising them has the relation:
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Fredholm index = spectral flow.

<latexit sha1_base64="01Ju6ym12+0kVCZ5bToE0aaq6dQ="></latexit>

trace � |Kerh = sf(H, h)

<latexit sha1_base64="npyFMTz1+9xl+d5LITbE23+CJng="></latexit>

K0({⇤}, ;)
<latexit sha1_base64="0jOYMi8hjvVBZtET75ejokcFXT0="></latexit>

K1(D1, S0)



3.  Application to Dirac operator
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Application to Atiyah-Singer index in continuum
4d  gauge theory with massless Dirac fermion

Dirac operator 

28

<latexit sha1_base64="4FpYn/6LLMxeLObvSnuZFFLHeiM="></latexit>

 (x)<latexit sha1_base64="tYRjkXyOE4wkK/7jZ/1qNCbGx2g="></latexit>

D =
4X

µ=1

�µ(@µ + iAµ(x))

: space of Dirac fermion field
hermitian

anti-commute with h

<latexit sha1_base64="dT+gFYGX8+OYpYQtUCKAyBdkreo="></latexit>

H
<latexit sha1_base64="oQxdT/5s61/fVcxC2ehEFimHWQI="></latexit>

h = �5D
<latexit sha1_base64="9ROENjJZK6yRryGhUtd2uTw5CXE="></latexit>

� := �5 = �1�2�3�4

<latexit sha1_base64="YgCwgdyZsAPi7YMj4WW4DAs1n3E="></latexit>

(X,A) = (⇤, ;)Pair : denotes that gap can close at m=0 point

Triple :

Dirac Hamiltonian can be view as a representative element  
of certain equivalence class in 

<latexit sha1_base64="by8GdGGevGFrhdPdtekA14D52OA="></latexit>

K0({⇤}, ;)

<latexit sha1_base64="KsUa7tLZz3EViJi085ProoGKXuk="></latexit>

(H, h, �)
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Double:

<latexit sha1_base64="m96/yNWCIWijDbHZg0JbXz20s/E="></latexit>

D1 = [�1, 1], S0 = {{�1}, {1}}
Pair :                             Gap opens at m = -M and M.

<latexit sha1_base64="fbkTOY+W1WWrKuYlHsm2nbaBHOg="></latexit>

(X,A) = (D1, S0)

: space of Dirac fermion field

Hermitian

<latexit sha1_base64="dT+gFYGX8+OYpYQtUCKAyBdkreo="></latexit>

H

<latexit sha1_base64="ZmK80feS3A8NRG6MCMe2c7UpWHU="></latexit>

h(m) = �5D|{z}
=h

+m�5

Massive Dirac Hamiltonian can be viewed as a 
representative of an equivalence class in                 .

<latexit sha1_base64="RdWBK77HJlXBp9Dn3KMWQJfehfE="></latexit>

K1(D1, S0)

Can be obtained from h by the product of the Bott element

<latexit sha1_base64="hdbDeyQsmifVqhsHY7swHnnqCwo="></latexit>

(H, h(m))



30

Suspension isomorphism

Counting # of zero modes 
at m=0 with chirality

Counting # of  zero 
crossing with directions

coincide

<latexit sha1_base64="GjZMf3t5Dc0oSdE+PqCMQ6UHfP8="></latexit>

K0(⇤, ;) ⇠= K1(D1, S1)

<latexit sha1_base64="1HR+0DgNegUXvskq4XEde8NyHcY="></latexit>

K0(⇤, ;) 7! tr(�5)|Ker(h(0))
<latexit sha1_base64="gXbaB6QhOkYkUcG1j5RtbMZUwE8="></latexit>

K1(D1, S1) 7! sf(h(m))

Massless point
with chiral symmetry

Eigenvalue flow from 
m=-M to +M with no 
chiral symmetry



For continuum case, two formulations (massles and massive) agree.

How about the lattice?

For Wilson fermion, one cannot express a representative of  a class 
in                    , since there is no chiral symmetry. 

However, one can express a representative of a class in

This is because the definition is

No need for chiral symmetry at all,                    
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<latexit sha1_base64="by8GdGGevGFrhdPdtekA14D52OA=">AAACeXichVHLLgRBFD3TXmO8xmMhscGEDJHJHQSxEjYSG69BYph0t0Jn+pXumknGxA/4AQsbJCL4DBs/YOETxJLEgoU7PZ0IglupqlOn7rl1qkpzTcOXRA8Rpaa2rr4h2hhram5pbYu3d6z5TsHTRUZ3TMfb0FRfmIYtMtKQpthwPaFaminWtfxcZX+9KDzfcOxVWXLFlqXu2cauoauSqVy8a2GbktnycPZwJCssV5Z8IYdy8QSlKIjenyAdggTCWHTil8hiBw50FGBBwIZkbEKFz20TaRBc5rZQZs5jZAT7AoeIsbbAWYIzVGbzPO7xajNkbV5XavqBWudTTO4eK3sxQPd0Rc90Rzf0SO+/1ioHNSpeSjxrVa1wc21H3Suv/6osniX2P1V/epbYxVTg1WDvbsBUbqFX9cWD4+eV6eWB8iCd0xP7P6MHuuUb2MUX/WJJLJ8gxh+ Q/v7cP8HaaCo9kZpYGk/MzIZfEUUP+pHk957EDOaxiAyfe4BTXOE68qb0KUlluJqqREJNJ76EMvYBpemRgQ==</latexit>

K0({⇤}, ;)

<latexit sha1_base64="xA9cehheGmlGzMX25qz5Uk+gGmw="></latexit>

K1(X,A) = {(H, h)}/ ⇠

<latexit sha1_base64="h5ti1M3+Mnd5I3eBPZUUr+RiSJg="></latexit>

K1(D1, S0)
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Wilson fermion on the lattice

No chiral symmetry

For a given massive  Wilson Dirac operator, 
one can assign a class of                    ,  and 
obtain the spectral flow.

<latexit sha1_base64="RdWBK77HJlXBp9Dn3KMWQJfehfE="></latexit>

K1(D1, S0)



Main theorem [Aoki, Furuta, Fukaya, Matsuo, O, Yamaguchi 2024]
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<latexit sha1_base64="ya1XHO6BZ3sDjDZT0GNYn44gmx4="></latexit>

IndDcont = sf(�5(DWilson � sM)), s 2 [�1, 1]

Holds for sufficiently small lattice spacing

Outline of the proof:
We proved that the Massive Dirac operator in continuum and 
corresponding massive Wilson Dirac operator belong to the same 
equivalence class in 

<latexit sha1_base64="GqZtd+a9Ht2gghF8hDh7IHdzpH4="></latexit>

[Hcont, �5(Dcont � sM)] = [Hlat, �5(DWilson � sM)]

The right hand side is also equal to 
<latexit sha1_base64="PACBpMpeSSbWJRFP5B8a7sqpZXo="></latexit>

1

2
[⌘(�5(DWilson +M))� ⌘(�5(DWilson �M))]

<latexit sha1_base64="RdWBK77HJlXBp9Dn3KMWQJfehfE="></latexit>

K1(D1, S0)



4. Reformulation of other indices
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Reformulation of APS index [Aoki, Fukaya, Furuta, Matsuo, O, Yamaguchi 2025]
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<latexit sha1_base64="VwzQH+soJksFqRd0qydOG0pnN8k="></latexit>

sf(�5D
lat
DW) = sf(�5D

cont
DW ) = IndAPSD

cont

[Fukaya, Furuta, Matsuo, O, Yamaguchi,  Yamashita 2019]

Domain-wall mass 
<latexit sha1_base64="Io1qo1MioS7kEo0/nueTH4+ZgVA="></latexit>

MDW(x) =

⇢
M (x4 > 0)
�M (x4 < 0)

Pauli-Villars mass 

What is the Hamiltonian h(s) 
for                         ?

<latexit sha1_base64="odpDJ/6dJB7LsOwrRTFAxhZq/A8="></latexit>

h(s) = �5(D +Ms(x))
<latexit sha1_base64="mVlTiE1ilxNUMrwfDBtz36aHFbs="></latexit>

Ms(x) :=

⇢
M (x4 > 0)

�sM (x4 < 0)

<latexit sha1_base64="Vrr66CMh04R8dwdEjTzxYbU9rfc="></latexit>

MPV = M

<latexit sha1_base64="cFFJPYp+G0cd2JzsqY4uTM0VnAU="></latexit>

M+1(x) = MDW(x)

<latexit sha1_base64="kkntG2YeFjV2RMthh2rJ4xYaC+A="></latexit>

M�1(x) = MPV

Proved before using the chiral 
symmetry in continuum

All we need to prove is to show that  h(s) in continuum and 
on the lattice belong to the same equivalence class of

<latexit sha1_base64="UVG91OuKrgClMzbtHtBs4OlY2AE="></latexit>

K1(D1, S1)

<latexit sha1_base64="RdWBK77HJlXBp9Dn3KMWQJfehfE="></latexit>

K1(D1, S0)



Generalization to Mod2 index
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Dirac operator in 4 dim describe Mod 2 index
example ）Witten anomaly in SU(2) gauge theory

<latexit sha1_base64="hqIYxYn1cYIpJTuxDEREuefMhbg="></latexit>

sfmod2(DW � sM) = sfmod2(D
cont � sM)

= Indmod2D
cont

<latexit sha1_base64="9ctQUoP7I8U5SRgcLBYMJEHOOmE="></latexit>

sfmod2Here counts the number of pairs crossing zero

This formulation can also be extended to Domain-wall 
fermion, which has boundaries

[Fukaya, Furuta, Matsuki, O, Yamaguchi, Yamashita 2020]

<latexit sha1_base64="7AmZ35VSuYhtVMezrL5t8DjjdbA="></latexit>
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５. Numerical test of the index on the lattice
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I. APS index with U(1) gauge field on a 2 dim torus
1) Domain-wall with straight-line shape
2) Domain-wall with circular shape

II. Mod 2 index for Majorana fermion on a 2 dim torus 
with circular hole.
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I.  2 dim U(1) gauge theory 1) Straight lime Domain-wall

Constant flus in green region with 
topological number 

Gauge fields are trivial in other 
places. Purple line is the domain-
wall.

<latexit sha1_base64="xQYUZFdjgNrHQDUSiJnh/dlOOqY="></latexit>

1

2⇡

Z
dxdyF12 = Q 2 Z

Two purple lines are the domain-walls. In 
region inside, the fermion has mass –sM, 
while it has mass M outside.

APS index is found to be Q.
What about the spectral flow?
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Spectral flow :
Left panel: Zero for Q=0.              Right panel: -2 for Q=-2

Spectral flows do agree with APS index.



I. U(1) gauge theory on 2d torus       2) Circular Domain-wall
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Purple line: Domain-wall
Fermion mass is  –sM inside and M outside.

Gauge flux Q’is nonzero in green region. 
Not necessarily an integer. 
When non-integer, there is a contribution 
to ηinvariant along the Domain-wall.

APS index turns out to be integer.
What about the spectral flow?
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<latexit sha1_base64="PuXgHr0u9q0+Vmvm7xxn2B9gtwM="></latexit>

sf(h(s)) =
1

2⇡

Z
F

| {z }
=Q0

�1

2
⌘(iD1D)

For the case of integer or non-integer flux, the APS 
index and spectral flow are both integers and coincide.



II. Spectrum of Majorana Dirac fermion 
on a torus with a circular flow
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<latexit sha1_base64="TORJQTFHG63pUSIZ040zxngng8E="></latexit>

iHm = �1@x + �3@y + i�2m(s, r)
Left： -sM region is inside DW

Right: -sM region is outside DW

Mod 2 spectral flow and 
Mod 2 APS index agree.



5. Summary
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5. Summary
• massive Wilson-Dirac operator can be identified as a mathematical 

object in K theory. The spectral flow give various index theorems.

• In our formulation, there is no need for chiral symmetry (or GW 
relation). In AS index case, our formulation coincides with that by 
Overlap fermion.

• Boundary can be introduced by Domain-wall and Domain-wall can 
be curved.

• Can be defined in arbitrary dimension.
• Standard or Mod 2 version can be treated in a unified manner.
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Back up
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Motivation: lattice gauge theory

For nonperturbative study of QCD, lattice QCD 
is a powerful tool.

However, discretization of fermion causes 
species doubling, known as Nielsen-Ninomiya’s
theorem.

In order to avoid the doubling problem, three 
types of lattice fermions are widely used.
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Gauge Field

Quark



1) Wilson Fermion
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<latexit sha1_base64="qXX3yFycJyFrZTj7pHjx4Cp1EQc="></latexit>

(DWilson) (x) :=
4X

µ=1

�µ
1

2a
( (x+ µ̂a)�  (x� µ̂a)) +m (x)

�
4X

µ=1

ra

2

1

a2
( (x+ µ̂a) +  (x� µ̂a)� 2 (x))

Naïve term

Wilson term

Wilson term give masses to the doublers.
However, this destroys the chiral symmetry just as the mass term.



2) Domain-wall fermion

2025/12/22 48

4d Chiral fermion appears at the 
domain-wall of 5d Dirac fermion

has a normalizable left-handed fermion as a massless mode.

Realization of chiral fermion using extra-dimension

Implementing this set up on the lattice gives 
the lattice Domain-wall fermion by Kaplan


