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1. Introduction

« What is Quantum Gravity ?
« How do quantum effects appear in black hole (BH) physics?

Our final goal: Compute Gravitational Path Integral (GPI)

— |n practice, this is not (yet) directly computable::-

— |mposing spacetime symmetries may reduce the problem to a
lower-dimensional theory.

Ex. 4-dim. Near extremal BH w/ near horizon lim.

— Jackiw-Teitelboim (JT) gravity (=2-dim. dilaton gravity w/ linear dilaton potential)

[Almheiri, Polchiski ‘15][Maldacena, Stanford, Yang ‘16][lliesiu, Turiaci ‘20] [Gukov, Lee, Zurek ‘23], etc.
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1. Introduction

However, JT gravity can NOT describe
 higher-dimensional effects (=massive KK modes)
« Non-extremal dynamics (ex. Hawking-Page phase transition)
« Finite temperature effect

Q. How do higher-dimensional effects (KK modes) contribute
to the lower-dimensional theory?

Q. How do quantum effects appear in non-extremal BH/finite
temperature ?
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1. Infroduction
Strateqy

A-dim Einstein-Maxwell w/ spherically symmetry

‘ Kaluza-Klein reduction
2-dim dilaton gravity+ U(1) gauge
l + massive KK modes from Elemag. field

Integrate out U(1) gauge & KK modes
Z2-dim effective dilaton gravity

‘ Semi-classical approximation
Partition function
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Summary

Main results
« We explicitly evaluate the massive KK contribution

= +Higher curvature ter
\ Y ) H & Y m’
Quantum correction surviving T—0 lim. Quantum correction at T>0

« Semiclassical calculations are consistent to original 4D results
 Phase diagrams are same.
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2. Kaluza-Klein Reduction

Setup & Assumption

e 4-dim. Theory = Euclidean Einstein-Maxwell

(©

@
.

- - -

Ilg, A] = _16771GN /M *[ Ry — 2A] _SWEJN /aM * K (3) +2—i2 MF N *F — 1 AN xF
) :};}H A :Iz}rHY A =IMaxwell
| .: Scalar curvature of 4-dim. spacetime M/ Fi=dA : U(L) field strength
\ K3 3Extrinsic curvature of 3-dim. boundary oA/
Assumption 000000000000

Spherical symmetry

e 4-dim. Spacetime A/~ 2-dim. Spacetime ¥ X 9?2
O(x)

. Metric ansatz: ds* = 5 {gab(w)dwadiﬁb + nggé) (®: dilaton, z: ¥ cdnt. y : S2 cdnt.)

0
Fixing charge

o fix n" A, & P ELL (n: normal vec. of OM)

/

KEK Theory Workshop 2025

7/20



2. Kaluza-Klein Reduction

Dimensional reduction of gravity part

4-dim. Einstein-Hilbert action + Gibbons-Hawking-York term

d(x
. metric ansatz  ds® = % {gab(ﬂf)dxadxb + ngﬁ%z)}
0

« Integrating over S2

Z2-dim. dilaton gravity action

1 ) 2A 31
I Pl = —— d(R =) P S dD A #dD — 3d (xdD
EH|g, P] 4Gy Js [* ( (2) T 7“8) *7“8 + 2 & * (xd®) | ,

1 3

KEK Theory Workshop 2025 8 /20



2. Kaluza-Klein Reduction

KK decomposition of Elemag. field

A-dim. Maxwell action

« Gauge fixing & Expansion in spherical harmonics

T /
A(z,y) = YE™) (Y)ag my (2)dz® + l(l0+ 1)@(z,m)(x)ﬁkk@kY(l’m)(y)dyk

 Integrating over S2

2-dim. U(1) gauge a,+ free massive scalar wam) + free massive vector a(

2 . a1 [(l+1
I\axwell [a(l,m)a Qp(l,m)] — 2—02/ da’é ) A\ da ) + Z / [dg@a m) A *d(/?(l m) + * ( e )Sp%l,m)
(I,m

[(I+1
262 / [dagl )m) A *xda (1) my T ( : ) 8) ) A\ *agl 2”7/)] + bdy term.
O )
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3. Partition Function
Strateqgy

Total reduced 2-dim. action
=7-dim. dilaton gravity action g,,, ®
+2-dim. U(1) gauge Qg n

+ free massive scalar o,y L g'nnstter%fttgf?uat;g?ie fields &

+ free massive vector a

Z = /[dgab] [dq)”daonda(l,m)][dgp(l,m)]e_l[gab’q)’ao’a(l’m)’Sou’m)]

— /[dga,b] [dD]eLel9ae:®l Q) Evaluate this integral in the semiclassical

approximation
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3. Partition Function
Integrating out of U(1) gauge field

2D gauge field is topological — Exactly computable twitten ‘19 etc

r2 1 e’
/[dao] exp [262 /Edao A *da,()] = #exp [5 /z *47”% Qg] Q. : BH charge

Rem: This result is equal to semiclassical approximation

7“8 / dag N *d ! / * e” Q*
cX a a — X —
P 262 X ’ ’ on-shell v 2 2 47TT(2) )

— e e R e R R R M e MEm R M R REm R M e REm R M e MEm R M e Rmm R M e REm R M e m R M e R R e e

e e e o e o e e M e R M M M R Mmm M e M Mmm Mmn M e Mmm M M e Mmm Mmm M M Rmm M M e Mmm M M e Mmm M M e M M e e e e
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3. Partition Function

Integrating out of massive KK modes

« Use the heat-kernel method for perturbative calculations
KK scalar mode (Vector modes are computed in the same way)

\
2 ( fwsy "
/ [do(1,m)] exp [ﬁ /Z otm) * (A +mj) w(z,m)] :\”zl_'—_ Vo _TO_ -fo_m_pfc_t r_af'fs_}
1 —tmi gt B ¢ -fnc. reg. ~N
= log det [A T le] — D) / p Tr[e tA] 7 higher curvature term
0 —Ny7t RJ
T o1 %2 T A s ! &2 Ty f, L (i+2i=n) )

*Regularize the infinite sum over KK mass using zeta-fnc. reg.
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3. Partition Function

Effective action

Z = /[dgab”dq)”da@][da(l,m)][dgp(l,m)]e_l[gab’é’ao’a(l’m)’Qo(l’mﬂ — /[dgab][dq)]e_leff'[gab’q)]
1 1

LG, ®) = Sp — —— ~[<I>R Vogr (@, ]—— DK,
£(g, P] = So e 2* + Verr. (P, 9) el az*
5 1 1 Gne*rg, _3
Ve (P, Qg ) = 2rg® ™2 — 2rgAP2 — 5 (Q: — )P 2, /
7 P3/2
*We perform a Weyl transformation to eliminate the dilaton kinetic term: gqp = r—39ab
massive KK contribution i
4 , , N
- Entropy shift A 4
(~ renomalization of Gy) So = 3C (=1 + 9 log(pro),
- Charge shift + Higher curvature term ¢ ._ 3 —16¢"(—=3) — 8¢ (—1 31 L0 .
(~ 1-loop energy of KK modes) C 2 C(=3) =8C(=1) + 15 og(4ro) (7“0>/
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3. Partition Function

Semi-classical aproximation

- For simplicity,
- Ignore higher-curvature terms
- Work in the semiclassical approximation [witten ‘20]

7 — /[dgab] [dq)]e—feff. ~ e_Ieff.|

- Classical solution is parametrized by dilaton value at the horizon &,

on-shell

dp? 1 [P
®(p) =rop, ds* = A(p)dr? + , A :—/ V(P)dd

A(Pr/rp) =0 p:q)—H : Horizon

o

47

- Smoothness condition at the horizon — imaginary time periodicity =
Verr. (P )
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3. Partition Function

Semi-classical aproximation

Z = /[dgab] [dq)]e_ e e_Ieff- ‘on—shell

o T e e e e R M R R M M R e e M R R M R R R M e M M R M M M R e e e M M R R M R M M M M M M M M M M e e e e e e

— . . S S RS M RSN M R RS S S S S SN SN S RS S S S M M S S M S S M S S S R R S M M S S S S R R M M M S S S R e e e S S S S e e e o o

Temperature: T(® g, Q% ) =

4
1 A_s 3€2GN _1
Free energy: F(® 2 y_ _T0 d2 4+ —P2 2. D2
( Herff.) 2GN H 3 H + A Qeff. H )
d (T ST TTTT IS )
Entropy: S(®y) = 7TG—H + 5. | 2o = Q7+ E |
N _______________ 7/

Using these results, we can study phase structure of this eff. theory [witten ©20] and its extension
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3. Partition Function
Phase structure for Asymptotic AdS case (A=-3)

Verr (P 2 : T
Temperature: T(®y, Q% ) = off. (Prr, Qg ) Hawking-Page transition line
et A7 Qeff.
8 . 0.5 1
. e | | 1 \ ] Critical pomt
Vett. | / / ] posp— : <
4 / — | — ©
ro | / / | e — —— T
: — Q. =0 = Qqr.=1/8 ] i ] ‘©
20 ' ' ] | %
; ! / = =1l & Sy S ; _ 5 Small black hole large black hole
0.0 0.1 RS 04 05 %90 0.1 0.4 0-5 -
Pu Pu AdS 2 /A 4
e =2\3

Q. > 1/6 — Tis in 1-to-1 correspondence w/ BH solutions w/ ®&; — There exist only one phase

Q. < 1/6 — Some black-hole solutions can exist for a given 7.

— BH solution w/ the lowest free energy is thermodynamically stable
— The stable BH solution changes @ a certain 77— Hawking-Page-like phase transition.

v Matches 4D semiclassical result [Hawking,Page '83; Chamblin, Emparan, Johnson, Myers, ‘99]
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4. Discussion

Contributions from Massive KK mode

1

—— | «DK,
2GN o

Charge shift + Higher curvature term

1 N ~
lealg, ®] = So — —— | & [®@R+Vier (2,9)] -
T 4GN N

2 <«
Gne“Ty , o

Verr (2, Q%) = 2r0@ 7% — 2rpAd s — Z5—2(Q7 ~ €)@ %,

|t is known that these shifts were previously argued to appear in the low-temperature limit
[lliesiu, Turiaci '20]
—we compute them explicitly!

*Higher-curvature terms are expected to become relevant at finite temperature

*In summary, & Charge shift = Quantum correction surviving T—0 lim.
(T-independence)

Higher curvature term = Quantum correction at T>0

(—we expect positive power T-dependence)
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4. Discussion

Extension |

Extended setup — effective action still given by dilaton gravity g ==

0.00 0.05 0.10 0.15 0.20 0.25

e Graviphoton Qet.
. i
Metric ansatz: ds® = 752) [gab(2)dzdx® + 13 By, iy (y) (€™ (y) Bo, () + dy™) (€252 (y) By, (2) + dy*)]
________ 0 o L.
{ €™k, (m = 0,41) : Killing vector on S2 k.82 cdnt

|
|
' By, = By, odx® : Graviphoton ~ SO(3) gauge field hkikz 92 metric :

- lgnore the int. b/w KK mode & graviphoton

- Integrate out graviphoton

G 2
Veorr. () = 10[2072 — 2A®2 — ;Ve Qefr. P~
7r

« The Kerr—Newman metric reduces to this metric ansatz in the small ang. mom. lim.
—This theory = EFT for slow rotating charged BH w/ ang. mom. ~;

N

—6G%7(F + 1)(1)‘3] [lliesiu, Turiaci '20]

« We can study phase structure of this eff. theory by previous techniques! [Higaki, Abe, YM]

e |ts results qualitatively matches 4D rotating BH phase diagram [caldarelli, Cognola, Klemm, ‘00]
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4. Discussion

Extension
Extended setup — effective action still given by dilaton gravity

« Higher dimension (D >4)

Example: Spherical symmetric case (D-dim. spacetime = 2-dim. spacetime x SDP-2)
- 2 P b, 2 192
Metric ansatz: (s® = T—Q[gab(gj)dxadx ‘|‘7“on(1)_2)}»
0

- lgnore the contribution from massive KK modes

2

2 —5
Ve (®) = 172 [(D — 2)(D — 3)® 72 — 2A®7—= — (D — 2)(D — 3)Q%®~ 7]

« We can study phase structure of this eff. theory by previous techniques

e |ts results matches to D-dim. semiclassical caluculation [Chamblin, Emparan, Johnson, Myers, ‘99]

« Int. b/w massive KK modes & dilaton exist — massive KK contribution is more complicated than 4D.

(future work)
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Summary

Main results
« We explicitly evaluate the massive KK contribution

= +Higher curvature term
| ]\ J
Y |
Quantum correction surviving T—0 lim. Quantum correction at T>0

« Semiclassical calculations are consistent to original 4D results

Future work

 Quantum correction
 Higher curvature contribution
« KK mode of gravity
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Appendix
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Phase transition

T(®) = V(®)/dr
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Phase transition

Phase structure for Asymptotic flat case (A= 0)
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Phase transition
Phase structure for Asymptotic AdS case (A= -3)
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