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Introduction:

What is the best numerical method
for solving the eigenvalue problem
in one-dimensional single-particle QM?
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One candidate is Bootstrap method. Hantartnol-kruthof Pri 2020

v’ Error baris “exact”.

v’ Exact solutions can be obtained in solvable models.
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Introduction: PIan Of ThIS Talk

What is the best numerical method
for solving the eigenvalue problem
in one-dimensional single-particle QM?
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One candidate is Bootstrap method.

v’ Error baris “exact”.
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v’ Exact solutions can be obtained in solvable models.
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Sec.2 Review of the bootstrap method in QM



2. Review of the bootstrap method in QM Han-Hartnoll-Kruthoff (PRL 2020)

Basic |dea: Two constraints on expectation values.
Uncertainty Relation

2 The expectation values of operators cannot
TNCTIN - B — P =0T OP
4 take arbitrary values in QM.

Extension
<xm>a <pn>v <pkxl>? T
— These quantities are also bounded.

Energy Eigenstate Relations

HO) = EO
Yy (B {< ) = E(O)

(OH) = E(O)

1 2 1 2 1 4

example) H =5p” + 5a* + 7w
O = z2

> (HO) =(p%?)/2 + (e)/2 + (c°)/4
—E(z?)



2. Review of the bootstrap method in QM Han-Hartnoll-Kruthoff (PRL 2020)

Basic ldea: Two co
Uncertainty Relation

Possible values of E, (x), (x?), (p), - -

are HIGHLY restricted.

Az (Ap?) > —
ATHAP 4 take arbitrary values in QM.

4 Extension
<xm>v <pn>a <pk37l>a T

.~ These quantities are also bounded.
Energy Eigenstate Relations

(HO) = E(O) (z%) ]
v| > N |E) Forbidden
{(OH) = E(0) I
example) {H Z%pQ + %$2 + iﬂ?A — Allowed region
O = x?
> (HO) =(p*a?)/2 + (z*)/2 + (2°) /4 f =
[ :E<$2> ] EO El E 00




2. Review of the bootstrap method in QM Han-Hartnoll-Kruthoff (PRL 2020)

Basic ldea: Two co
Uncertainty Relation

Possible values of E, (x), (x?), (p), - -

are HIGHLY restricted.

Az?) (Ap?) > —
AT AP 4 take arbitrary values in QM.

4 Extension
<xm>’ <pn>’ <pk'rl>a tUe

.~ These quantities are also bounded.
Energy Eigenstate Relations

HO) = E(O (x?)
Iy s B {( ) (0)

A

(OH) = E(0) Forbidden @

1 1 1 - ~10
example) {H_p2+x2+;c4 AEy ~ O(10710) N

2 2 4 — Allowed region
O = z° |
{» (HO) =(p%s2) /2 + (") /2 + <a:6>/4] | ‘ ‘ :

—F(2?) Ly Er B




2. Review of the bootstrap method in QM Han-Hartnoll-Kruthoff (PRL 2020)

Basic Idea: Two co

h2
(Aa?)ap?) 2 -
" Extension )
<xm>v <pn>’ <pk33l>; e
.~ These quantities are also bounded.
Energy Eigenstate Relations ) /
(HO) = E(O) (z°)
v| ) — |E) Forbidden O
(OH) = E(O) X

AFEqy ~ 0(10_10) N

/// Allowed region
{» (HO) =(p222)/2 + (%) /2 + <a:6>/4] | ‘ ‘ :

—F(2?) Ly Er B o




2.1 Extension of the Uncertainty Relation Han-Hartnoll-Kruthoff (PRL 2020)
TM (PTEP 2023)

QM satisfies the following positivity: [Example: 1-dim single-particle QM]
O : Operators ex) O =x"p"
2

(OTO ‘O > ( is satisfied for YO, V| ), and we obtain the following relation:

K {O;} : a set of K operators (i =1,-.- ,K)
Z {ci} : constants ex) {O0;} = {z,p,xp, -}
=1 K : an integer —
~ K
< ( O 7 TME s satisfied for any {ei}-
feT = (c1,¢2, -+ ,CK) —>All the eigenvalues of M are non-negative.
s _ ~ — Called “positive-semidefinite matrix”
' and denoted by M > 0 .
T 0.}
M= |- <Oz’ OJ> <020j> is highly constrained!
_ : Y, M > 0 can be regarded as
. K x K hermite matrix an extension of the uncertainty relation.

(Az*)(Ap?) > —

10/20



2.1 Extension of the Uncertainty Relation Han-Hartnoll-Kruthoff (PRL 2020)
TM (PTEP 2023)

SO R
M = |... <O§Oj>--- M > (0 - Extension of the uncertainty
_ relation.
- - : - /
Why‘P o = col + c1x + cap Curtright-Zachos (2001)
({0i} ={1,2,p}) The uncertainty relation

1 () (p) M =0 2
M = ((ﬂ?) (?) <a:p)) — (Az?)(Ap*) > % for V| )
(p) (pz) (p?)

—> Choosing O = ¢yl + ¢y + cop + 2?2 + eup® + -+ » M > ( provides

constraints involving higher order expectation values (x™p™).
- M > ( is an extension of the uncertainty relation.

Can we solve the condition M = 0 and the following constraints?

(HO) = E(O) (HO) = (p*a®) /2 + (2%) /2 + (2°) /4 =E(2?)
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2.1 Extension of the Uncertainty Relation Han-Hartnoll-Kruthoff (PRL 2020)
TM (PTEP 2023)

Yes, such problems can be easily solved numerically as SemiDefinite
Programming (SDP, 3 IF EE&HE R 7E).

(z) («?) (wp) -
= ) B |- M=0 and | (OH)=E(O)
: : L > (HO) =(p*a?)/2 + (z*) /2 + (a°) /4
—FE(z?
\ etc. ) /
1 1 1
2 A _ 2 _ 2 — 4
<£U > Forbidd H_Qp ’ QZE ’ 458
orpiadaen O
X
AL, (2 Sizes of M
- 0357 \l,
r‘1 0356 : (Kz, Kp) = (8,0)
0.355 / (Km Kp) = (950)
> 0.354 (J-Kpr) =G
EO El E o . o eigenstate

0.618 0.620 EO 0.622 0624 Fig. from TM (PTEP 2023)
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2.1 Extension of the Uncertainty Relation Han-Hartnoll-Kruthoff (PRL 2020)

Yes, such problems ca The size of M = A Cut off of bootstrap.
Programming (SDP A larger M provides better results.
K L @ o . (But longer computation time.)
() (z®) (zp) - Error bar is "Exact".
= {px) (*) - Iy, never takes the value in the forbidden region.
Por > (HO) =(p%?)/2 + (z4)/2 + (%) /4
\ etc,

<£B2>“ H:1p2+1$2+1$4

Forbidd 22 2 4
orpiaaen O
X

AE, (2 Sizes of M
0357 L )
< | v

0'3585 (KmaKp) = (8:0)
0355 (Kpr) = (9,0)

> 0354 (Ka, Kp) = (3,1)

' o eigenstate
EO El E 0.353 E
0618 0.620 EO 0622 0.624 Fig. from TM (PTEP 2023)
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Sec.3 Solvable models and the bootstrap method



3. Bootstrap — Exact results

% What happens if we apply the bootstrap method

to solvable systems?
L@ ) (HO) = E(O) 1 1,
M( ) M >0 +

(z) (x?) <rcg>
(OH) = E(O) 20 2

) (pz) (P*) --
Harmonic oscillator: Aikawa-TM-Yoshimura 2021
Poschl-Teller potential: Sword-Vegh 2024

The allowed regions collapse to points!

<CU2> A <m2> A
Forbidden Forbidden
GDR X
eﬁ;/’ Allowed region AEo
Eq Eq E Eq Eq E
Non-solvable system Solvable systems

(at a finite size M)



3. Bootstrap — Exact results

% What happens if we apply the bootstrap method

to solvable systems?
L@ ) (HO) = E(O) 1 1,
M( ) M =0 +

(r) (2?) (zp) -
(OH) = E(O) 22

=@ ) @) -
Harmonic oscillator: Aikawa-TM-Yoshimura 2021
Poschl-Teller potential: Sword-Vegh 2024

The allowed regions collapse to points!

Ka: KP
Ex) Morse potential Numerical bootstrap result O := Z Cmn€ D"

2, 2z x 2 m=0n=0

H=p"+e —(2h+1)6 + h~-. {e”) K,=1, K,=1

a K,=2 Kp—1

*o-th K,=2 K,=2

it K,—=3, K, =2

Exact

Aikawa-Morita (PTEP 2025)
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3. Bootstrap — Exact results

Solvable models in QM

"Solvable"

= "Energy eigenvalues are obtained exactly."

/— Solvable systems in QM

/ "Shape Invariant (SI) systems"

™

Coulomb, PT,, infinite well etc.

?? ?? ??

\_

Harmonic oscillator, Morse potential,

J

~

??

?7?

\ ?? \_ Variants of S| /

e RNy

e ) o B

ERSMTDEHHT S HEHN

*
Eexm W

YAR/AN

Textbook by Sasaki-san

See also the PhD thesis of Nasuda-san
2403.20217
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3. Bootstrap - Exactresults | __ -

e RNy

Solvable models in QM ﬁlﬂeﬁﬁémm

ERSMTDEHHT S HEHN

"Solvable" wern e
= "Energy eigenvalues are obtained exactly."

/— Solvable systems in QM \

"Shape Invariant (SI) systems" [
/ P (SI) sy _\
Harmonic oscillator, Morse potential,
Coulomb, PT,, infinite well etc. Textbook by Sasaki-san
59 27 2?7 ?? See also the PhD thesis of Nasuda-san
N W, 2403.20217

\ ?7? Variants of SI /

Exact solutions are obtained by using the bootstrap method,
if the system satisfies the Sl (or its variant).

— Bootstrap method can be used as "a detector" of the solvable systems!
Aikawa-Morita (PTEP 2025)

(I skip the proof today.)
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Summary



Summary:

Bootstrap method

@ o
£ M=1() (pz) (pg> (HO) = E{O)
(Az?)(Ap?) > v —> (OH) = E(O)
M0,
h?

« Derivation of the spectrum through the extension of (Az*){Ap?) >

e Errorvaris exact.

Solvable systems in QM
e Detector of the solvable systems. [ \
/ "Shape Invariant (SI) systems" —\ ??

Future Directions

Harmonic oscillator, Morse potential,

° Other solvable systems? Coulomb, PT., infinite well etc.
* Many body systems. 2 ?? 7 y ??
 QFTs (Lattice gauge theories) \ ?? \__Variants of I /

e gauge theories in the gauge/gravity correspondence

?
1 Solvable~ 20/20
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