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Review : IKKT and the polarzied IKKT



A, : S0(10) vector bosons
Y, : SO(10) MW fermions

I K KT m a t r iX m O d e l — N X N Hermitian traceless matrice:
A, = UAUT ¥, - UVUT

{5SUSY Ay =94 (CTH),5 €5,
osusy Vo = % [A‘u, Ay I"L;V,B €45 .

1 )
SIKKT = tr {_Z A, A7 — E‘I’a(CF”)aﬁ Ay, ‘I’B]}

A promising non-perturbatvie definition of superstring theory.

No pregeometry
— Spacetime dynamically emerges from matrices

Q: How our (3+1) spacetime emerges from the (9+1) superstring
as the dominant eigenvalues distribution.

e.g. : First principle numerical simulation



Euclidean Polarized IKKT . .. =

{5SUSY Vo =4[A, AT s+ §TAE (34,1 + AfTT) gy €1

. .
S = SikkT + Sq, Sikkr =tr {—1 (A, AT — %‘I’a(CF“)aB[Am ‘I’ﬁ]}

0?2 Q
Sq =Tr {? (3Ag + A%) + iQ[Al, Az]Ag — g\Pa(CFIZS)aﬁKDB}

a =1,2,3 and I = 4,---,10

uniguely preserves 16 supercharges but breaks SO(10) to SO(3) X SO(7)

= (Euclidean) holographic dual in [IB SUGRA is identified

Q : What is the spacetime picture in polarized IKKT?
= First principle numerical simulation



Large ()

1 .
SIKKT = tr {_Z [Aw Av]z - %‘I’a(crﬂ)aﬁ [A#, ‘I’ﬁ]}

0?2 Q
Sq ="Tr {? (3A£2L -+ A%) + iQ[Al, AQ]AQ, — g‘l’a(crug)agqu}

Sq introduces a dimension to the system, e.g. [4,] = Q,[¥,] = Q3/2

€.0.Mm.

30?2 ,
(A, [Au, Al + 3—2Aa + 1QegpcApA. = 0,
QZ
[AIM [AWAI” + 3_2AI =0.
soln. . 3
A, =0,-QJ,,-QJ, [Ja, Jb] = i€apeJe SU(2) representation.
A 0 8 8
I p—

— polarized IKKT classicalizes into the maximal fuzzy sphere in large ()
— D instantons get polarized into D1-brane (Myer’s effect)



() — 0 divergence



() — 0O divergence

Via SUSY localization, itis found that the partition function diverges when (1 = 0,

13 20V-1)

The polarized IKKT at 0 = 0 limit doesn’t reduce back to IKKT,

Z(Q—0)=lim [ dAd¥ eSS - / dAd¥ glli%e—smwsﬂ = ZIKKT

divergent finite

Let’s first check a toy model.



() — 0 divergence(toy model)

Z(Q;a) = / dg st —agtst _ L / dy e~ o2 @ —v'+ay’)

- QJ
) 1\ _
\ . ; Z(Q—)O;a:%)zﬁ+2\/7r/4=2ﬁ
\ ’;“ Z(Q2—>0a<l) » o
—_ a=1
a=1/3
-a=14 new saddles become dominant(negative action)
— a=1/5
2 2.4, L
x°— Q" + = 8
. Y
original saddle
-1 new saddle
—_ =1
¢ 0=0.8
new divergent saddle cannot be accessed - - - /\ = N\ —
.. . origina O
by the original saddle through perturbation saddle o

=2

new divergent saddles
are pused to infinity



() = 0 convergence

The original IKKT vacuum moduli, 4, = diag (:c(”,;c@), o

I

Decompose matrices into space + force carrier,

117(1) a2 @13 ... QIN 6(1)
asn = ay ... as (]
A=xz+a=| a3 a3 z® . asy U=£(4)= P31
anN1 anN2 anNg ... :L'(N) le

Sspace from integrating out a and v,
Z = / dzda dEdvp ¢S A=2t+aY=E+Y)
N ./dx(i)df(i)e_sss-(xfj)’ ) = /da:(i) e_SSPaCe(’”ff))

n

: .
SIKKT = tr {—;1 (A, A% — %‘I’a(CF“)aﬁ[Aw ‘I’ﬁ]}

Y12
6(2)
P30

YN2

(TR
Yoz ...
@ .

Yng ...

YIN
Yan
V3N

)

(@) ~ 30 W¥)~ g

off-diagonal one-loop cancel
due to SUSY
c.f. super YM

1 _ 4+O 1 \¢® — A strong attractive force from &
- — small emergent spacetime



() = 0 divergence

1 .
Stwacr = tr { - A A = §0a(CT)apl4, W51

02 . Q
Sq=Tr {8—2 (342 + A2) +iQ[Ay, A) Az — g‘l’a(CFlzg)aﬁ‘I’ﬁ}

If (2 isturned on, there appear the classical parts

1 \* 1 \?¢
S, ~ O(Q%22) + O(QEE) + O (EFE) +0 (EEE)
|
x~1/Q ~ 0(Q3¢¢)

and the classical parts dominate the superspace effective action.

Ses. ~ O(Q%2%) + O(0¢€) - & decouple from x

Z1-loop = Q8(N-1) /da: exp {—2—62 (3 (xff)y + (3:?))2) }

the exact divergece behavior predicted from localization.

— large (anisotropic) spacetime emerges

Let’s see check this from saddle point analysis



saddle point analysis



saddle point equation

Z(Q) = / dAdWe™ AV — / dAPf(Mq(A)) e~ 5D = / dA e—S5em.(459)

effective action : Ser.(A4;2) = Sp(A4; Q) — In(Pf(Mqa(A)))

: Q
MW fermion kernel : Mq(A) =i[A,, -] ®@T* + 7 Ladj ® It

fermion mass regulates
the zero modes of Dirac operator

saddle point equation :

B dSef. B dSp _ 1 _1dMgq
0="34 zT‘r(MQ dA )
§ fermion loop back reaction ~ 0(1/A)
302 o
[A,ua [AM’ Aa]] + 3_2Aa + ZQGabcAbAc + (2 (CF )aﬁ \Ija‘llﬂ) =0 )

QZ
(AL, [Ay, Af]] + A+ (i (CT),5 ¥a¥p) =0

Let’s see how fuzzy sphere get corrected.



fuzzy sphere saddle

N =2 ansatz: A, =zJ,, A; =0

3 1 1
e.0.m: 6—437(8:1:—39)(8:6—9)—64 (8:1:—9 +43:+Q) =0

—— fuzzy sphere w/ Pf
----- fuzzy sphere w/o Pf, x = 3Q/8
6 ——- ftrivial saddle, x =0
— = unstable saddle w/ Pf
@® IKKT saddle, x = 234

><
Q= == = m -
_2 : ----------- - ""'--..-....
_4 B ~.— ‘__.“..\.
| 1 ] ‘I
0 5 10 15 20

remakrs :

1. IKKT saddle contains fuzzy sphere
2. polarized IKKT saddle is smoothly connected to IKKT saddle



fuzzy sphere saddle

()

N = 3 maximal fuzzy sphere

b=

()

N = 3 (2,1) fuzzy sphere

—— maximal fuzzy sphere w/ Pf
7k maximal fuzzy sphere w/o Pf
® IKKT maximal fuzzy sphere

— (2,1) fuzzy sphere w/ Pf
[ e (2,1) fuzzy sphere w/o Pf
o x=2¥%(7/3)¥

remakrs :
1.

1
7.5 10.0 12,5 15.0 17.5 20.0 0.0

Theresult also holds for N = 3

2.5 5.0 7.5 10.0 125 15.0 17.5 20.0

2. Thereducible representation has finite radius but divergent Sq¢¢

due to the zero mode in the fermion kernel



commuting-diverging saddle

schemetically, the saddle point equation reads

O(AP +QO(A)? +Q*O(A) + O(1/A) =0

YM CS mass pfaffian

motivated by toy model, we try an ansatzwith A ~ O-F

O 3P ‘I‘ O —2P+1 _l_ O (Q—P+2) +0 (QP) —0

pfaffian

must exist,
\ otherwise reduced back to cl. eom

The contribution from Yang-Mills and Chern-Simons
must vanish!

The diverging saddle must be commuting
and come from and pfaffian.



commuting-diverging saddle

N=2

generalansatz: Az = x% , Ap = y%, others = 0

4)

soln.: (z,y) = (L%\/214/3+Q4, O) : (0, L\/214 —Q4)

N =

generalansatz: A> = (z1,0,0,x2,0,0,0,0,0,0)
Ai = ($37$4707$57$6707 07070:0)
soln. : many
e.g. ansatz:
o =T ,Te =Y, others =0

soln. : (z,y9) = (0,

24576 — Q4 \/ —502 + 4%1252 + V3V 398—327(;2E§2Q4+805306368 .
2\/59 ’ 4\/§ ’

(\/24576 —0F /24576 — 94)

40 ’ 40



minimization

A minimization for diverging saddle
® minimization for fuzzy sphere
OF p3 diverging saddle
=+ p7 diverging saddle
- fuzzy sphere w/ Pf
—-10F
-20F
=
[
wn
_30 -
—40F
—50F
—60 | | I I I
0 2 4 6 8 10
Q
remakrs :

1. fuzzy sphere saddle dominates at large ()
2. commuting-diverging saddle dominates at small )



minimization

B A minimization for diverging saddle
—25+ \\i.. ® minimization for maximal fuzzy sphere
\'"Il.,_ B minimization for (2,1) fuzzy sphere
1-...‘- —— maximal fuzzy sphere w/ Pf
—50+ Ttem —-=- (2,1) fuzzy sphere w/ Pf
. TN —-- commuting-diverging saddle
‘.'h-
—75F
- —-100F
(]
wn
—-125F
—-150r
—-175F
—-200r
1 1 1 1 ]
2 4 6 8 10
Q
remakrs :

1. maximal fuzzy sphere saddle dominates at large ()
2. commuting-diverging saddle dominates at small ()
3. (2,1)fuzzy sphere never dominates



Monte Carlo results



large spacetime emergence

simulation ---1-loop eff. theory
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remakrs :

fuzzy sphere w/ Pf

spacetime extent - polarized

ps = Tr A7

a=1,2,3

—-— fuzzy sphere w/o Pf

103‘

102%

101t
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IlIIIlI

107

1. Q — Odivergence (well described by 1-loop eff. theory)
is not favored in small Q) (though it exists)



spacetime extent - unpolarized

large spacetime emergence | rr = Tr4;

I=4,---,10

& simulation --- 1-loop eff. theory —-— fuzzy sphere w/o Pf -+ fuzzy sphere w/o Pf, 1-loop corrected
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remakrs :

() — 0 divergence (well described by 1-loop eff. theory)



spacetime non-commutativity

Chern-Simons observable

—1 TI‘([Al, AQ]A,?,)
$ simulation === 1-loop eff. theory fuzzy sphere w/ Pf —-— fuzzy sphere w/o Pf
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remakrs :

Chern-Simons observable decays to 0 in small )



spacetime non-commutativity

1 2
Yang-Mills observable _Z Tr[Aﬂ, Av]
¢ simulation --- 1-loop eff. theory w/ off-diag. correction fuzzy sphere w/ Pf —-— fuzzy sphere w/o Pf
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remakrs :

Yang-Mills observable asymptotes to a constant, 3 (N? = N), insmallQ

(account for the off-diagonal modes kinetic energy)



Summary & Outlook



Summary

* (1 - 0 divergence « fermion zero modes decouple
spacetime 1-loop. eff. theory : a simple Gaussian
Z1100p = QS(N—I)[dI exp {—;i: (3 (g:((zi))2 + (Is_i))z)}

* identify all the relevant saddle points

small 2 commuting phase < 1-loop. eff. theory (diverging saddle)

large () fuzzy sphere phase < fuzzy sphere

* Away to retreat to IKKT

the fuzzy sphere saddles
interpolating the BPS and the IKKT fuzzy sphere




Outlook

* Lorentzian polarized IKKT
Does such gap and divergence still happen?

A different mechanism of emergence spacetime?

* SSB in the original Euclidean IKKT
Can the concentric fuzzy sphere at {1 = 0 explain
the SO(10) — SO(3)?

* A natrual realization of Eguchi-Kawai reduction
U(1)P restoration due to the decoupling of fermionic zero mode

no need of quenching



Thank you & Happy Christmas A
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